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The possible superfluidity of a system of strongly interacting fermions is investigated on the assumption 
that an adequate description of the system in its “normal” state is given by independent fermions in a 
momentum-dependent potential. On the basis of this assumption we have investigated whether a correlated 
wave function of the form used by Bardeen, Cooper, and Schrieffer minimizes the ground-state energy. 
The nonzero terms in the expectation value of the Hamiltonian contain the modified kinetic energy and 
the full two-body potential between the fermion pairs. An integral equation is obtained in configuration 
space for the correlation function between pairs. This integral equation is meaningful even for potentials 
with hard cores, and a nonzero solution implies the existence of a superfluid state. A variational method is 
devised which provides a criterion for superfluidity and a lower bound for the transition temperature into 
the superfluid state. We find that a repulsive hard core does not in principle forbid the existence of a super- 
fluid state, but whereas in the absence of a hard core an attractive two-body potential always leads to a 
superfluid state at sufficiently low temperatures, in the presence of a repulsive core there appears to be a 
critical strength of attraction needed to form a superfluid state. When the variational principle is applied to 
liquid He’ or to nuclear matter, it is found for a wide class of trial functions that the system does not become 
a superfluid. 


I. INTRODUCTION superfluid phase at low temperatures has been a matter 
of concern since the discovery of the A transition in Het 
and London’s conjecture? that Bose statistics are crucial 
to the formation of the superfluid phase. 

We have attempted to treat this question by taking 
over to an arbitrary system of fermions what appears 
to have worked very well for the electron gas. There 
the introduction of pair correlations into the wave 
function and the approximation that only pairs of given 
total spin and total momentum are strongly correlated 
was sufficient to account for the observed properties of 
the superconducting phase. In making this same 
assumption for an arbitrary system of fermions we have 
had to assume that in some sense the “‘normal’’ fluid 
could be described in an uncorrelated approximation. 


HE fact that a system of fermions can become a 
superfluid is demonstrated by the observed be- 
havior of the electron gas in many metals at low tem- 
peratures. It seems natural then to inquire whether or 
not other systems of fermions might display similar 
properties, and what the criterion for such behavior 
would be. This question is of particular interest because 
of recent conjectures! that nuclear matter might be 
superfluid in the sense that for an infinite medium there 
would be an energy gap between the ground state and 
the lowest single particle excitations. It has been further 
conjectured that this might show up for a finite nucleus 
as the explanation for the abnormally large single- 


particle excitation energy of even-even nuclei. Whether 
or not He’, the other well-known Fermi fluid, has a 


* Supported in part by the National Science Foundation. 

+A preliminary account of this work was presented at the 
Kamerlingh-Onnes Conference on Low-Temperature Physics, Leiden, 
Netherlands, June, 1958 (Suppl. Physica 24, September, 1958). 

t Present address: Brown University, Providence, Rhode 
Island. 

1 Bohr, Mottelson, and Pines, Phys. Rev. 110, 936 (1958); 
C. De Dominicis and P. C. Martin, Bull. Am. Phys. Soc. Ser. IT, 
3, 224 (1958). 


The situation in this regard, for a fermion system such 
as the nucleus, is much less clear than the corresponding 
situation in a metal where the lattice plays such a 
dominant rdle. 

This basic conjecture of our procedure, the descrip- 
tion of the normal fluid as a Fermi gas in a momentum- 
dependent potential, is discussed in Sec. II. In the third 


2 F. London, Nature 163, 694 (1949). 
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section we derive an integral equation for the pair 
correlation function which is well defined for arbitrary 
potentials, and in the fourth, a criterion for super- 
fluidity is presented. It is shown that a hard repulsive 
core does not prevent, in principle, the formation of a 
superfluid phase. In Sec. V the method is then applied 
to He’ as well as nuclear matter, and it is seen that for 
a wide class of trial functions the systems are rather 
far from going into a superfluid state, even at the 
absolute zero. However, we are unable to exhibit an 
upper bound to the transition temperature and thus 
have not proven rigorously (within the assumptions of 
this paper) the nonsuperfluidity of these systems. 


II. FORMULATION 


The Hamiltonian for the N-body system of fermions 
is written as 
H=> T,;+> v(r;—1,;), (1) 


i>) 


where 7;= —%?V,*/2m and o(r;—1,;) is an arbitrary 
two-body potential. 

Our basic conjecture concerns the normal fluid: we 
assume that an adequate description of the system in 
its normal state is obtained by treating it as a Fermi 
gas in a momentum-dependent potential. Because the 
potential between two He’ atoms (nucleons) is strongly 
repulsive at distances less than about 2.5 A (0.4 10-" 
cm), one might argue that the normal fluid should be 
very different from an ideal Fermi gas, the wave func- 
tion for the system containing strong correlations 
between atoms. However, the success of the nuclear 
shell model and the apparent linear behavior® of the 
low-temperature specific heat of He*® seem to indicate 
that to a certain approximation these correlations may 
be ignored and the fermions regarded as moving freely 
in the medium with a modified momentum-energy 
relation. Recent theoretical work of Brueckner* and 
others seems to support this point of view quite 
strongly. 

Our consideration of the system at low temperatures 
then is based entirely on this conjecture about the 
nature of the normal fluid. Beginning with this we ask: 
Will a system such as the one described above enter 
into correlated states at some very low temperature, 
similar to the states assumed by electrons in a metal? 
Again, as in the electron case, we consider only the net 
energy gain due to two-body correlations, and then 
approximate the two-body correlation wave function by 
assuming only pairs with given total momentum and 
total spin are strongly correlated.’ (Correlations in 
which all pairs have the same nonzero total momentum 
correspond to current carrying states. Pair correlations 


§ Brewer, Sreedhar, Kramers, and Daunt, Phys. Rev. 110, 282 
(1958). 

4K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1040 
(1958). 

6 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
Hereafter, called BCS. 
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for pairs with triplet spin are also possible but we con- 
sider primarily a ground state with strong singlet spin, 
zero total momentum correlations.) 

In the notation of second quantization the Hamil- 
tonian can be written 


h 
H= > —<«'(k,o)c(ko) +3 D0 ct(ki,o1)c"(ke,o2) 


k,o 2m kioi 


xi v 3,4)c(ky,o4)c(k3,03), (2) 


where c(k,o) and ct(k,c) are the annihilation and 
creation operators for a particle (atom or nucleon) with 
momentum #k and spin direction o. Since we expect 
correlations between pairs of particles with equal and 
opposite momentum and spin, the trial function will be 
constructed entirely from combinations of pair creation 
operators 6,' where 

by = Cy Cut. (3) 
For such states, the Hamiltonian may be replaced by 
one involving only the operators 6, and dy‘, thus 


229 


2? 
H=2> 
? 


2m 


biloba td. bulb x, edie by: 
HD da tVicerdee— Do Viewdu thx, (4) 


where the last term is smaller than the rest by a 
factor 2, the volume of the system. 

The expression Uy. contains the diagonal matrix 
elements of the interaction v, which are associated with 
the interactions in the normal fluid, while Vx, »» contains 
the pair interactions, that is the matrix elements of » 
between two different pair states. 


Uy. = (kt, k’t| 0] kt kt) — (kt k’t| 0 | kt, kt) 
+ (kt, —k’y|o| kt, —k’y) 
— (kt, —k’y/o| —k’y, kt); 
Vx, eo (kt, —ky || k’t, —k’)) 
— (kt, —ky/o| —k’y, kt). (5) 


The trial function is taken of the form in BCS and 
the expectation value of the Hamiltonian evaluated. 
The diagonal terms correspond to the effective mo- 
mentum-dependent potential that a particle is subject 
to in the normal fluid. We make this identification, and 
assume that the problem is equivalent to a modified 
Hamiltonian in which the diagonal matrix elements of 
the potential are replaced by the diagonal elements of 
the /-matrix of Brueckner, as evaluated for the normal 
fluid. If no superstate exists, or if the off-diagonal 
elements associated with the strong correlations of the 
superstate are neglected, and the expectation value of 
this modified Hamiltonian is minimized with respect to 
a BCS type trial function, one obtains in fact the 
ground-state energy and model-ground-state wave 
function that Brueckner uses to describe the normal 
fluid. 


As for the expectation value of the term involving 
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Ux, the trial function will differ only very slightly 
from the model-ground-state wave function of Brueckner 
theory; for this reason it is proper to use the diagonal 
elements of the reaction matrix ¢ in evaluating Uy, y in 
order to give as well as possible the proper interaction 
energy. That is, the expectation value of the true two- 
body potential with the correct wave function is closely 
approximated by the expectation value of the reaction 
matrix with the model wave function. 

For the off-diagonal elements, the true two-body 
potential v must be used rather than the /-matrix, 
since we are looking for a state which arises from strong 
two-body interactions, and hence corresponds to itera- 
tion of v; ¢ includes this iteration in an incorrect way 
near the Fermi surface, and certainly cannot be iterated 
further. It might be thought inconsistent to treat the 
pair correlations with this Hamiltonian since the strong 
interparticle potentials will introduce correlations even 
in the normal state. However, in the normal state any 
given particle interacts with any other particle with an 
energy which goes to zero with the volume of the 
container. The total effect of all of these interactions 
produces the momentum-dependent potential. Thus, 
although the normal wave function already contains 
correlations due to the hard cores, the correlation for 
any two given particles produces only an infinitesimal 
energy shift. (They are in a scattering state with respect 
to one another.) If the superstate is formed, then 
pairs of fermions of total momentum zero become very 
strongly correlated and a finite energy is associated with 
each pair. Compared to this the normal correlation 
energy of this pair is negligible. Forming the highly 
correlated state with pairs of fermions of total mo- 
mentum zero involves changing the correlations between 
fermions of nonzero total momentum only when either 
one is near the Fermi surface. The resulting change in 
the effective potential will be only that due to inter- 
actions with the fermions in a thin shell at the Fermi 
surface and hence appears to be no more serious than 
in BCS. 


III. INTEGRAL EQUATION FOR THE 
CORRELATION FUNCTION 


Using the trial function 


Y= II (ax+Bxbx 1)P reccum; 
k 


where |ax;?+/ 8, ?=1, we can write 
ay= (1—/,)}, 
Bx=hybe'*x, 


where /, is the expectation value of the number 
operator for the pair state k: 


pe (Wb, 'd.W), (8) 


and 0<h=h*<1. The energy of the system is then 
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given by 
W= (W,AV¥)=Wot+W., (9) 


where Wp is the normal state energy and W, is the 
energy due to the pair correlations. 

Approximating the dependence of the diagonal part 
of the Hamiltonian by the use of an effective mass® we 
obtain (in the limit of infinite normalization volume) 
for the correlation energy: 


W.=T+V= ZL 2| €x| (1—hu) + iz. exh, 


k<kp k>kr 


+ YD Vurw[hu(1—hu)hee(1—Ay)}! 


ie, k’ 
Xexpli(¢gu— gx) ], (10) 
where €x= (h?/2m*)(k?—kp*), and h?ky?/2m*, which 
determines kr, is the Lagrangian multiplier associated 
with the restriction that the expectation value of the 
number of particles (that is, 2(>°bx'bx)) be held fixed. 
Minimizing W, with respect to hy and gy (it is assumed 
that W» remains unaltered by this variation) yields: 


hy=4(1—ex gas 
Ex=(ex2+5(k)F(k)*}}, 


together with the nonlinear integral equation which is 
the criterion for the existence of a minimum, namely, 


¥(k’) 
§(k)=—} D> Vi, e— 
“: 


aK 


(11) 


(12) 


and 
F= | Fle’, 


In order to treat general potentials, in particular 
potentials with hard repulsive cores, we note that the 
wave function and Hamiltonian of BCS give the energy 
due to pair correlations, and their variational method 
amounts to minimizing this energy. We thus introduce 
a correlation function between fermions of opposite 
spin whose total momentum is zero: 


p( tit; tab) = Wet (riya) y (te) 4 (1). (13) 


For the wave function of Eq. (5) this becomes (where 
M—re= r) 


Pry =4nP+ (07S ay* Bye 8 | 2, (14) 
k 


where n is the fermion density. 
We then define 


x(k) = [hy(1—hy) }te'*e=an*Bx, 


and passing to the limit of very large volume, 


1.3 
xi =( ) fxoerdk, 
2a 


where x(r) represents the extra correlation between spin 
6 See reference 3 as well as K. A. Brueckner and J. L. Gammel, 
Phys. Rev. 109, 1023 (1958), for a complete list of references. 
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zero pairs due to the interaction. Assuming a local 
inversion-symmetric potential, we can rewrite the 
potential term of W, in terms of this correlation func- 
tion as: 


V=D [ha (1—A)he (1h) }! 
kk’ 
Kexpli(yu— gn’) Verve, 


k) Vv, x, (16) 


=> x*(k’)x( 


(2m) f drv(r) 


It turns out then that the term T of the correlation 
energy [ Eq. (10) ] gives the increase in kinetic energy 
due to two-body correlations while V gives the change 
in the potential energy due to the correlations. In this 
last form V can be negative even if v(r) contains a large 
repulsive core, as | x(r)|*0(r)=0 for v(r)= «©. Thus W, 
can possibly be made smaller than zero even for 
potentials with hard cores. 

The equation for x determined by setting the varia- 
tion of W.=0 can conveniently be expressed as a pair 
of coupled equations: 


¥(k) 


a anict0 
x)= Fa s(bs*(b} 


, fade tdk = —v(r)x(r). (17) 


(2m)! 


In this form, singular potentials »(r) can be handled, 
since x will be zero in regions where 2(r) is infinite; 
$¥, on the other hand, will be finite in such regions, and 
have a delta function singularity at the core boundary. 
It can easily be shown that if a nonzero solution for 
¥(k) exists, all of the qualitative conclusions of BCS 
follow (excluding those explicitly dependent upon the 
fact that electrons are charged). In fact, if (as usually 
seems to be the case) & is slowly varying in the region 
of kr then the explicit calculation of BCS is almost 
entirely unchanged. Assuming that $ varies slowly in 
the vicinity of the Fermi surface, we may replace 
¥(k)|* by a constant €o”, in the square root of Eq. (17). 
The constant ¢€9 is now the eigenvalue of the system of 
equations, and is closely related to the energy gap and 
the transition temperature. The criterion for existence 
of a superstate is thus the existence of a nonzero solution 
to Eqs. (16) which can then be written: 


x(r)=—} J ee—ri(erx(enae, (18) 
where the Green’s function G(r) is given by 

1 f dke*** 
(2m)? 


G(r)= ———. 
[ex?+ €0? }! 
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In this last form we see that the criterion for super- 
fluidity is equivalent to the existence of a solution for 
an integral equation in the two-body correlation func- 
tion, where ¢? plays the role of an eigenvalue. It is 
instructive to compare Eq. (19) with the Schrédinger 
integral equation for the relative coordinate wave- 
function of a pair with zero total momentum: 


- )=-3 f Galr—ryo(ew(erydr, 


1 - f dke*** 
(2x) 


seregesctpecrenmeneen (20) 
(2/2m) (k? — ko?) 


Gs(r)= 


The entire difference, we see, occurs in the denominator 
of the Green’s function. Instead of favoring states of 
k=0, the Green’s function of Eq. (19) picks out states 
near the Fermi surface k= kr. Since these states already 
oscillate rapidly it is often possible to construct ‘bound 
solutions” to Eq. (19) where no bound solution to 
Eq. (20) exists. 

If we chose to construct states with triplet spin our 
results would remain essentially unaltered except that 
x(r)=—x(—n); 
the correlation function being antisymmetric in its 
coordinate. Solutions of the integral equation then must 

have odd parity. 


IV. CRITERION FOR SUPERFLUIDITY 


We can now write down a criterion for superfluidity 
in a particularly simple form. If we define 


n=2 ff dk|x(k)| 22+ f dr|x(r)|*v(r), (21) 


it is easy to show that for any x 


A> (2) W./Q, (22) 


so that if we can find a x which makes \<0, W, will 
also be emailer than zero. Replacing | |F|* by eo? in Ex, 
where €?= | F(kr)F*(kr)| (which is equivalent to the 
approximation which linearizes the integral equation in 
the previous section) we have 


de) =2 f dke| x(k) |2(ex2-+e0?)! 
+ f arixin |e, (23) 


where (eo) is to be evaluated for a trial function x, 
and then the equation A(€o)=0 solved for ¢o. The re- 
sulting value of €o will always be less than the maximum 
value of €9, attaining the correct value when the trial 
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function x satisfies Eq. (18). We have written the 
variational equation partly in momentum space and 
partly in configuration space because the kinetic energy 
would be nonlocal and quite complicated in configura- 
tion space, while the potential energy is easy to evaluate 
even for infinitely repulsive cores in configuration space 
[|x(r)|?2(r) is zero in such regions. ] It should be ob- 
served that if \(0) is negative then there exists a real €o 
for which A(€9)=0. Thus the criterion for a superfluid 
phase at some sufficiently low temperature is simply 
that for some trial function’: 


\(0)=2 ff dk|x(h)|*\e4) + f aeix(e *v(r) <0. (24) 


Inspection of the criterion Eq. (24) shows immedi- 
ately that (a) a potential which is everywhere repulsive 
cannot satisfy the criterion; (b) a hard core is not in 
principle a deterrent to superfluidity. It is seen that 
what is required is that the potential have an attractive 
region. The correlations then tend to increase the 
probability that particles reside in the attractive region. 
This is done by building the correlation out of Fourier 
components with wave numbers as close to kr as 
possible. 

If we assume that x(r) is spherically symmetric 
(an S-state solution), and let 


g(k)=kx(k), 


g(r)=rx(r), 


2\! ” 
g(r)= (-) f g(k) sinkrdk, (25) 
T 0 


adopting as the unit of length ke~!(«=k rr), and as the 
unit of energy #7k?/2m*, the criterion for superfluidity 
may be written 


1 ® 
- o= f k?—1| | g(k)|*dk 
8x 0 


+f v(r)| g(r)|*dr<0. (26) 
0 


V. APPLICATION TO He* AND NUCLEAR MATTER 


In this section the criterion for superconductivity 
[Eq. (26)] is used to study liquid He* and nuclear 
matter. For this purpose we have employed many trial] 
functions. The calibre of a trial function can readily be 
7A similar criterion has been obtained by Bogoliubov, Tol- 
machov, and Shirkov (to be published): Joint Institute for 
Nuclear Research, Steklov Mathematical Institute of the U.S.S.R. 
Academy of Sciences, Dubna, June, 1958. The above preprint was 
received while the present manuscript was in preparation. One of 
the authors (L.N.C.) wishes to thank the above authors and the 
Joint Institute for Nuclear Research for this and other preprints. 
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expressed by indicating the factor by which the poten- 
tial must be multiplied (for fixed density, extent of 
potential, etc.) in order to make the system just go 
into a superfluid state at the absolute zero. The smallest 
such factor we have found is approximately 6 for He’, 
while for nuclear matter it is about 5. 
In the absence of a repulsive core the trial functions, 
gi(x)=Ci(Bx) sinx, g3(x)=In(8x) sinx 
for x<1/£, 
=) x21/8, 
ga(x)=In[@(x+1) ] sine 


for x+1<1/8, 
=0 for x+121/2, 


g2(«) = Ko(8x) sinx, 


all have the property that for small 8 the kinetic energy 
term in A(0) goes as In(1/8), while the potential energy 
term goes as In?(1/8). Thus, for arbitrarily weak 
attractive potential by choosing a trial function with 8 
sufficiently small A(0) can be made negative. Thus 
such systems are always in a superfluid state at the 
absolute zero. 

In regions of strong repulsion the function g(*) must 
be very small so as not to contribute a large positive 
term to (0). We have approximated the true two-body 
interaction in He** and nuclear matter® with a central 
potential which is infinite for r<r, (~<c) and attractive 
beyond r,.!° Thus g(x) is identically zero for x<c. Since 
the kinetic energy operator is |k?—1]|, the function g(x) 
must be a function with wave number predominantly 
near 1 (ky in these units). It may be expected also that 
for large x the function g(x) will be in phase with sin, 
or else the kinetic energy will tend to be very large. 
It is also important for the no-core situation that g(x) 
be very large for small x. Guided by this we choose 
go(x)=In[@(a—c) JI 1—e"° J sinx, c<x<1/B, (28) 

=0, x<c, x>1/8. 
In this case the kinetic energy term in (1/8)A(0) may 
be evaluated in the limit as 8-0. For large 7 this takes 

8 J. L. Yntema and W. G. Schneider, J. Chem. Phys. 18, 641 
(1950). 

9 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 

For both nuclear matter and liquid He’ the calculations seem 
quite insensitive to the features of the two-body potential other 
than the gross characteristics of the strongly repulsive internal 
region and the weakly attractive outer region. In particular, 
x?(r)v(r) becomes very small in a region where the potential is 
large and positive, so that the use of an infinite repulsive core for 
He’ is a good approximation to the repulsive part of the Yntema- 
Schneider potential. We -have consequently used in our calcu- 
lation the following simple analytic S state potential: 


V=e0 for r<r, 
=—Vye¥r-r) for 
where r-=0.4XK 107 cm (2.5 A), Vo=26 Mev (10°K), w=0.544 
X10" cm™ (1.85 A). 


127%, 
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the following relatively simple form: 


In?(1/8) {x f 
K.E.=——— | —(1— cosdeyn+| 2 In4yc—2 Ci4c 
4 2 


1 1 
—2+ 4m sin2c+2 cos2c+— sin4c—- sin2c| 
2 


2c Cc 


2 /! nr 2 
+| +/( -1) sin2c+ ( ate ) cos2¢ 
c “be 2 ¢ 


2 1 
—-—cos4c—4 sine +... ; 
Cc n 


where y is the Euler-Mascheroni constant, equal to 
1.781---. 

For small core radii the dominant term in the kinetic 
energy as 8-0, for large » may be written as 


In?(1/8) 
E.= [4arc?+ O(c?) In+[Lare+ O(c*) | 


4a 
J 1 
+[ $a-+ O(c) } +0( DI. (29) 
n " 


Thus the kinetic energy has a minimum. value for 
n=Vv2/c which is K.E.~0.42c In*(1/8). As c—>0 and 
n>, therefore, the term in the kinetic energy pro- 
portional to In?(1/8) vanishes. Since the P.E. varies as 
In?(1/8) for this trial function one can see that as c > 0, 
and for 6 sufficiently small, the system will certainly 
become superfluid for any attractive potential outside 
the repulsive core. 

We have evaluated the In?(1/8) term in \(0) for He® 
and nuclear matter, using this trial function. We have 
chosen the value of » which minimized the In?(1/@) 
term in A(0), and find that unless the attractive part 
of the potential is 15 times larger than it is in He* the 
system does not go superfluid with this trial function. 
For nuclear matter (c=0.59, compared to c~1.9 for 
He’) the factor is 5. 

Most trial functions do not go continuously as c— 0 
into trial functions which indicate superfluidity for 
arbitrarily weak attractive potentials. Nevertheless 
since c is so large for He* it was thought profitable to 
use some of these functions. We have tried 

g6(x)=sinx[e~F1'2—0) — ¢-BXy-9 ], x >, 
=0; x<c 
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and after minimizing \(0) with respect to 6; and f; still 
find approximately the same factor of 15 for He* and 7 
for nuclear matter. 

Another trial function which although not successful 
in showing the superfluidity in the case of a weak purely 
attractive potential, might nevertheless be useful for a 
large repulsive core is 


(31) 


In this case for appropriate choice of 8 the ratio by 
which the potential energy must be multiplied in He? is 
only 6.5. The reason for this is that for He’, ¢ is such 
that the function g(x) is large in the region of the 
potential energy while the additional kinetic energy 
coming from the wrong phase of sin(«—c) is more than 
compensated. 
One is thus led to try the trial function 


gs(x) = {[1—e7-712-9 ] sinv+ae~1* sin(x—c)} InBx; 
cSxS1/B (32) 


g7(x)=sin(a—c)eF, 


=Q; 2<c, x>1/p, 


where a, 8, y are variational parameters. This function 
is large in the region of the potential and then slowly 
shifts to the correct phase at large r. The calculations 
with this function, even in the limit of B—0 are 
extremely complicated. We have only carried them to 
the extent of seeing that although the ratio may be 
reduced from 6.5 it will not go below 4 for He’, while in 
nuclear matter there is no significant improvement.§ 


VI. SUMMARY 


The basic result of our investigation is the integral 
equation [Eqs. (18) and (19) ] for the correlation func- 
tion. This leads to the very simple criterion for a 
superfluid state, expressed as a variational principle 
[ Eq. (24) ]. In Sec. V we have used this in a preliminary 
way to investigate liquid He*® and nuclear matter, but 
have not so far succeeded either in finding a trial func- 
tion which makes these systems superfluid or in proving 
that they do not become superfluid. 


§ Note added in proof.—We are grateful to S. A. Moszkowski 
for pointing out to us the virtues of a trial function which is the 
solution of a Schrédinger equation with reduced effective mass 
3m*, and a truncated potential so chosen that the solution has zero 
phase shift. With a modified form of such a trial function one can 
prove a low-density theorem: if the S-wave solution to the 
Schrédinger equation, with reduced mass }m and the true two 
body potential, has positive phase shift at zero energy, then at 
sufficiently low density the fermion system would have a super- 
fluid state. This suggests the investigation, now in progress, of 
the properties of He’ in dilute solution in He’, as well as a careful 
study of the finite nucleus, with particular attention to the reduced 
density at the surface. 
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We have examined the ground state of the many-fermion system, using perturbation theory, with par- 


ticular attention to Brueckner’s method. 


A study of the single-particle propagators in the ground state 


of the system sheds some light on the relation between the single-particle energies used, for example, in 
the optical model of nuclear reactions, and Brucekner’s self-consistent energies. This leads naturally to 
the use of a renormalization factor to allow for propagation off the energy shell. It is possible to formulate 
the perturbation theory entirely in terms of graphs with no fermion self-energy parts, and this method is 
used to examine the approximations used for this problem, and to relate more closely the calculations of 
the ground-state energy and of other properties of the ground state. 


1, INTRODUCTION 


HE method used by Brueckner and Gammel! for 
the nuclear many-body problem involves the 
determination of an effective interaction between par- 
ticles, where the equation for the effective interaction 
has as its kernel a term given by a self-consistency 
requirement. The precise definition of this self-con- 
sistent energy denominator gives rise to a number of 
difficulties, in particular the off-energy-shell propaga- 
tion problem, which was treated rather elaborately by 
Brueckner and Gammel.' This definition was discussed 
at some length in an earlier paper,” herafter referred to 
as I, and the role of the self-consistency condition was 
examined. A rather different approach is used here, 
which considerably simplifies the discussion, and which 
leads to a clearer definition of the self-consistent energy. 
A similar approach to this problem has also been used 
by Prange and Klein.’ 

We use the time-dependent form of perturbation 
theory, and consider the propagators of single- particle 
excited states. In this paper, as in I, extensive use is 
made of the diagrammatic representation of perturba- 
tion theory introduced by Goldstone,‘ and the notation 
here is the same as the notation explained in I. 

To illustrate the use of this method, the Brueckner 
approximation is rederived, in a slightly altered and 
analytically much simpler form. The approximation 
involved in the use of a self-consistent energy denomi- 
nator as a propagator is then simply displayed. The 
inclusion of the terms contributing to the single-particle 
energies, which were neglected by Brueckner and 
Gammel! and discussed in detail in I and a number of 
eu papers, makes the formulas less simple, but still 


* Part of the work was included in a thesis submitted to the 
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requirements for the degree of Ph.D. 
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manageable in an approximate form. A way of deriving 
the equations by a method similar to the perturbation 
theory developed in I, with the expansion in powers of 
the reaction matrix instead of the potential, is sketched 
in Sec. 6. 

In Sec. 7 an attempt is made to obtain an approxi- 
mation for the one-particle propagators; it is then shown 
how the properties of the propagators themselves, given 
by Galitskii and Migdal in a recent paper,® can be used 
to find the ground-state energy in a more 
manner than was possible by use of the linked-cluster 
expansion derived by Goldstone.‘ 


suitable 


2. TIME-DEPENDENT PERTURBATION THEORY 


The time-dependent form of perturbation theory for 
a stationary-state problem was used by Goldstone in 
his original justification of the Brueckner theory,’ and 
its relation to the time-independent form has been 
clearly displayed in a recent paper by Bloch.’ It is 
equivalent to the time-independent form, but there are 
some results which it gives much more readily. 

In this discussion, the unperturbed Hamiltonian will 
be taken to be just the kinetic energy operator, since 
the addition of a Hartree potential to the unperturbed 
Hamiltonian and its subtraction from the perturbation 
(the scheme used throughout I) is here an unnecessary 
complication. The perturbation is the interaction 
between the particles, and it will be treated by a 
Rayleigh-Schrédinger type of expansion. In the evalu- 
ation of the expectation value of some operator in the 
true ground state VY, a sum over graphs will have to be 
made, and the important feature of the time-dependent 
form is that each element of the graph contributes an 
independent factor. In the time-dependent theory, each 
vertex pair of the graph is labeled with a time /, and a 
particle line going from 4 to ¢ gives a factor of 
i expliT (m) (ti—t2) | for t2>t, and a factor of zero for 
txt; T(m) is the kinetic energy of a particle of 
momentum m. A hole line from ¢; to ¢2 gives a factor of 
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zero for t2>t;, and a factor of —i exp[i7 (I) (t:—/2) ] for 
le$t;. This function, associated with each particle and 
hole line, is called the unperturbed propagator. Each 
vertex pair (a pair of vertices at the same level con- 
nected by an interaction line) gives a matrix element of 
the potential » as a factor. Each closed loop gives a 
factor —1. The independence of these factors is de- 
stroyed by the integration over the time variables 
which leads to the time-independent theory, and so the 
time-dependent form can be handled more easily for 
some purposes. 

One important difference between the time-dependent 
and the time-independent forms is that the vertex pairs 
in the time-independent form had to be regarded as 
ordered, and all possible orderings had to be taken into 
account. The different orderings possible are now taken 
into account automatically by an integration over an 
infinite range of all but one of the time variables, and 
so the vertex pairs are no longer considered as ordered. 
This does mean that factors have to be included to 
avoid counting the same graph twice, as was explained 
by Bloch,’ if the graph is symmetrical. 


3. BEHAVIOR OF THE PROPAGATORS 


The propagator of a hole or particle state, the one- 
particle Green’s function, is given by the sum of all 
linked graphs with the state in consideration as the 
one and only external line, if formal perturbation theory 
gives the true ground state. This is a function of the 
initial and final times, or rather of the time interval 
between them. If we start with the true ground state, 
which is equivalent to the physical vacuum in this 
scheme, create a particle (or a hole) at time 4, and 
allow the new state to propagate freely until time f, 
then the propagator is equal to 7 times the scalar 
product of this state with the state obtained from the 
ground state by creating the particle. The formula for 
the propagator of a particle state of momentum m is 


S(m, (;— 1/2) 
= iV | nm expli(H — Eo) (ti—te) Ina’ | ¥), 
for to>t; 
= —i(V\ nm! expl —i(H — Eo) (ti—te) nm |¥), 
for to<t). 


(1) 


Here Ep is the ground-state energy, 7m is the annihila- 
tion operator for the particle state, and nm' is the 
creation operator. Similarly, if m is the creation opera- 
tor for a hole state of momentum I and 7; is the 
annihilation operator, its propagator is 


S(L, t:—t2) 
= i(W!m exp[i(H— Ey) (ti— te) Jn" | ¥), 
for l2>t, (2) 
= —i(W|m' expl —7(H— Ep) (4:—t2) Jm |), 
for tg<t). 
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Now we consider any quantity which is given as a 
sum of all the linked graphs with particular external 
lines, such as the expectation value of a one- or two- 
particle operator, or even the propagator itself. A 
fermion line in such a graph can be replaced by any of 
the graphs which give the propagator of that state, and 
such a replacement is called an insertion into the fermion 
line. The sum of all such insertions is found by using 
the true propagator instead of the unperturbed propa- 
gator in the evaluation of the graph. Any graph with 
external lines has a unique skelefon, which cannot be 
obtained from a lower-order graph by making these 
insertions, and so the quantity can be calculated by 
taking all possible skeletons, and using the true prop- 
agator instead of the unperturbed propagator. The 
calculation of the propagators themselves by this 
means gives a problem of self-consistency, which could 
also be expressed by a set of nonlinear integral equa- 
tions. The propagators are given as a sum of skeleton 
graphs, but the propagators to be used in the evaluation 
of the graphs are the ones which we are trying to cal- 
culate. This idealized self-consistency problem is 
extremely complicated, even if approximations are 
made, but it is easier to handle if some physical inter- 
pretation of the propagators is used. 

It is not possible to evaluate the ground-state graphs, 
which have no external lines, by enumerating the 
skeletons and using the true propagator, since a graph 
with no external lines has no uniquely determined 
skeleton. If we divide such a graph into two parts 
connected to each other only by two fermion lines, it is 
impossible to determine which part is the insertion and 
which includes the skeleton. This fact leads to some 
complications in the next section, and makes it desirable 
to find the ground-state energy by a method which does 
not involve these vacuum-vacuum graphs. 

The asymptotic behavior of the propagators for large 
values of the time interval gives the parameters of the 
optical model. We had started from the ground state of 
nuclear matter and added one more particle (or removed 
one particle). There may be transient effects, but even- 
tually the particle behaves like a wave which decays 
exponentially in time, if the optical model is correct. 
The wavelength gives the real part of the optical poten- 
tial, and the decay gives the imaginary part. In this 
way, we find what was called the excitation energy of 
the state in I. 


Fic. 1. Some insertions allowed for in the definition (5) 
of the particle propagator R(m,t). 
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(a) (b) (c) (d) 


Fic. 2. Some possible insertions in a hole line. Figures 2(a), 
(b), and (d) are allowed for in the definition (6) of the hole 
propagator R(I,t), but Fig. 2(c) is not. 


The behavior of the propagators for small time 
intervals also gives important information about the 
properties of the ground state, as was shown by 
Galitskii and Migdal.® It will be noticed that the 
propagators are continuous in time except at the origin, 
where they have a discontinuity equal to 7. The limit 
of the propagator as the time interval approaches zero 
from above is just —7 times the occupation number of 
the state to which the propagator refers, since the 
operator part of the expression is the number operator 
of the state. This can be used to calculate the expecta- 
tion value of any single-particle operator; in particular, 
the kinetic energy can be calculated. It was also shown 
that the potential energy can be calculated from the 
first derivative of the propagator at zero time interval 
for this sort of interaction, and the value of the ground- 
state energy is given by 


2Eo=>d lim { (ik?/2M)S(k,t)+S'(k,)}. (3) 
k to+ 


The sum of this expression goes over all states, whether 
hole or particle states. 

The Fourier transform of the propagator is regular 
except in the neighborhood of the real axis, and has a 
positive real part in the upper half plane, and a negative 
real part in the lower half plane. It is defined by a cut 
just below the real axis to the right of the chemical 
potential and above the real axis to the left of the 
chemical potential.® 


4. THE BRUECKNER APPROXIMATION 


This method is illustrated by deriving a form of the 
Brueckner approximation; the equations derived are 
similar in form to those given in Appendix A of the 
paper by Brueckner and Gammel.'! The derivation 
here avoids the off-energy-shell troubles by introducing 
an extra parameter, and also suggests a treatment of 
the off-energy-shell effect which should simplify the 
calculations. 

We start by assuming that we have approximate 
single-particle propagators R(m,/) for particles and 
R(1,t) for holes which allow for certain insertions, but 
which still have the property that particles can prop- 
agate only forwards. in time and holes can propagate 
only backwards in time; this is not so for the true 
propagators S, We can then write the equations for the 
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propagation of two particles (not holes) with multiple 
scatterings between them, and this is 


0 
LW)= PR) ~if PR3(t')vL(t—t’)dt’. (4) 


t 


Here P is the projection operator which allows only 
states above the Fermi sea, R2 is the product of the 
two (approximate) single-particle propagators, » is the 
potential matrix, and L is the two-particle propagator 
allowing for mutual scattering; all these operators are 
supposed to be defined in the space of antisymmetric 
two-particle wave functions. The equation just means 
that either the two particles can propagate without 
scattering each other, or the last scattering can take 
place at time /’, where ¢’ is between ¢ and 0. 

The particle propagator is made to allow for the sort 
of insertions shown in Fig. 1. The integral equation 
which this propagator satisfies is 


R(m,t) =i expLiT(m)t]—i | dt/R(m,t’) 
t 


> (ml v| ml) exp[i7(m) (t—1’) ] 


l<kF 


0 ef 
- if wf dt’ R(m,t’) 
t t 


> (ml) oh (¢’—¢)v| mI)R(L, 0’) 


l<kPp 


XexpliT(m)(t—t’’).] (5) 


The first term on the right of this equation represents 
the fact that the particle may propagate freely with 
kinetic energy 7'(m). The second term comes from the 
possibility that the first insertion may be like Fig. 1(a) 
at time ¢’ between ¢ and 0, and the third term from the 
possibility that the first insertion may be like Fig. 1(b) 
or (c), starting at time ¢’’ and ending at time ?/’, with 
an indefinite number of scatterings of the two particles 
between these times. 

The types of insertions which we allow for in the 
definition of the hole propagators are like Figs. 2(a), 
(b), and (d). We do not allow for insertions like Fig. 
2(c), where the insertion goes above the top of the 
line in which it was inserted. This somewhat arbitrary 
restriction serves to determine uniquely which is the 
skeleton and which the insertion in a graph like Fig. 3; 
it also incidentally leads to the lack of off-energy-shell 
effects for hole states, as will be shown. The integral 


Fic. 3. An example of a ground 
state energy graph in which the dis- 
tinction between the skeleton graph 
and the insertion is arbitrary. 
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equation which the hole propagator satisfies is 


t 
R(1,t) = —ie'T@ +i f dt'R(1, t—1’) 
0 


xX UV lo| Wei” 


li <kP 


t ad 
+if a’ f dt'R(i, i—1') 
0 —@ 


x YE UW | oL(/—2’)0| I’) 
l’<kp 


KRU,’ —t)eTO"', (6) 


The interpretation of this equation is similar to that 
of Eq. (5); it is the upper limit of the first integration 
in the third term on the right of (6) which is the artificial] 
restriction to avoid ambiguities. This equation has the 
solution 

R(1,t) = —ite! MO, (7) 
where 
M()=T()+ > dl \o| Ml’) 


l<kp 
-if (| oL(A)o| 
ao U<KE 
Ke M+ MUI, (8) 


Equations (4), (5), (7), and (8) give a form of 
Brueckner’s equations with the self-consistency re- 
quirement implicit. They have a more familiar form 
when we take Fourier transforms. We use the notation 


f(E)=-i f f()r-¥dt (9) 


to emphasize the relation between a function and its 
Fourier transform. Equation (4) becomes 
L(E) = PR»(E)+PR:(E)eL(E), (10) 
where R.(E) is the convolution of two single-particle 
propagators, multiplied by 7/27. We write 
G(E)=0+0L(E)e, (11) 
which then satisfies 
G(E) =1+0PR2(E)G(E). (12) 
This is then the reaction matrix which forms the basis 
of Brueckner’s work. Equations (5) and (8) becomes 
R(m,E) =iLE—T(m)+ie}" 
+R(m,E) > (ml|GLE+M (1) }\ ml) 
on XLE—T(m)+ie}? 
=i[E—T(m)— > (ml|GLE+M (J) || ml) 


l<kr 


(13) 


+ie] 1 
M()=TOD+ X W|GLM()+M(7'))| I). 


U<kr 


(14) 
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In Eq. (13), € is a positive number which tends to zero. 

The off-energy-shell effect is exhibited by the de- 
pendence on E of the right side of Eq. (13), since E 
appears in the argument of the G matrix there. If we 
could solve the coupled set of Eqs. (12), (13), and (14) 
we would have solved the Brueckner problem taking 
complete account of off-energy-shell effects. It looks as 
if we would have to solve the equations for all values 
of E, but in fact it is necessary only to solve for E 
greater than 2M(0), since we can use the analytic 
properties of the functions of E. 

Both R(m,E) and G(Z£) are regular in the upper 
half plane. R(m,E) behaves asymptotically like 1E~, 
and G(E) like v; R(m,E) is pure imaginary for 
E<M (kp), and G(E£) is Hermitian for E<2M (kr). To 
show these conditions are consistent, we use the relation 


; 1 % Re R(m,E’) 
Im R(m,E) = of RS | 
cg 


- E-E 


(15) 


This can be used to rewrite the two-particle propagator 
(m,m,! Ro(£)|m m,) 
1 x 
=—— f R(m,,E’)R(mo, E— E')dE’ 
i 


2ri J_ 


‘él f Re R(m,,E’) Re R(m2,E”’) 
=—7_ *P ‘ Se = 
M(kr) YM(k)E E-E'-k”" 

, I 


E—M (kP) 


Re R(mz,E’) 


1 
XdE'dE" + 


TY’ M(kP) 


Re R(m, E—E')dE’, (16) 
which shows immediately that R2(£) is real for 
E<2M (kp), and so G(E£) is Hermitian. This also means 
that G can be calculated from Eq. (12) if only the real 
parts of the propagators are known for all values of 
E>M (ky). These in turn can be calculated if G(Z) is 
known for all E>M(kr)+M (0). To solve (14), which 
is also required for self-consistency, G(EZ) has to be 
known down to E=2M(0). The problem has been 
completely solved if the Eqs. (12), (13), (14), and (16) 
have been solved for all E>2M (0). 

The ground-state energy is calculated in the usual 
way as a sum of diagonal elements of the kinetic energy 
operator and of G between states in the Fermi sea. It 
can therefore be directly obtained from the solutions 
of Eq. (14). 


5. SIMPLIFICATION OF THE SELF-CONSISTENCY 
CONDITION 
Equation (13) suggests an approximation which 
would simplify the calculation considerably, while 
keeping the better treatment of the off-energy-shell 
effect. It seems likely that the most important part of 
the propagator is where the denominator is small, and 
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the real part has a zero given by 


M(m)=T(m)+ > Re(ml|GLM(m)+M (1) ]| ml), (17) 


l<kP 


which is in the same form as Eq. (14). If we keep just 
the first two terms of the Taylor-series expansion of the 
matrix element of G about this zero, we get the prop- 
agator in the approximate form 

R(m,E) = it (m)LE—M (m)+:10 (m) +", (18) 
where 


¢(m)={1— ¥ (ml|G'LM(m)+M())]|ml)}, (19) 


l<kp 


I'(m)=—¢(m) > Im(ml|GLM(m)+M (1) ]| ml). 


l<kF 


(20) 
Substitution of Eq. (18) in (12) with the help of (15) 
gives 


G(kA)=1+ 


mime>kP 


v| m,;mp») 


(me (me) 


x ————_ 2 = = — 
E—M(m,)—M (mo) +70 (m1) +11 (me) 


<(mymo!G(E). (21) 
This equation must then be solved, and tested for self- 
consistency in (19) and (20). The ground-state energy 
is found by substituting the solutions in (14). The sum 
in (21) is over all distinct pairs of particle states. 

In this way the Brueckner equations are obtained in 
a form which allows approximately for off-energy-shell 
propagation. The renormalization factors ¢ perform 
this task, and the derivative of G(Z) has to be known 
if one is to calculate ¢. It is not necessary, once the 
derivative is known, to calculate G off the energy shell, 
although the calculation may give a check on the 
reliability of the approximation (18). 

It was pointed out in I and in a number of other 
papers® that there are important terms neglected in the 
Brueckner approximation which contribute to the 
single-particle energies, and which should be taken into 
account in a self-consistent calculation. If these are 
taken into account the hole propagators are no longer 
pure exponentials, because of the appearance of off- 
energy-shell effects; the integral equations then become 
more complicated. The approximation (18) can, how- 
ever, still be used, both for particle and hole propa- 
gators, to make the equations manageable. This is not 
treated in detail here, since a similar procedure is used 
in Sec. 7. 

6. EXPANSION IN POWERS OF THE 
REACTION MATRIX 


The method developed in I allows a formal expansion 
of the potential v in powers of the reaction matrix G 
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to be made in the perturbation series, even if the 
expansion of v does not converge, so long as the resulting 
perturbation expansion of the energy in powers of G 
converges. This result is used to express the expansion 
carried out in Secs. 4 and 5 in terms of G instead of in 
terms of v. To be definite, we take G(E) to be defined 
by Eq. (21), although some other definition could be 
used in a similar manner. 

This G is a function of £, and so its Fourier transform 
is a function of the time interval ¢. The v which is used 
in the time-dependent perturbation theory is an instan- 
taneous interaction of two particles, and has no refer- 
ence to a time interval. To avoid the difficulty of 
expressing v in terms of G, we invent a noninstantaneous 
interaction which is, in fact, equal to ivé(t). This 
function v(¢) can be expanded as a series in G(é) by 
iteration of the Fourier transform of Eq. (21), 


0 0 
ar f dt'’v(t—1t') | mym,) 
t ig 


XO(m)E(my)et tom + M (m2)—il (m1)—il (m2) ] (t’—t’’) 


(22) 


WN=G)+ ¥ 


mime >K KF 


<(mym_| G0"). 


This method can be used to give a time-dependent per- 
turbation expansion in terms of an interaction G 
smeared out in time, and it should be used if the poten- 
tial is singular. As in I, the self-consistency requirement 
is reduced to the requirement that certain terms in the 
perturbation series should vanish or be small. 


7. CALCULATION OF THE PROPAGATORS 


The methods introduced in the first part of this 
paper are now used to calculate the propagators for a 
system of strongly interacting fermions, using a reaction 
matrix as the basis of the expansion. Approximate 
integral equations are written down for the propagators, 
which are the true propagators, not the restricted 
propagators used for the evaluation of the ground-state 
energy in Sec. 4. The graphs which were shown in I 
to be important for the evaluation of the excitation 
energy are all included. 

The propagator of a state & has the form 


S(k,E) =iLE— K1(k,E) — K2(k,E) }', (23) 


where A, is a function of E regular in the upper half 
plane, and KX, is regular in the lower half plane. Both 
functions go to a constant value at infinity. A, is 
defined by a cut just below the real axis from uw to +, 
and K, by a cut just above the real axis from — ~ to 
u, where uw is the chemical potential. We also have 


K,(E*)=K,*(E), K2(E*)=K.*(£), (24) 


except near the cuts. These properties follow from the 
form of the propagator,® which is, from the Fourier 
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transform of Eq. (1) or (2), 
S(Rk,E) = S,(k,E)+S2(k,£), 
S\(k,E) =v n.(E— Eo— 
S2(R,E) =i | n! (E— 


H+ie)m'|¥), (25) 


Eot+H —ie)nx| ¥). 


We have here split the propagator into a part regular 
in the upper half plane and a part regular in the lower 
half plane, denoted respectively by S; and S»; this is 
very convenient later. 

The propagators are calculated by summing over 
the skeleton graphs. It is assumed at first that the 
asymptotic behavior of the states for long times is 
like that of a hole for momentum /<k,, and like that 
of a particle for momentum m>kr. This means that 
we can solve the equations 


K{(LE() ]+Re K[LEM], 
K,[_m,E(m) ]+K.[m,E(m) ], 


E(l)= 


E(m) = Re (26) 


to get the real parts of the excitation energies, and find 
the small imaginary parts by the equations 
r(id)=¢() Im K[1E() ], 
I'(m)= —¢(m) Im K,[m,E(m) J, (27) 
where 
)={1—Ky,'[k, E(k) ]—Ke'[R, E(k) ]}. (28) 
We then expand the propagators by iterating the 
equation 


S(k,E) = 1¢(k) {E— E(k) Fil (k)} 7 
—{(k) errs (k)}— 
X (E—K,(E)— K2(E)—¢(k) 


x {E— E(k)Fil' (k)} JS(R,E), (29) 


or, alternatively, 


S(k,E) =i{ E— E(k) il (k)} 
—{ E— E(k) Fil (k)}{ E(k) +10 (Rk) 
—K,(k,E)—K.2(k,E)}S(k,E). (30) 
For either of these expansions to converge at all points 
along the real axis, it is necessary to include the 
imaginary part of the energy, as we have done here, 
and to use approximately the correct excitation energy. 
Such convergence has not been shown to be necessary, 
but it does certainly give more freedom for possible 
reorderings of the perturbation series. We assume 
generally that the quantity in square brackets in Eq. 
(29) can be analytically continued across the cut, and 
that it vanishes and has zero derivative at 


E= E(k)+11'(k). 


The reaction matrix G we use is taken to satisfy 
Eqs. (21) and (22), with M(m) replaced by E(m). The 
lowest-order graphs for a particle state are those shown 
in Fig. 4. Figure 4(c) comes from the first iteration of 
Eq. (22), and cancels with a part of Fig. 4(b). The 
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integral equation which includes all these graphs is 


stmB)= f eT (m)t mat f auf anf dts 
XS(m,ts) (mks |G ?(¢2) | mk;) 


—f. o)e'T (m) t- iE (ty+te+t3) 


x S(ki, 


Saf af af ofa 


x S(m,ts)_ + (mk, |G(t,) | kok) 


ky keok3 
XS(ki, —la—te— te) S (Re,tz).S(R,t3) 
x (kok; | G(ts) | mk, )e!?(™)4 iE (tirttettgttytts) 


0 0 0 0 2 
-f anf ats f ats f auf dl 


x S(m,ts)>_ : (mk, | G(¢,) | mum.) 


ki mjmo>kp 


(m1)f (me) 


il’ (m2) ) tz 


XS(hi, 


K etl (m+ E (m2)- il’(m1) 


~ty—t—ta)t 


X (mm, | G(te) lk, et? om) atk (tit tat tat tts) | 
‘ (31) 
With the aid of Eq. (23), this can be written as 
(mk, G(F)) mk, ) 


K,(m,E) =T(m) — (22 2 


D 


— E)dE\+(2r)*i YY 


ki keks 


k\+ ky- E)Si (ke, Fy) S; (k3,F2) 
+h E)S2(k2,E 1) So( k3,F2) | 


X So(k:, Ey 


X([S2(ki, 
4+So(ky, E 
XdEdE,+(2r)"* SY 


ki mymo>kpr 


xf | (mk; | G(/;) | kok;) °S0(ki, £,— F) 


Xo (me (m2) LE— M (m,) — M (m2) 
+10 (my) +i0 (me) | dF, 


K»(m,E) = (24)-% =f f 
ki kekg —< - 


X | (mk, G(F,+F2) | mymp,) |? 
«S1(Ri, F\+ F2— E)So(ko, Ei) 
xX Se (k3,E: dE idk, 2. 


(32) 


(33) 





SINGLE-PARTICLE 


Exactly the same equation can be written for a hole 
state. 


8. CALCULATION OF OBSERVABLE QUANTITIES 


If the propagators are known, physical observables 
can be calculated. The form of the propagator given by 
Eqs. (32) and (33) has very little justification, and the 
existence of a singularity of G near the Fermi surface 
makes it doubtful that the approximation is useful in 
that neighborhood.’ For this reason we demonstrate 
how the excitation energy would be given by such a 
propagator, for comparison with the results obtained 
in I, and merely outline how other quantities of interest 
would be obtained, detailed expressions for these other 
quantities are quite easy to obtain, but do not seem to 
be of much value. 

The excitation energy and damping are obtained by 
substitution of Eqs. (32) and (33) in (26) and (27). To 
evaluate this expression, it is necessary to expand the 
propagators on the right of Eqs. (32) and (33) by 
means of (29) or (30). Equation (29) should give the 
more rapid convergence, except that successive terms 
in its iteration all behave like E~ as E goes to infinity. 
If there is a contribution to the integral being evaluated 


K,(k,E)=T(k)+ & (kKI|GLE+E(D4+i7(D]|kI)— (29) YS ED 


l<kPF 


X{ Kill, Ei 


—E)+K,(l, E\— E)— E() —i0 ()dE\— (2) 


ENERGIES 


O 


(a) (b) (c) 


Fic. 4, The lowest order skeleton graphs used for 
evaluating the propagator S(m,E) by Eq. (31). 


from infinity—or, in other words, unless there are 
further negative powers of E in the integrand—this 
expansion of the propagator is unsuitable because of 
the successive contributions at infinity. This difficulty 
can be avoided by using Eq. (30) to get S(&,£) multi- 
plied by a negative power of £, and then obtaining 
further terms in the expansion by iteration of Eq. (29). 
To evaluate Eqs. (32) and (33) it is possible to use 
the iteration of (29) for all the terms except the second 
term on the right of (32), where it is necessary first 
to use (30) ; we keep two terms in the expansion of this 
particular term, and keep only the first term in the 
expansions of all the other terms. We thus get 


cl G(E,) |kl){ £:— E— E() —i0 ()}* 


l<kP 


= ¢(m) f (km |G(E;) | kim) 


m>kP 


X (E\— E— E(m) +i (m)}?°K2(m, E:—E\dE.+ XX (DE hE (Is) 


X {| (kh | GLE(l2) +E (Us) +18 (12) +i (1 


X{E+E(h)— E(le)— 


§(m)g(h)¢ (2) | (kim | GLE( 


li<kF lel3<kPr 


3) ]| 1, 1;) |?— | (kl, | GLE+ E()+:T (1) J) 1.13) |*} 


E(13)+i0' (lh) —i0' (Ie) —i0 (ls)}, (34) 


1) + E(le) +10 (11) +17 (1: 2) J| h l, 2)|* 





K2(k,E)= 2 


m>kF lilo<kPp 


(35) 


E+E(m)—E(h)—E(ls)— iP (m)—it (hh) —i0 (ls) 


With some further approximations, it is possible to get an expression similar to that derived in I for the excitation 
energy and damping. The final term in Eq. (34) can be discarded, since it involves the difference between the 
squares of two G matrix elements with different arguments, and so is essentially of third order (we do keep some 
third-order terms, but these have a different structure, as will be seen). For the same reason, when we substitute 
Eq. (35) in (34), we see that the part of the third term on the right involving K2 approximately cancels and can be 
discarded. Finally, we replace K, in Eq. (34) by its lowest-order approximation, which is linear in G, and use the 


expression for G’ given by differentiating (21), which is 


£(mi)¢(ms) 





G(E)=- > G(E)|mm,)— 
mimg>kF 


m,m,|G(£). (36) 


[E— E(m,)— E(m2)+i0 (m;)+i0 Gm 


8 See J. S. R. Chisholm and E. J. Squires (to be published), for a treatment of this point. 
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All this gives the excitation energy and damping as 


THOULESS 


E(k) +i0 (k)=T(k)+ X (KIGLE(A) + LOA (A+ YI kKD+ ¥ ~ oho (l2)e (mi) FE (me) 


l<kp 


ilea<kF myme>kr 


* | (hile| GLE(h) +E (le) +40 (11) +49 (2) ]| mime) | *{ (kim, | GLE(R) + E(my) +i (k) — i (my) ]| km) 
—iD(l2)—i0 (my)—i0 (m2) } 2+ OX e(m)e (LE (1s) | (em | GLE(L,) + E(L) +i (hh) 


m>kp Wle<kFr 


+40 (Iz) ]) hile) |2¢E(&) + E(m) — E(h) — E(le) £10 () — iP (m) — if () iP (2) 7. 


The terms included here are just the terms which were 
considered in I, although they have here a slightly dif- 
ferent form because of the use of complex energies and 
of the renormalization factor ¢. 

To obtain expressions for other quantities of physical 
interest, we proceed in a similar way. The occupation 
number for a state is found by integrating the propa- 
gator round a contour in the upper half plane. Use of 
Eqs. (30) and (29) gives the lowest-order terms for 
hole and particle states as 


n(l)=1+¢() Ki, ED+i0 ()), 


n(m)= —{(m)K.'[m, E(m) —iT (m) ]. (38) 


These expressions can be used to calculate the average 
kinetic energy. The total potential energy can be 
written, in a form equivalent to Eq. (3), as 


— (49) ftG.0+K.0,2)-# 7201) 
k 
xS(k,E)dE, 


(39) 


where the integral is taken around the infinite semi- 
circle in the upper half plane. The total energy is, to 


lowest order, 


| (40) 


> (hb|GTEM+E()]| hb), 


(37) 





which is the expression usually used in the calculations. 

In general, the method of enumerating and evaluating 
higher-order terms in the perturbation expansion for a 
quantity is the following. First we take only skeleton 
graphs, and then we have to use the expansions of the 
propagators to evaluate these. In any line of a skeleton 
graph we can make any number of insertions, corre- 
sponding to terms in the iteration of Eq. (29). For each 
insertion made, we must subtract its contributions to 
the excitation energy and to the renormalization factor ; 
in time-dependent form, these subtractions are like 6 
and 6’ functions of time. 


9. CONCLUSIONS 


The reformulation of the perturbation expansion in 
terms of graphs with no fermion self-energy parts has 
been shown to lead to some simplification, particularly 
because of the natural way in which the “excitation 
energies” and renormalization factors occur in approxi- 
mations, rather than the “model energies,” which are 
affected by off-energy shell effects. This expansion, 
moreover, should still be useful even if the approxi- 
mation used for the propagators, the quasi-particle 
assumption, is invalid. In order to study a system for 
which the quasi-particle assumption is invalid, it is 
necessary to study with particular care propagators in 
the neighborhood of the Fermi surface. The recent 
theories of superconductivity should be very helpful in 
making such a study. 
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An instrinsic geometrical definition of distance is presented in terms of the geodesic deviation of null rays. 
This definition is applied to the Schwarzschild solution and the homogeneous and isotropic cosmological 
solutions of the Einstein field equations. In the former case the distance is proportional to the radial coordi- 
nate of the standard metric and in the latter case it yields the usual cosmological distance. However, since the 
geodesic deviation is a scalar, the results are independent of the particular metric used. The relationship of 
this definition to observation is discussed and it is concluded that it agrees with the astronomical definition 


of luminosity distance. 


1. INTRODUCTION 


HE principal difficulty of relating general rela- 
tivity to observation arises from the intrinsic lack 
of significance of any coordinate system. Wigner! and 
Pirani? have given operational methods of measuring 
certain quantities such as spatial distance, the metric 
tensor, certain components of Riemann curvature 
tensor. However, these measurement techniques are 
restricted to the small domain around the observer 
where the curvature does not change very much. 

The question arises whether any information can be 
received from distant events which can be correlated to 
predictions of the general theory? 

We propose to describe the trajectories of distant 
particles (planets, stars or galaxies) by a set of events 
with numerical values which are independent of (ad hoc) 
a coordinate system. The events, in terms of which this 
motion will be described, will be the emission of two 
light rays, with a small angle between them, directed 
towards an observer. The numerical value given to this 
event will be the proper perpendicular distance between 
the two null rays when they reach the observer. In 
principle this can be observed. If the metric tensor is 
known in any coordinate system then this number can 
be calculated and compared with the observed value 
and an entire trajectory checked. We have applied this 
procedure to the Schwarzschild solution and the three 
homogeneous and isotropic cosmological models. 

Consider the situation of an observer who assumes a 
matter distribution and boundary conditions for some 
physical situation and is able to solve the Einstein field 
equations with these conditions and then wishes to test 
whether the resulting metric field at large distances 
from him are correct. The usual method is to solve the 
geodesic equations of motion and then to check this 
against the observed motion of a test body. This is what 
is done for planetary motion in a Schwarzschild field. 


* Supported by the Aeronautical Research Laboratory, Wright 
Air Development Center. 

1 FE. P. Wigner, Revs. Modern Phys. 29, 255 (1957). 

2F. A. E. Pirani, Conference on the Role of Gravitation in 
Physics [Wright Air Development Center Technical Report No. 
57-216, 1907 (unpublished), p. 61.] 


However, it is only by a fortuitous accident that this 
procedure works. We know that Newtonian mechanics 
is a good approximation, and can assume that the fixed 
stars at infinity are in a Minkowskian space. The latter 
conditions establishes the nonrotation of the coordinate 
system. The first condition establishes a coordinate 
system such that the Newtonian motion is the first 
approximation. However, it should be realized that 
general relativity is a complete theory and predictions 
should be independent of a correspondence with 
Newtonian mechanics. 

To make this illustration more precise, we consider 
the geodesic equation in two coordinate systems, the 
ordinary Schwarzschild and the isotropic Schwarzschild 
system.’ After some simplification, a first integral of the 
equation of motion in the usual Schwarzschild system is 


dr \? 2mr> rr 
(—) +r— ——(k?’—1)—2mr=0, 
dg hr wh 


(1.1) 


while the same first integral in the isotropic system is 


d? \? 7j* m\ 4 
(—) $4 “| (147) . 
dg I? 27 


The equivalent Newtonian equation is 


.2) 


(1-+m/27)® 
: |-« (1 
(1—m/27)? 


All quantities other than r and ¢ in the above equation 
are constants. It is seen that the first equation differs 
from the Newtonian equation by a linear term in r, 
whereas the second equation bears no resemblance to the 
Newtonian one. Clearly, in practice the first equation 
would be the appropriate one to check with the actual 
trajectory. It is equally clear that either equation is 
appropriate, since general relativity does not depend 
logically on the results of Newtonian mechanics. 


3R. C. Tolman, Relativity, Thermodynamics, and Cosmology 
(Oxford University Press, Oxford, 1934), p. 205. 
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We will describe a method which, in principle, allows 
us to calculate the trajectory in any coordinate system. 


2. GEODESIC DEVIATION 


One cannot make direct observations on distant 
quantities, but only of signals reaching the observer. In 
making astronomical observations one observes the light 
rays coming from a star or galaxy. The angular position 
of the source is determined by orienting the telescope 
objective so that it is perpendicular to the incident rays. 
In order to translate this procedure into four dimensional 
language we consider an observer with four-velocity 
d* (A\*A,=1). He observes the projection of a light ray 
with null vector p* into his 3-space: 


p= p'— pPr,r*. 


Now consider a vector n* which lies in the plane of the 
telescope objective. If the telescope is in the observers 
rest frame, then 7” must be orthogonal to \*: 


(2.1) 


nr, = 0. (2.2) 


Furthermore, if 7” is to be orthogonal to p*, we must 
have the relationship 

n’p.=. (2.3) 
The method of observation is completely discribed by 
these equations and the direction cosines of the star 
determined by 


COSAg= |p|"Acay"*Py, @=1, 2, 3, (2.4) 


where the A,,)* form an orthonormal triad in the ob- 
servers rest system. 

Imagine that * is a vector which extends from one 
light ray to another from the same source. With the 
assumption that light rays travel along null geodesics, it 
follows from Eq. (2.3) that n* is the geodesic deviation‘ 
of the two light rays. The geodesic deviation is defined 
as the vector connecting two neighboring geodesics (not 
necessarily null) and orthogonal to one of them (Fig. 1). 
If the geodesics are parallel, or nearly so, then the 
deviation will be orthogonal to both, or nearly so. This 
condition is certainly satisfied in astronomical obser- 
vations. 


GEODESICS - 


Tso 
Fic. 1. The geodesic deviation as a function of the parameter 


length along the geodesic and initial angle 6. 


‘J. L. Synge and A. Schild, Tensor Calculus (University of 
Toronto Press, Toronto, 1952), p. 90. 
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The appropriate mathematical tool for investigating 
this deviation is the equation of geodesic deviation‘ 


6° 


ae +R* vop'n’p? => 0, 
57? 


(2.5) 


where p? is the tangent vector along the geodesic, 

p?=dx?/dr, (2.6) 
and the parameter 7 is chosen so that the geodesic 
equation takes the standard form 


bp? dp? 
--- +{ : | ppr=o. 
wv 


= (2.7) 
67 dr 


The Riemann curvature tensor is given by 


ated ghd tock 


The magnitude of the deviation, n= (n“n,)}, is speci- 
fied by the initial conditions 


n(0)=0, 


“atom a 


(2.9a) 


dn| 


dr | T= 


=6, (2.9b) 


where @ is the initial angle between the geodesics. For 
null geodesics, this angle is not defined. However, note 
that the components of the geodesic deviation of null 
geodesics are not uniquely defined, for if no“ is a solution 
of Eq. (2.5) satisfying (2.3), then so is 


n’=no+ap", 


where @ is any linear function of the parameter 7. 
Furthermore, the magnitude 7 is independent of a: 


(2.11) 


(2.10) 


n*Nu = No’ Noy. 


Therefore, one can always choose 7“ orthogonal to an 
arbitrary unit time-like vector A“, Eq. (2.2). If A¥ is the 
velocity vector of an observer, then it is clear from Eq. 
(2.11) that is independent of the observer’s motion. 

Because of Eqs. (2.9) and (2.10) the angle between 
null geodesics can be defined in any 3-space in the 
vicinity of the source which completely contains n“; that 
is, the 3-space is orthogonal to a time-like vector v* 
(Fig. 2). In this 3-space it is clear that 


= (2.12) 
dl r=0 
and 
dl?=v,0,p"p'dr?. (2.13) 
Hence, the initial condition (2.8b) is replaced by 


dn} dn dl 
_— | | 


= (2.14) 
dr\emq 1 dr| ra0 


=6| vyp*| rao. 





MEASUREMENT OF 
Because we want to relate all quantities to the observer 
located at r= 75, it is convenient to define 2 as equal to 
the parallel transfer of \* along the null geodesic. Then 


v,p*| r=0 > \N’*Dy fa0— up" | T= 70), (2.15) 
where X’* is the parallel transfer of \“. In general the 
parallel transfer of \¥ will not remain orthogonal to 7’. 
However, since a of Eq. (2.9) may be a linear function 
of 7, n* may be chosen orthogonal to A“ at r=79 and 
d’ at r=0. 

In a Euclidean 3-space, it is clear that the distance 
along two intersecting straight lines (geodesics) is pro- 
portional to the geodesic deviation. Therefore, in 
Riemannian space we shall define the distance of an 
event from an observer to be proportional to the 
geodesic deviation of two neighboring null rays: 


d= Kn. (2.16) 


The constant A may be fixed by insisting that for 
infinitesimal distances, the above definition should agree 
with the projected infinitesimal distance® as defined by 
Eq. (2.13) with o“=\’*. Thus, in view of Eq. (2.15), we 
have 
dn 
Ad= |\,p"| »Ar=KAn=K—| Ar 


dr\| a0 
=kKé A up" r0AT, 
K=¢". 


and 
(2.54) 


The relationship of this result to observation will be 
discussed in Sec. 5. 


NULL GEODES/CS 








PROJECTED NULL GEODESICS 





Fic, 2. The projection of neighboring null geodesics into a 3-space 
containing n*. 


5L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Press, Inc., Cambridge, 1951), p. 256 [translated 
by M. Hamermesh ]. The-distance defined by Landau and Lifshitz 
is valid only when the observer is at rest, that is, when his spatial 
coordinates do not change. It is easy to show that Eq. (2.13) is the 
generalization of their result. 


DISTANCE 


IN GENERAL RELATIVITY 


3. THE SCHWARZSCHILD SOLUTION 


We now return to the problem posed in Sec. 1 of 
determing the planetary orbits without reference to the 
Newtonian approximation. The observer is assumed to 
be situated outside the null surface at r= 2m (see Eq. 
3.1) on the radial line joining the source to the origin 
(Source at r, and observer at ro, 2m<ro<r, in the plane 
6=2/2. Using the method described in the previous 
section, the distance from the source to the observer and 
from the origin to the observer will be calculated. Both 
steps are necessary as will be seen below. 

In carrying out this calculation, it is convenient to 
use the form of the Schwarzschild metric given by 
Jordon®: 


ds?= (1—2m/r)dt?+2(2m/r)*dldr 


—dr?—r'de—r? sin’Odg*?. (3.1) 
This solution has the advantage of being singular only 
at r=0. The surface r= 2m is everywhere tangent to the 
null cone, but this property causes no particular diffi- 
culty. A signal can penetrate the null surface from 
r<2m, however, not from r>2m. The Christoffel sym- 
bols are easily calculated and are given in the Appendix. 
From the geodesic equation, Eq. (2.7), we find for the 
radial null geodesics from r, to ro. 
Case I: 


p'=dr/dr=—k, 
p’= p*=0, 


and from r=0 to fo. 
Case IT: 


g'=k, 


g=g=0. 


In both cases, we find from Eqs. (2.5), (2.8) and the 
Appendix that we may choose n°=7'=0 and we are left 
with the following equations (for Case I] merely replace 


p' by q'): 
d’n? 


dr? 
aa p' - 


=(), 


d°n? 2 dr 
-+-p" =(). 
¥ 


dr* dr 


6P. Jordan, Aeronautical Research Laboratory, Wright Air 
Development Center Report No. WCLJ TN 58-1 (unpublished). 
A similar solution has also been given by D. Finkelstein, Phys. 
Rev. 110, 965 (1958). 
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These equations are readily solved and give 
P=A/r+B, 
n'=C/r+D. 
Thus, the magnitude of the geodesic deviation is 
n=[(A+ Br)?+ (C+ Dr)*}.. 


In applying the initial conditions we must treat the two 
cases separately. For Case I we have that for r=r,,7=0 


(3.5) 


and hence 


A=-—Br,, 
C=—Dr,. 


(3.6) 


We then have 


m=A(r,—7), (3.7) 


where A is a new constant which is evaluated by Eq. 
(2.13), and we find for r=ro 


(ro) =Ork | Ap? | -,(%7s—10)- (3.8) 


The distance of the source from the observer, defined by 
Eq. (2.16), is then 


dj=k™ |), p*|5,(%¥2—To). (3.9) 


For Case IT we have that when r=0, n=0, and hence 


m1 (ro) =O11k |d.9? | +70. (3.10) 


The distance of the observer from the origin is 


dyy=k™ |dq?| 2,70. (3.11) 


In general |\,p*| ¥ |A,g°|. However, if the projection 
of the observers four-velocity into the contemporary 
space is perpendicular to the projection of p* and g*, the 
two expressions are equal. In particular, if the observer 
is moving in a circular orbit in the plane 6=7/2, this 
condition will be satisfied. Hence, with this condition 
the distance of the source from the origin will be pro- 
portional to the radial coordinate r,: 


d=d,+dy=k"|d,p*| rors. (3.12) 


The constant of proportionality depends only on the 
observer. Clearly, in this coordinate system, an observer 
on the Earth very nearly has a circular orbit. Thus Eq. 
(3.12) correctly describes distance measurements made 
on the earth. 

The equation for planetary motion in terms of the 
Jordan metric is the same as that for the standard 
solution, Eq. (1.1). In terms of the distance d this 
equation has the same form and therefore it is the 
appropriate equation for describing our observations. 
Since the geodesic deviation is a scalar, it is clear that 
the distance d is independent of the background coordi- 
nate system, but not independent of the observer. 
Therefore in terms of d, the equation for planetary 
motion will always have the form of Eq. (1.1). Thus, we 
have established an intrinsic method for relating the 
results of general relativity to our observations. 


}. N. GOLDBERG 


4. COSMOLOGICAL SOLUTIONS 


For the case of homogeneous and isotropic cosmo- 
logical solutions the metric tensor takes the form. 


ds?=dt’— R(t)du’, 


du?=~+;;dx'dx’, (1, 7=1, 2, 3) (4.1) 


with y;;,o=0. At each point of space there is a preferred 
observer—that observer with constant spatial coordi- 
nates. Therefore, it is reasonable to take the projected 
space discussed in Sec. 2 to be the 3-space of the 
priveleged observers, ‘= constant, instead of identifying 
it with an arbitrary observer. As a simplifying assump- 
tion for calculations, this device has two advantages. All 
of the privileged observers have a common three space 
and one can show’ that the projection of four dimensional 
geodesics into this three space are the geodesics of the 
subspace. This property allows us to carry out the 
calculation of the geodesic deviation in the three di- 
mensional space du?= y , ;dx‘dx’. If # is the magnitude of 
the deviation in this space, then the geodesic deviation 
in the full space is simply 


n= R(t), 


as can be seen from Eq. (4.1). Furthermore, since the 
space du? is assumed to be homogeneous and isotropic, 
the curvature tensor can be written* 


(4.2) 


PY? un=R(6' mVen—5' Vem); (4.3) 


where the constant & is related to the curvature scalar 
by P=6k. Positive (negative) curvature corresponds to 
k>0(<0). Flat space is given by k=0. 
Thus, the equation of geodesic deviation, Eq. (2.5), 
becomes 
52% 
: (4.4) 


+R(G' mV en—5' nVem) PHP" =0. 


bu? 


With the conditions 
Ys & n— a 
“? P (4.5) 
Yemp'h” = 0, 
We obtain simply 
on" 
—-+kn'=0. 


6u" 


(4.6) 


Though comparatively simple, the second absolute de- 
rivative contains several terms. We can avoid this 
problem by the following device; consider three or- 
thogonal unit vectors X()*, a= 1, 2, 3, that are parallelly 
propagated along the geodesic and hence satisfy the 
equation 6X ,q)*/éu=0. Multiplying Eq. (4.6) by X(a),, 
we get 
(Xo) 
a +R(X (aH) =0. 
du* 


(4.7) 


7H. P. Robertson, Revs. Modern Phys. 5, 62 (1933). 
§ See reference 5, p. 333. 





MEASUREMENT OF DISTANCE IN GENERAL RELATIVITY 


The general solution is 

k=1 
k=0 
k=—1. 


X (a) = A (a) Sinu+ Bq) cosu, 
=A att Bia), 
= Aq) sinhu+ Bq) coshu, 


(4.8) 


If we impose the initial condition 4(0)=0, we obtain 


1 


X (a) rh” = Aa) sinu, k 
=A qt, k 0 (4.9) 
=Av(qsinhu, k=—1. 

Considering the triad X 4)” as the basis for local cartesian 

coordinate system, we obtain 

7=C|sinu|, 
=C\u}, 
=C|sinhu|, 
From dq/du| »=0, we have 
C=0. (4.11) 
Hence the four-dimensional deviation is by Eq. (4.2) 
7=OR(t)|sinu|, k=1 
=6R(t)| ul, k=0 
=OR(t)|sinhu,, k=—1, 


(4.12) 


where R(t) is evaluated by the observer. 
In accordance with the prescription of Sec. 2, 
distance is simply 
d= R(t)|sinu|, 
=R(t)|u|, 
= R(t)|sinha|, 


the 


k=1 
k=0 
k=—1. 


(4.13) 


These results agree with previous proposed definitions of 
distance.*? Therefore we can -add nothing new to 
Robertson’s discussion of the red shift."° 


5. CONCLUSION 


Physically our definition is the same as Whittaker’s.® 
He calculates the intersection of a pencil of null rays 
with an observers 3-space. The distance is then defined 
as proportional to the square root of this area with the 
constant of proportionality being fixed by requiring 
equality with the usual infinitesimal distances as we do. 
Clearly Whittaker has calculated a two dimensional 
geodesic deviation using neither the notion nor the 
apparatus available. 

*E. T. Whittaker, Proc. Roy. Soc. (London) A133, 93 (1931); 
Kermack, Mc’Crea, and Whittaker, Proc. Roy. Soc. Edinburgh 


531, 31 (1932-1933). 
1H. P. Robertson, Suppl. Helv. Phys. Acta. 4, 128 (1956). 
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The definition of distance here proposed is based on 
the intrinsic geometry of space. However, astronomers 
use a physical notion of distance which is based on the 
luminosity. It is of interest to note that these two 
definitions of distance are equivalent. The observed 
intensity of a star or galaxy is given by the expression" 

I= B/A(i+z)~, 
where B is a constant which depends on the intrinsic 
properties of the source, z is the red shift, and A is the 
cross sectional area of the observed pencil of light. The 
luminosity distance is now defined by assuming 
A= Dw, 
where w is the solid angle of the pencil. Clearly A is the 
two-dimensional analog of the geodesic deviation. Hence, 
D must equal the distance defined by the geodesic 
deviation. 
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APPENDIX 


The Christoffel symbols for the Jordan metric, Eq. 


(3.1) are listed below: 
| 0 | 1 (“) ( — 
=—_- - ‘. 1— . 
00 ark ¢ r r° 


wa 
lio! 


0 (=) 
ae eo 
y 
me 
2m\? 
( ) sin’6, 
r 


a. 


a 
> 
iy 
2 


= (2m—r) sin°6, 
[33] 
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Extensive studies of cyclotron absorption in bismuth and in 
alloys of bismuth with tin and tellurium are reported. Experi- 
mentally, a microwave cavity arrangement is used which causes 
circularly polarized radiation to be incident on the sample. The 
samples are disks which form part of the cavity wall during the 
experiment. A signal is observed which is under most conditions 
proportional to the change in the fractional power absorption of 
the sample as the magnetic field applied to the sample is changed. 
The experiment is done with this field in the plane of the sample 
as well as normal to it. When the magnetic field is normal to the 
sample surface, circularly polarized radiation distinguishes 
between the effects of holes and of electrons. Making this dis 
tinction is complicated in bismuth by the anisotropy of the band 
structure, but it is not impossible. In pure bismuth the number of 
holes equals the number of electrons; alloying with tin increases 
the relative number of holes and alloying with tellurium increases 
the relative number of electrons. The experiments have been done 
both at 24000 Mc/sec and at 72 000 Mc/sec. The tilted ellipsoid 


I. INTRODUCTION 


AS a means of studying their band structure, we 
h 


ave investigated cyclotron absorption in bismuth 
and some of its alloys. We have worked with bismuth 
because, while it has free charge carriers at absolute 
zero and is therefore metallic, the cyclotron absorption 
effect is large and easily observed in it. This happens 
because of the high mobility and relatively small 
number of the free charge carriers in this particular 
metal. 

The classical description of cyclotron absorption is 
based upon the equation of motion for a free charge 
carrier in the presence of electric and magnetic fields, 
namely : 


mdvy /di=e(E+vXB)—mv/r, (1) 


in rationalized mks units. Here E and B are the electric 
and magnetic fields, respectively, and v is the velocity 
of a charge carrier of charge and mass m scattered with 
relaxation time r. The solution of this equation when 
the charge is subject to a steady applied magnetic field 
B, and a small circularly polarized alternating electric 
field (E,= Eyoe’*'= jE,) at right angles to it shows that 
the conductivity associated with the charge carrier in 
these fields has a resonance. This resonance occurs at a 
frequency given by: 


we=+]e| B,/m. (2) 


The magnetic field is assumed to lie along the z axis 
and is positive when in the plus z direction, negative 
when in the minus z direction. The sign of the magnetic 

* Formerly Bell Telephone Laboratories, Murray Hill, New 
Jersey. 


model of the electron band, and the ellipsoid of revolution model 
for the hole band have been used in a classical magneto-ionic 
theory of the effect which fits the data taken with magnetic field 
normal to the sample surface quite satisfactorily. The fit between 
this theory and the experiment is substantial confirmation of the 
validity of this band model, and makes it possible with the aid of 
certain infrared observations to determine the parameters of the 
model numerically. The mass parameters obtained for an ellipsoid 
in the electron band are m,=0.0088, m2=1.80, m3=0.02323, 
m,4=+0.16, while those for the hole band are M,=M.,=0.068 
and M;=0.92. Comparison is made with similar results obtained 
from magnetoresistance and de Haas-van Alphen experiments. 
The experiments done with the magnetic field in the plane of the 
sample have been used to improve the accuracy of the deter- 
mination of cyclotron resonance fields and therefore of the masses 
of the charge carriers, although no quantitative theory of the 
over-all shape of the signal under these conditions is available. 


field at resonance is determined by the sign of the charge 
e and by whether the polarization of the electric field is 
right or left circular with respect to the direction of the 
positive z axis. If a group of charge carriers is observed, 
Eq. (1) can be written in terms of average velocities, 
and the resonance occurs in the conductivity of the 
whole group. 

We are concerned with the observation of the effect 
of this resonance on the behavior of the free charge 
carriers in solids at microwave frequencies. Early sug- 
gestions of the existence of such an effect’ * were fol- 
lowed by experimental discovery of the effect in a 
semiconductor, germanium.*® Extensive observations 
of the effect in semiconductors have now been made.* " 
Most of the theoretical work on this subject has assumed 
the validity of the effective mass approximation, and 
leads to the conclusion that the denominator in Eq. (2) 
is an effective mass, or a suitable combination of the 


1 J. Dorfmann, Doklady Akad. Nauk S.S.S.R. 81, 765 (1951). 

2R. B. Dingle, Proceedings of the International Conference on 
Very Low Temperatures, edited by R. Bowers (Oxford University 
Press, Oxford, 1951); Proc. Roy. Soc. (London) A212, 38 (1952). 

3 W. Shockley, Phys. Rev. 90, 491 (1953). 

4 Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953). 

5 Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
(1954). 

6 Dresselhaus, Kip, and Kittel, Phys. Rev. 95, 568 (1954) ; 98, 
368 (1955). 

7 Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954); 104, 637 
(1956). 

8 Fletcher, Yager, and Merritt, Phys. Rev. 100, 747 (1955). 

® Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 

1 Burstein, Picus, and Gebbie, Phys. Rev. 103, 825 (1956). 

1 Keyes, Zwerdling, Foner, Kolm, and Lax, Phys. Rev. 104, 
1805 (1956). 

2 W. S. Boyle and A. D. Brailsford, Phys. Rev. 107, 903 (1957). 

13 B. Lax, Revs. Modern Phys. 30, 122 (1958). 
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tensor components of the effective mass.’ Our results 
strongly support the validity of this assumption in 
bismuth. More complicated cases have been studied by 
Luttinger and Kohn," and others.'*!6 We will content 
ourselves here with the remark that a more general 
form of Eq. (2) may be derived"’ following Shockley.'® 

Cyclotron resonance experiments are done on semi- 
conductors by placing a sample in a microwave cavity. 
The alternating E field is supplied by the microwave 
fields inside the cavity, and the whole cavity is between 
the poles of an electromagnet with which a steady B, 
field is applied. The sample only perturbs the microwave 
fields slightly in this experiment; hence their shape is 
that of the fields in the empty cavity, and they remain 
constant during the experiment, in first approximation. 
The power absorbed per unit volume is Py,,=¢E’, and 
since the conductivity o has a resonant maximum when 
the cyclotron resonance condition [ Eq. (2) ] is satisfied, 
a resonance absorption line is observed at this point. 
The relaxation time, 7, for the charge carriers is long, 
especially at low temperatures in the semiconductors 
studied in this way, and this line is therefore narrow 
and well resolved. 

Several added experimental difficulties arise when we 
undertake to do this experiment on metals. In the first 
place, the depolarizing fields which build up as a result 
of any motion of a charge cloud as dense as those in 
metals would in general prevent significant amounts of 
motion of the sort involved in cyclotron resonance. 
This problem has been discussed by Dresselhaus, Kip, 
and Kittel'®; another way of stating it is to point out 
that while the microwave experimental frequencies are 
well above the plasma frequencies of the charge carriers 
in most semiconductor samples, they are in general 
below the plasma frequencies of the charge carriers in a 
metal sample. In the second place, at microwave fre- 
quencies in metals one is often in the region of the 
anomalous skin effect,” where the mean free path of 
the charge carriers is large compared to the skin depth 
and a charge carrier moves a distance larger than a skin 
depth in a period of the electromagnetic field. This 
effect makes the surface impedance of a metal less 
dependent on steady magnetic fields applied normal to 
the surface. In fact, in the extreme anomalous limit, 
the surface impedance is substantially independent of 
a magnetic field applied in this way.”'~* Less important 

4 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 

18 Zeiger, Lax, and Dexter, Phys. Rev. 105, 495 (1957). 

16 J. M. Luttinger, Phys. Rev. 102, 1030 (1956). 

17T. M. Lifshits and A. M. Kosevich, Zhur. Eksptl. i Teoret. 
Fiz. 29, 730 (1955) [translation : Soviet Phys. JETP 2, 636 (1956) ]. 

18 W. Shockley, Phys. Rev. 79, 191 (1950). 

19 Dresselhaus, Kip, and Kittel, Phys. Rev. 100, 618 (1955). 

*H. London, Proc. Roy. Soc. (London) A176, 522 (1940). 
A. B. Pippard, Proc. Roy. Soc. (London) A191, 370 (1947) ; 191, 
385 (1947). G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. 
Soc. (London) A195, 336 (1948). 

21 R. G. Chambers, Phil. Mag. 1, 459 (1956). 

2M. Ia. Azbel’ and M. I. Kaganov, Doklady Akad. Nauk 
S.S.S.R. 95, 41 (1954). 


23M. Ia. Azbel’ and E. A. Kaner, Zhur. Eksptl. i Teoret. Fiz. 
30, 811 (1956) [translation: Soviet Phys. JETP 3, 772 (1956) ]. 
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difficulties are that in metals relaxation times are in 
general shorter, and the resolution of the experiment 
poorer, and that skin depths are so small in metals that 
unless sample dimensions and orientations are chosen 
carefully the microwave field would not be uniform in a 
sample placed inside the cavity. 

These new problems introduced by the peculiarities 
of metals as opposed to semiconductors are not in- 
superable, however. Metals differ from semiconductors 
in that the charge carriers cause the conductivity and 
effective dielectric constant to be very high compared 
to that of the lattice alone. Consequently a metal 
sample may be used to form part of the cavity wall and 
thus be examined by reflecting radiation from it; this 
in fact is the arrangement used in the present experi- 
ments. The most important result of this arrangement 
is that there are no depolarizing fields inside the sample; 
the free charge as it moves drains off the end of the 
sample. In other words, while the plasma frequencies 
of the charge carriers in the sample are high in general, 
the one in this sample relevant to the motion associated 
with cyclotron resonance is zero. The difficulty with 
depolarizing fields is therefore overcome. Furthermore, 
while the skin effect now enters the experiment, it does 
so in such a way that account can be taken of it in 
analyzing the experiment. As for the problem of short 
relaxation times, experimental frequencies of 24 000 
Mc/sec and 72000 Mc/sec are high enough to gain 
most of the important information from experiments of 
this sort on bismuth. 

The relation of the anomalous skin effect to these 
experiments is discussed quantitatively in Appendix B. 
Under the conditions used in these experiments, the 
samples are often near, but only rarely in the anomalous 
region. When anomalous conditions do occur in a 
sample, they occupy only a small fraction of the mag- 
netic field range. As a result, while the effect is relevant 
to bismuth in general, it is not a vital factor in these 
experiments. Azbel’ and Kaner,” however, have sug- 
gested that cyclotron resonance experiments can be 
done even under extreme anomalous conditions when 
the steady magnetic field is in the plane of the metal. 
Significant effects have been observed under these 
conditions* in other metals; Aubrey and Chambers” 
have seen and interpreted this effect in bismuth under 
more anomalous conditions than those in the experi- 
ments reported on here. 

If some of the problems mentioned above are solved 
by making the sample part of the microwave cavity 
wall, however, the interpretation of the experiment 


requires more analysis than does the experiment on 


semiconductors. The sample no longer merely perturbs 

4 FE. Fawcett, Phys. Rev. 103, 1582 (1956); Kip, Langenberg, 
Rosenblum, and Wagoner, Phys. Rev. 108, 494 (1957); P. A. 
Bezuglyi and A. A. Galkin, Zhur. Eksptl. i Teoret. Fiz. 33, 1076 
(1957) [translation: Soviet Phys. JETP 6, 831 (1958) ]. Galt, 
Merritt, Yager, and Dail, Phys. Rev. Letters 2, 292 (1959). 

26 J. E. Aubrey and R. G. Chambers, J. Phys. Chem. Solids 3, 
128 (1957). 
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the fields, but in fact largely determines their values in 
its own neighborhood. Consequently not only the con- 
ductivity, but related quantities such as skin depth, 
the magnitude of E in the sample, and the impedance 
mismatch across the surface of the sample are all 
dependent on B,. The problem is essentially that of 
calculating, from Eq. (1) and Maxwell’s equations, 
the absorption coefficient for a plane wave incident on 
a plane surface. This problem has been discussed at 
various places in the literature,!**!**.?®.27 but Anderson** 
has given a treatment directly relevant to our experi- 
ments which has formed the basis of our interpretation 
of the data. The treatments given to date, however, 
either assume that the conductivity is isotropic in the 
plane normal to the magnetic field [see Eqs. (7) and 
(8) ], or do not discuss the effect of anisotropy in this 
conductivity on the boundary problem. The inter- 
pretation of our data requires a complete treatment of 
this anisotropic problem. Furthermore, an under- 
standing of the data requires, in addition to the theory 
of these references modified to take account of anisot- 
ropy, a recognition of the fact that when two carriers 
are present the real part of the dielectric constant of 
the metal may go through zero at points quite different 
from cyclotron resonance. The occurrence of this 
phenomenon is related to the plasma frequencies of the 
charge carriers*”*; it has not been emphasized previ- 
ously. These points and the points where cyclotron 
resonance occurs will be referred to as “‘singularities” 
in our data. 

Preliminary observations of cyclotron absorption in 
bismuth in experiments similar to ours have been made 
previously by some of us® and by Dexter and Lax.” 


II. EXPERIMENTAL 


Our experiments have been carried out using circu- 
larly polarized radiation.* This requires added care in 
our experimental arrangements, but it makes possible 
much higher resolving power than linear polarization. 


Furthermore, the microwave circuit arrangements 
which have been used achieve simultaneously both 
circular polarization of the radiation incident on the 
sample and a very sensitive response to the cyclotron 
absorption effect. 

The geometry of the microwave 
arrangement is shown in Fig. 1. The microwave signal 
passes the cavity as it travels along a wave guide which 
is bent into a U-shape so that it will fit into a suitable 
helium Dewar. The cavity is cylindrical in shape and 


experimental 


#6 B. Donovan and E. H. Sondheimer, Proc. Phys. Soc. (London) 
A66, 823 (1953). 

27 R. N. Dexter and B. Lax, Phys. Rev. 100, 1216 (1955); Lax, 
Button, Zeiger, and Roth, Phys. Rev. 102, 715 (1956). 

28 P. W. Anderson, Phys. Rev. 100, 749 (1955). 

* H. Fréhlich and H. Pelzer, Proc. Phys. Soc. (London) A68, 
525 (1955). 

3% P. Noziéres and D. Pines, Phys. Rev. 109, 762 (1958); 109, 
1062 (1958). 

31 Galt, Yager, Merritt, Cetlin, and Dail, Phys. Rev. 100, 748 
(1955). 
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Fic. 1. Diagram of geometry of microwave arrangement used 
in studying cyclotron absorption in bismuth. Proper placement of 
cavity on the broad side of the wave guide and small additional 
adjustments cause the radiation incident on the sample to be 
circularly polarized. 


MAGNET POLES 


is placed on the wave guide so that it can be excited 
by the field in the guide through a hole at one of its 
ends. It is excited in a TE,,;2 mode at 24000 Mc/sec 
and in a TE\,3 mode at 72 000 Mc/sec. In both these 
modes the E field is everywhere normal to the cavity 
axis, and the frequency is degenerate with respect to 
the direction of polarization of the E field pattern in 
the plane normal to the axis. The coupling hole at the 
end of the cavity is placed on the broad side of the wave 
guide but off center at such a point that the excitation 
causes the TEji2, or TE;,; field pattern to rotate about 
the cavity axis at the microwave frequency. The 
radiation on the axis is thus circularly polarized, and 
since the sample covers a hole at the center of the end 
of the cavity opposite the coupling hole, it forms the 
wall of the cavity in an area where circularly polarized 
radiation is incident upon it. The polarization is only 
perfectly circular right on the cavity axis; consequently 
the sample diameter is not allowed to be more than 
30% of the cavity diameter. 

The achievement of circularly polarized radiation in 
this way depends on making the cavity perfectly 
degenerate. This requires careful attention to machining 
tolerances, but final realization of this condition also 
requires adjustments in the form of small cylindrical 
metal studs which can be moved in and out of the 
cavity on screw threads. Two of these studs have been 
used in the present experiments, each perpendicular to 
the other and to the cavity axis. Adjustment of one 
stud is possible even when the Dewar is in place and 
the cavity is at the experimental temperature. 

The fact that circularly polarized radiation was 
incident on the sample was checked at 24 000 Mc/sec 
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by observations of paramagnetic resonance in asample 
of calcium copper acetate hexahydrate. The sample was 
placed in the cavity at the outer rim of the bismuth 
while the cyclotron absorption experiment was con- 
ducted. Under these circumstances, the ratio of the 
intensities of the paramagnetic resonances observed 
when the steady magnetic field is in opposite directions 
then gives a minimum for the average circularity over 
the sample. This ratio was at least 10 in all experiments 
for which data is shown; in most of them it was 20 to 
30. It should be emphasized that in observing these 
ratios care must be taken that power saturation of the 
paramagnetic resonance does not occur. This check on 
circularity was not made at 72 000 Mc/sec because of 
difficulty in finding a suitable paramagnetic material 
which had a resonance at sufficiently low magnetic 
fields. However, the data itself confirms the circularity 
of the radiation at this frequency, both by its asym- 
metry with respect to the direction of the applied 
magnetic field and by the fact that it fits the same 
theory as the 24.000 Mc/sec data. 

The microwave arrangement shown in Fig. 1 not only 
applies circularly polarized radiation to the sample, but 
also has other features of some interest. These features 
arise from the following fact : when a wave travels down 
the guide and is incident on the cavity, it excites only 
one of the two possible circular polarizations in the 
cavity by virtue of the off-center position of the cavity 
on the broad side of the wave guide. Some of the energy 
which enters the cavity is absorbed and some is re- 
radiated. The peculiar feature of this arrangement is 
that from reciprocity it is clear that the energy re- 
radiated from the cavity all returns along the path of 
the incident radiation toward the source, and none goes 
toward the detector. This makes it possible to achieve 
most of the advantages of a microwave bridge by 
coupling the cavity closely to the wave guide and 
absorbing or reflecting most of the incident power at 
the cavity. If there is an element in the cavity which 
mixes the two circular polarizations of electromagnetic 
radiation, some of the reradiated power will travel to 
the detector, and the behavior described above is 
modified. Some of the samples reported on here have 
an anisotropic conductivity which tends to cause such 
mode mixing, but the amount of this mixing is small. 

Microwave filter circuits with the features mentioned 
above have been discussed by Cohn and Coale.” The 
present arrangement will be discussed by means of an 
equivalent circuit similar to one of theirs, which is valid 
when the cavity is near resonance; the circuit is shown 
in Fig. 2. This circuit can be understood if the cavity 
oscillation producing circular polarization is thought of 
as synthesized from two modes polarized linearly at 
right angles to each other and excited 90° out of phase 
with one another. The power absorption coefficient of 
the sample is proportional to an additive contribution 


2S. B. Cohn and F. S. Coale, Proc. I.R.E. 44, 1018 (1956). 
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Fic. 2. Equivalent circuit of microwave cavity arrangement 
shown in Fig. 1. This circuit is only valid near a particular cavity 
resonance. 


to R in this circuit. Note, however, that the values of 
the circuit impedances in Fig. 2 are those in the wave 
guide circuit, which is represented here by a two wire 
transmission line matched at both source and detector 
ends. Consequently, they include a factor determined 
by the coupling between the cavity and the wave guide. 
If this coupling is increased, the cavity impedances in 
Fig. 2 all decrease, and a larger fraction of the incident 
power enters the cavity, while a correspondingly smaller 
part is transmitted past the cavity to the detector. By 
increasing the coupling to very large values, the signal 
at the detector can be made very small. Under these 
conditions, a small change in the power absorbed by 
the cavity causes a relatively large fractional change in 
the signal at the detector, and we thus achieve the gain 
inherent in a bridge. The magnitude of the coupling 
between the cavity and the wave guide is determined 
by the Q of the cavity and by the size of the coupling 
hole in its end wall. 

Quantitatively, a straightforward solution of the 
network equations for the circuit shown in Fig. 2 shows 
that when the cavity is at resonance the power dissi- 
pated in the load resistance is: 


Proad res. 5 (E? Ro)[3R, (R+Ro) F. (3) 


The voltage across the load at resonance, Vip, is 
therefore: 
Vir.= (E/v2)[$R/(R+Ro) }. (4) 


From this it follows immediately that the fractional 
change in V1.x. as R changes is: 


(1/Vi.r.) (dV i.x./dR) = (Ro/R)[1/(R+Ro) ]. (5) 


It is therefore clear that this fractional change becomes 
larger for the same change in R if the coupling is 
adjusted so that R is small. 

At 24000 Mc/sec double detection was used; con- 
sequently a signal was observed which was proportional 
to the change in the voltage across the load as the 
magnetic field varied from B,=0 in either direction. 
At 72 000 Mc/sec single detection was used. This was 
shown experimentally to give a response proportional 
to the square of the incident voltage (voltage across the 
load). Consequently at this frequency a signal was 
observed which was proportional to the change in the 
power dissipated in the load as B, varied. It can be 
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shown from Eqs. (3) and (4) that as R increases from 
a value small compared to Rp (the condition at B,=0) 
to the larger values which correspond to higher fields, 
the change in power dissipated in the load is a much 
more linear function of the change in R than is the 
change in voltage across the load. The data reflect this 
fact; at 24.000 Mc/sec they show saturation effects at 
high magnetic fields. However, these effects are not 
large enough to distort the data seriously, because the 
Q of the cavity used at 24000 Mc/sec was lowered 
deliberately by plating one end of it with rhodium, 
thereby effectively increasing Ro. As the above remarks 
imply, since changes in B, cause no change anywhere 
else in the system, we identify this variation in R with 
a change in the absorption coefficient of the sample. 
We therefore compare the observed signals with calcu- 
lated power absorption coefficients in order to deduce 
the fundamental parameters which characterize con- 
duction in bismuth. 

At 24000 Mc/sec a novel 
bridge was used to improve sensitivity. Since the mag- 
nitude of the signals from bismuth was in most cases 
large this bridge was a convenience rather than a 
necessity, and it will be described only briefly. A current 
actuated ferrite isolator was placed in the wave guide 
after the cavity, and its current was square wave 
modulated at a frequency of 27 cps, with the result that 
the microwave signal was also square wave modulated 
off and on at this frequency. The detector then sees the 
signal in pulses of 27-cycle repetition rate whose length 
is such that they impinge on the crystal half the time. 
A dummy wave-guide arm is modulated with another 
isolator in the opposite phase to the signal arm and 
thereby provides a signal which impinges on the crystal 
the other half of the time. The dummy arm is adjusted 
so that at zero B, the two signals are equal, and no 
27-cps signal strikes the detector. As B, is varied, R 
changes, the signal which passes the cavity changes, 
and the bridge is unbalanced, so a signal is observed 
at the detector which, however, is at 27 cps rather than 
dc. This makes it possible to use a lock-in amplifier and 
phase detector, thereby achieving very narrow signal 
bandwidth and correspondingly low noise levels. 
Another feature of this arrangement is that it is not 
sensitive to microwave phase balance in the bridge. 

Magnetic field modulation techniques have also been 
used in the present work to observe the derivative of 
the signal as a function of B,, but because of the 
broadness in B, of the effects observed these data are 
in general less informative than those taken as described 
above and will therefore not be presented in this paper. 

All data was taken continuously on a tape recorder 
as B, was varied. 

The crystal structure of bismuth is rhombohedral ; 
the unit cell (not the primitive cell) is a slightly dis- 
torted cube, and one of the cube body diagonals is along 
the three-fold axis in the bismuth. Aside from this 
three-fold axis, there are two other nonequivalent 
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principal directions in the crystal. One is a two-fold 
axis, of which there are three arranged at 120° angles 
with each other in the plane perpendicular to the three- 
fold axis. The other is a so-called bisectrix of which 
there are also three; they lie in the same plane as the 
two-fold axes, and bisect the angles between them. 

The data have been taken with the magnetic field 
along principal axes in pure bismuth and in several 
alloys of it with small quantities of tin and tellurium. 
Pure bismuth has an equal number of holes and elec- 
trons as our data and that of others® show. Alloying 
with tin causes the number of holes to increase and the 
number of electrons to decrease ; alloying with tellurium 
has the reverse effect. The data presented here show this 
effect, and thus confirm the earlier results of 
Thompson. 

The samples used in these experiments were prepared 
from bismuth purified by means of zone refining tech- 
niques. This bismuth was supplied to us by J. H. 
Wernick and K. H. Benson, and crystals were grown 
of it and of the various alloys by C. E. Miller; these 
crystals were in the form of cylindrical boules. 

The crystals in boule form were oriented by x-ray 
techniques, and disks 3 or 4 mm thick were cut from 
each oriented boule with an acid string saw. The cutting 
acid was concentrated HNOs, and the string was linen 
thread which only made one pass through the cut and 
was then thrown away. Two disks were cut from each 
boule, one normal to a three-fold axis, and one normal 
to a two-fold axis. In the case of pure bismuth, a disk 
was also cut normal to a bisectrix axis. Both sides of 
each disk were abraded flat with 2/0 emery paper while 
held in a jig which maintained sample orientation. The 
paper was lubricated with a mixture of 2 parts kerosene 
and one part machine oil. The strain left by this pro- 
cedure was removed by etching about 0.04 cm off each 
side of the sample. This treatment left a surface such 
that visual examination of Laue spots on an x-ray 
photograph revealed no strain. The best etchant found 
for doing this while leaving the surfaces clean and flat 
was 3 parts H.O+2 parts HNO;+1 part HC! used at 
temperatures between 70 and 100°C. This treatment 
left a film, which was removed by a dip of about 5 sec 
in concentrated HNO; at room temperature. In some 
cases when the samples were placed on the microwave 
cavity, however, high spots in contact with the outside 
of the cavity wall removed from the area exposed to 
microwaves had to be filed down in order to obtain 
better contact at the edge of the hole which the sample 
covered. This was especially true in the 72 000 secc/M 
work. 


III. RESULTS 


The experimental results consist of plots (vs B,) of 
a quantity which is proportional to the change of power 


33 B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956). 
4 N. Thompson, Proc. Roy. Soc. (London) A155, 111 (1936) ; 
A164, 24 (1938). 
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absorption coefficient of the sample as B, varies from _ theoretical curves are shown in the same figure with the 
zero. Thus, the experiments do not determine the ab- data; these curves will be discussed in the next section. 
solute value of the power absorption coefficient; how- The data at 24000 Mc/sec show saturation effects 
ever, our theoretical analysis** makes it possible to which reflect the nonlinearity in the relation between 
remedy this difficulty for data taken with the magnetic _ the signal and R at this frequency as discussed in Sec. 
field perpendicular to the plane of the sample along II. The experimental curves are corrected for this effect 
either a two-fold or a three-fold axis. In the course of _ in various ways as indicated in the figure captions. 

plotting, these data have been adjusted by comparison Data are presented at both 24 000 Mc/sec and 72 000 
with the theoretical curves in scale and with respect to Mc/sec with B, perpendicular to the surface of the 
zero power absorption coefficient so that they are sample. Data were taken at both frequencies with B, 
displayed in the figures as the absolute value of the parallel to the sample surface also, but only those for 
power absorption coefficient; the remaining data are 72000 Mc/sec on pure bismuth are presented. The 
plotted on a relative basis. In the cases for which the 24000 Mc/sec data and the data taken in this way on 
complete theoretical analysis is quantitatively valid, alloys give no additional information and in fact do not 
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Fic. 3. Plots of power absorption coefficient vs magnetic field from both theory and experiment with magnetic field normal to sample 
surface and along a two-fold axis in pure bismuth. Curves for two frequencies are shown and the ordinate scales give absolute values. 
Zero absorptivity for the experimental curves is offset vertically from that for the theoretical curves, and its position is indicated on the 
vertical axis at zero field. The magnetic field scale used at 72 000 Mc/sec is compressed by a factor three with respect to that used at 
24 000 Mc/sec so that the cyclotron field for a given set of carriers is on the same vertical line for all curves. Vertical arrows indicate 
these fields; there are two for electrons and one for holes. It will be noticed that the curves show effects at the fields indicated by these 
arrows on both sides of B=0. This is a result of the anisotropy of the bands in bismuth. The relaxation times used in calculating the 
theoretical curve at 72 000 Mc/sec are such that for holes wr=30 and for electrons wr=3. At 24.000 Mc/sec they were such that for 
holes wr = 20 and for electrons wr = 10. A lower wr for electrons at 24000 Mc/sec would make the theoretical curve fit the data better 
in the neighborhood of the peak at —300 oe, but the present value is used in order to display the anisotropy more clearly. At 72 000 
Mc/sec the fit between experiment and theory would be improved if we used wr=1 for the higher mass electrons and wr=10 for those 
of lower mass, but our theoretical treatment assumed that the relaxation time for all electrons was the same. A dashed line shows how 
the experimental curve at 24 000 Mc/sec would look in the absence of the saturation which occurs in the experiments at that frequency. 
Another dashed line shows approximately how the 72 000 Mc/sec data would look in the absence of the reflected wave of the wrong 
circularity. 


35 Boyle, Brailsford, and Galt, Phys. Rev. 109, 1396 (1958). 
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Fic. 4. Plots of power absorption coefficient vs magnetic field from both theory and experiment with magnetic field normal to sample 
surface and along a three-fold axis in pure bismuth. Curves for two frequencies are shown and the ordinate scales give absolute values. 
Zero absorptivity for the experimental curves is offset vertically from that for the theoretical curves, and its position is indicated on the 
vertical axis at zero field. The magnetic field scale used at 72 000 Mc/sec is compressed by a factor three with respect to that used at 
24 000 Mc/sec so that the cyclotron field for a given set of carriers is on the same vertical line for all curves. Vertical arrows indicate 
these fields; there is one for electrons and one for holes. The curves show sharp changes at the electron cyclotron field on both sides of 
B=0 because of the anisotropy of the electron bands, but the holes only introduce a singularity at their cyclotron field on one side, 
since their band is isotropic about a three-fold axis. The relaxation times used in calculating the theoretical curve at 72 000 Mc/sec are 
such that for holes wr = 20 and for electrons wr = 30. At 24 000 Mc/sec the same values of wr were used. The dashed line shows how the 
experimental curve at 24 000 Mc/sec would look in the absence of the saturation which occurs in the experiments at that frequency. 


show the singularities so well resolved one from another. 
When B, was in the plane of the sample, we continued 
to use radiation which was circularly polarized about 
a normal to this plane in taking the data. Data taken 
under these conditions with linear polarization will be 
reported later. 

Experiments have been performed at various tem- 
peratures from 300°K to 1.06°K, but the results are 
insensitive to temperature below 4.2°K, and show a 
lack of resolution due to thermal scattering at high 
temperatures. As a result, only data taken at approxi- 
mately 1.3°K is presented. 

Figure 3 shows data obtained at both experimental 
frequencies on pure bismuth with magnetic field along 


a two-fold axis and normal to the surface of the sample. 
Figures 4 and 5 show data taken on pure bismuth 
samples in the same way but with the magnetic field 
along three-fold and bisectrix axes, respectively. 

Figure 6 shows results obtained at 72000 Mc/sec 
with magnetic field parallel to the surface of the sample 
in pure bismuth; each of the three curves gives the data 
obtained with the magnetic field parallel to one of the 
three principal axes. There is at present no satisfactory 
theoretical analysis for the data in Fig. 6, but the 
positions of the singularities can be interpreted in terms 
of suggestions by Anderson** and the theory of Azbel’ 
and Kaner.”’ This was useful in improving the accuracy 
of the values of some of the cyclotron masses deduced 





CYCLOTRON 


from data taken with the field normal to the sample 
surface. 

Figures 7 through 14 show data for alloys of bismuth 
with tin and tellurium with B, perpendicular to the 
sample surface and along two-fold and three-fold axes. 
For each sample data is shown at both experimental 
frequencies. The compositions of samples such that B, 
is along a two-fold axis are not identical with those of 
samples such that B, is along a three-fold axis, but a 
distribution of compositions is shown for both orienta- 
tions. The ratio of the number of holes to the number of 
electrons is given for each alloy in the relevant figure 
caption. The ratio given is the one which gives the best 
fit between the theoretical curve and the experimental 
data. 

Figure 8 shows data similar to those previously 
published by some of us.*! The sample used in the 
previous experiments has now been found to have a 
pseudo-three-fold axis normal to its surface, rather than 
the trigonal axis in bismuth. The present results also 
show that it was not pure bismuth electrically. However 
the early data show clearly the presence of a majority 
carrier which is a hole of cyclotron mass about 0.3, and 
a minority which is an electron. The anisotropy effects 
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Fic. 5. Plot of power absorption coefficient vs magnetic field 
from experiment only with magnetic field normal to sample 
surface and along a bisectrix axis in pure bismuth. Curves for two 
frequencies are shown, but because no theoretical analysis is 
available for this case, the ordinates are in arbitrary units. The 
magnetic field scale used at 72 000 Mc/sec is compressed by a 
factor three with respect to that used at 24 000 Mc/sec so that the 
cyclotron field for a given set ef carriers is on the same vertical 
line for both curves. Vertical arrows indicate these fields as deter- 
mined from the theory and other data; there are two electrons 
and one hole. Although no quantitative theory of these data is 
available, it is quite clear by inspection of the broad variations on 
both sides of B=0 that the holes must have higher masses than 
the electrons. 
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Fic. 6. Plot of power absorption coefficient vs magnetic field from experiment only with magnetic field in the plane of the sample in 
pure bismuth. The different curves give data taken with magnetic field along the different principal crystal directions. All these data 
were observed at 72 000 Mc/sec, and the ordinates are in arbitrary units. Vertical arrows indicate the cyclotron fields on each curve. 
These fields are the same as those indicated in the previous three figures for the corresponding crystallographic directions. Singularities 
are well resolved at the cyclotron fields corresponding to the lower mass carriers. The peak near 1000 oe in the data taken with magnetic 
field parallel to bisectrix and twofold axes is thought to arise from a dielectric anomaly. The radiation was circularly polarized about a 


normal to the sample surface when these data were obtained, 





GALT, YAGER, MERRITT, 


8, x 10¢ IN WEBERS /M? 
H IN OERSTEDS (72000 MC/SEC) 
-24 -18 -i2 - 1216 24x! 





5N=P 



































vn vw + * 
8 & 8 & 


w 
nN 
POWER ABSORPTION COEFFICIENT 


Al 
| 72.000 MC/SEC 


i Se = 2. 
| SCALES | 
fscaes| | 74 








(ABSOLUTE SCALE) 


ON COEFFICIENT 
(ABSOLUTE SCALE) 


R ABSORPT 











al 
SCALES} | 
y 





POW 


00 
“14-12-10 -86 -6 -4 -2.0 2 4 6 86 12 14x 103 


H IN OERSTEDS (24000 MC/SEC) 
62x 10* IN WEBERS / M2 


Fic. 7. Plots of power absorption coefficient vs magnetic field 
from both theory and experiment with magnetic field normal to 
sample surface and along a two-fold axis in an alloy of bismuth 
and tin. The amount of tin present is such that the number of 
holes is 5 times the number of electrons (5N =P). The relaxation 
times used in calculating the theoretical curve at 72 000 Mc/sec 
give for holes wr=4 and for electrons wr=1.5. At 24000 Mc/sec 
the values are for holes wr=1.5 and for electrons wr=0.5. The 
magnetic field scales are adjusted so that the cyclotron field for a 
given set of carriers is on the same vertical line for all curves. As 
with pure bismuth in this orientation, shown in Fig. 3, the fit 
between theory and experiment could be improved still further 
if the theory allowed us to use separate relaxation times for high- 
mass and low-mass electrons. The dashed line shows how the 
experimental curve at 24000 Mc/sec would look in the absence 
of the saturation which occurs in the experiments at that fre 
quency. 
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Fic. 8. Plots of power absorption coefficient vs magnetic field 
from both theory and experiment with magnetic field normal to 
sample surface and along a three-fold axis in an alloy of bismuth 
and tin. The amount of tin present is such that the number of 
holes is 4 times the number of electrons (4N =P). The relaxation 
times used in calculating the theoretical curve at 72 000 Mc/sec 
give for holes wr=0.5 and for electrons wr=5. At 24000 Mc/sec 
the values are for holes wr=0.25 and for electrons wr=1.5. The 
magnetic field scales are adjusted so that the cyclotron field for a 
given set of carriers is on the same vertical line for all curves. The 
data taken at 72 000 Mc/sec did not extend beyond 104 oe for this 
sample. In this case the experimental curve at 24.000 Mc/sec is a 
composite of two taken in such a way as to reduce the saturation 
effects at this frequency. The dashed line shows how the data 
would look in the absence of this saturation. 


% M, Tinkham, Phys. Rev. 101, 902 (1956). 
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Fic. 9. Plots of power absorption coefficient vs magnetic field 
from both theory and experiment with magnetic field normal to 
sample surface and along a two-fold axis in an alloy of bismuth 
and tin. The amount of tin present is such that the number of 
holes is 3 times the number of electrons (3N =P). The relaxation 
times used in calculating the theoretical curve at 72 000 Mc/sec 
give for holes wr = 2.5 and for electrons wr= 1.5. At 24.000 Mc/sec 
the values are for holes wr=2 and for electrons wr=1.3. The 
magnetic field scales are adjusted so that the cyclotron field for a 
given set of carriers is on the same vertical line for all curves. The 
dashed line shows how the experimental curve at 24 000 Mc/sec 
would look in the absence of the saturation which occurs in the 
experiments at that frequency. The misfit between theory and 
experiment at low fields at 72000 Mc/sec in this case is not 
understood. 


IV. ANALYSIS 


We now present a theory on the basis of which the 
data given in the previous section can be interpreted. 
The physically significant aspects of this theory are 
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Fic. 10. Plots of power absorption coefficient vs magnetic field 
from both theory and experiment with magnetic field normal to 
sample surface and along a three-fold axis in an alloy of bismuth 
and tin. The amount of tin present is such that the number of 
holes is 1.8 times the number of electrons (1.8 N=P). The re- 
laxation times used in calculating the theoretical curve at 72 000 
Mc/sec give for holes wr=1.5 and for electrons wr=2. At 24 000 
Mc/sec the values are for holes wr =0.5 and for electrons wr=1.5. 
The magnetic field scales are adjusted so that the cyclotron field 
for a given set of carriers is on the same vertical line for all curves. 
The dashed line shows how the experimental curve at 24000 
Mc/sec would look in the absence of the saturation which occurs 
in the experiments at that frequency. 





CYCLOTRON 


Bz x 104 IN WEBERS /M2 
HIN OERSTEDS (72 000 MC/SEC) 


| 72000 MC/SEC 


+ —__,-_______— 


ri a * fscaves 
ort 


= 
S (ABSOLUTE SCALE) 


d 
ny 


n 
w 
(ABSOLUTE SCALE ) 


POWER ABSORPTION COEFFICIENT 


24.000 MC/SEC 
THEO. 


POWER ABSORPTION COEFFICIENT 


0.58 
0.00 
“14-12 -10 -8 -6 -4 -2 0 14 x 107 

HIN OERSTEDS (24 ‘000 “uc /SEC) 

Bz X 10 IN WEBERS /M? 


Fic. 11. Plots of power absorption coefficient vs magnetic field 
from both theory and experiment with magnetic field normal to 
sample surface and along a two-fold axis in an alloy of bismuth 
and tellurium. The amount of tellurium present is such that the 
number of electrons is 4.5 times the number of holes (V=4.5 P). 
The relaxation times used in calculating the theoretical curve at 
72 000 Mc/sec give for holes wr=1.5 and for electrons wr=1.5 
At 24 000 Mc/sec the values are for holes wz =0.5 and for electrons 
wr=1.5. The magnetic field scales are adjusted so that the 
cyclotron field for a given set of carriers is on the same vertical 
line for all curves. The dashed line shows how the experimental 
curve at 24000 Mc/sec would look in the absence of the satu- 
ration which occurs in the experiments at that frequency. 


best understood by starting with a discussion of the 
cyclotron resonance phenomenon for a material which 
has a single group of isotropic charge carriers. For the 
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Fic. 12. Plots of power absorption coefficient vs magnetic field 
from both theory and experiment with magnetic field normal to 
sample surface and along a three-fold axis in an alloy of bismuth 
and tellurium. The amount of tellurium present is such that the 
number of electrons is 2 times the number of holes (V=2P). The 
relaxation times used in calculating the theoretical curve at 
72 000 Mc/sec give for holes wr=0.5 and for electrons wr=6. At 
24 000 Mc/sec the values are for holes wr=1.0 and for electrons 
wr=1.5. The magnetic field scales are adjusted so that the 
cyclotron field for a given set of carriers is on the same vertical 
line for all curves. The dashed line shows how the experimental 
curve at 24000 Mc/sec would look in the absence of the satu- 
ration which occurs in the experiments at that frequency. 
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Fic. 13. Plots of power absorption coefficient vs magnetic field 
from both theory and experiment with magnetic field normal to 
sample surface and along a two-fold axis in an alloy of bismuth 
and tellurium. The amount of tellurium present is such that the 
number of holes is insignificant. The relaxation times used in 
calculating the theoretical curve at 72 000 Mc/sec give for holes 
wr=1.0 and for electrons wr=0.8. At 24000 Mc/sec the values 
are for holes wr=0.3 and for electrons wr=0.25. The magnetic 
field scales are adjusted so that the cyclotron field for a given set 
of carriers is on the same vertical line for all curves. The effect 
was sufficiently small in this case so that no saturation is apparent 
in the 24.000 Mc/sec results. The fit between theory and experi- 
ment could be improved still further if the theory allowed us to 
use separate relaxation times for the high mass and the low mass 
electron. On the other hand the nature of the misfit also suggests 
that the electron effective masses in this alloy are somewhat 
higher than those in pure bismuth. 


same reason, the conductivity of charge carriers will be 
dealt with as a contribution to the complex dielectric 
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Fic. 14. Plots of power absorption coefficient 1s magnetic field 
from both theory and experiment with magnetic field normal to 
sample surface and along a three-fold axis in an alloy of bismuth 
and tellurium. The amount of tellurium present is such that the 
number of electrons is 5 times the number of holes (V=5P). The 
relaxation times used in calculating the theoretical curve at 
72 000 Mc/sec give for holes wr=1 and for electrons wr=3. At 
24 000 Mc/sec the values are for holes wz =0.25 and for electrons 
wr=1. The magnetic field scales are adjusted so that the cyclotron 
field for a given set of carriers is on the same vertical line for all 
curves. The dashed line shows how the experimental curve at 
24 000 Mc/sec would look in the absence of the saturation which 
occurs in the experiments at that frequency. The fit between 
experimental and theoretical curves is good except at low fields; 
the experimental curves stay flat to higher fields than do the 
theoretical ones. This indicates strongly that the electron effective 
masses in this alloy are larger than in pure bismuth. 
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Fic. 15. (a) Schematic plot of power absorption coefficient vs 
magnetic field in cyclotron absorption experiment performed on a 
semiconductor with one charge carrier. (b) Schematic plot of 
power absorption coefficient vs magnetic field in a cyclotron 
absorption experiment on a metal with one group of isotropic 
charge carriers when the magnetic field is normal to sample 
surface. 


constant ¢ of the material, which then has the form”: 
€=€,— ja/weo, (6) 


in rationalized mks units, where e; is the contribution 
of the lattice exclusive of the charge carriers, €9 is the 
electric inductive capacity for free space and @ is a 
suitable solution of Eq. (1). The dielectric constant of a 
medium is defined here as the ratio of its electric inductive 
capacity to that of free space. Each term in Eq. (6) is in 
general a tensor. In the case of a circularly polarized 
wave propagated parallel to the steady magnetic field 
B, in an isotropic medium, the dielectric constant for 
the propagation of the wave need not be expressed as a 
tensor, however. It is 76°; 
jne*r 

= ¢,——____—— ‘ (7) 
mew 1+ j(w—w-)T |] 
Here n is the density of carriers, and the other quanti- 
ties have been defined in connection with Eqs. (1), (2), 
and (6). 

In the semiconductor experiment, the sample is 
placed within the cavity and the power absorption due 
to the resonance in the imaginary part of e(w) is 
observed. The absorption as a function of B, is plotted 
schematically in Fig. 15(a). As stated in Sec. I, to 
observe the resonance in metals, where the charge 
carrier density is high, the sample is made to form part 
of the cavity wall. With this arrangement the absorp- 
tivity of the specimen at normal incidence is measured. 
This is given in this simple case where | ¢!>>1 by: 


A=4 Re(1/y/e), (8) 


where € is defined by Eqs. (6) and (7). We see from 
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Eqs. (7) and (8) that the signal depends mainly upon 
the behavior of the real part of ¢(w) when | (w—w,)r| 
> 1. This reflects the fact that under these conditions 
A is primarily determined by the discontinuity in 
electrical properties at the surface rather than by 
intrinsic absorption in the sample. Thus Eq. (7) shows 
that the real part of ¢ will be negative at fields such that 
the cyclotron frequency w, is below the experimental 
frequency w, since the contribution of ¢; to the real 
part of ¢ is negligible at microwave frequencies. Equa- 
tion (8) shows that the medium will be reflecting in 
this region. When w, is larger than w, Eq. (7) shows that 
the real part of ¢ is positive, and in this region Eq. (8) 
shows that absorption occurs. The absorptivity as a 
function of magnetic field for this simple case is shown 
schematically” in Fig. 15(b) for two different collision 
times. 

The present work is concerned with the extension of 
these ideas to more complicated cases. Qualitatively, 
it is easy to see the different behavior to be expected. 
In the first place, if constant energy contours normal 
to the steady applied field are not isotropic but el- 
lipsoidal, the cyclotron resonance for a given carrier 
group is excited by both circular polarizations io some 
extent.*® In this case some care is needed in deciding 
the sign of the charge of the carrier group responsible 
for a given feature of the absorptivity vs B, curve. In 
fact, although it does not occur in bismuth, still lower 
symmetries in the constant energy contours give rise 
to resonance at harmonics of the fundamental cyclotron 
frequency.*” 

In the second place, the complexity of the results is 
increased if more than one group of charge carriers is 
present, even in the absence of anisotropy. There are 
two reasons for this. One is that there is a singularity 
at the cyclotron field for each of the charge carriers. A 
second is apparent from the topology of the dispersion 
curves which occur at each cyclotron field in the plot 
of the real part of ¢ vs B,. Consider a case in which there 
are more than one charge carrier mass for the same sign 
of charge and circularly polarized incident radiation. 
There will in general always be a field somewhere away 
from the cyclotron fields and between each pair of them 
at which the contributions of the charge carriers to the 
real part of € cancel to give zero for the net total value 
of the real part of ¢ (and near it, a value the same as 
that for free space). This cancellation is illustrated 
schematically for two charge carriers in Fig. 16. A 
similar cancellation can occur when the carriers consist 
of one electron and one hole when their numbers are 
unequal. A similar phenomenon which occurred because 
of a slightly different type of cancellation in contri- 
butions to Re ¢ has recently been named a “dielectric 
anomaly,’’®> and we shall use that term in this paper. 
Singularities of this type influence the shape of our 


37 Galt, Yager, and Dail, Phys. Rev. 103, 1586 (1956); P. 
Noziéres, Phys. Rev. 109, 1510 (1958); B. Lax and H. J. Zeiger, 
Phys. Rev. 105, 1466 (1957). 
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results considerably; they occur at values of B, and w 
at which it is presumably possible to excite plasma 
waves.”9.# 

The solution of the general electromagnetic problem 
presented here follows the standard method. First the 
propagation vector is derived in terms of the effective 
dielectric constant and then the boundary value 
problem at the metal surface is solved. The system 
considered is that of an electromagnetic wave normally 
incident upon the infinite surface of a metal which we 
suppose defines the xy plane of our coordinate system, 
the interior of the metal corresponding to the region 
z>0. The steady magnetic field B, is parallel to +z. It 
will be assumed that the magnetoconductivity tensor 
has the form: 

Cin Cm <0 
Oyz Sy Of}, (9) 
| ee 


c= 


or a permutation of this form. Explicit expressions for 
the o,, will be given later. It is important to note that 
this assumption implies that the B field is along the z 
axis, and that an E field in the xy plane gives rise to a 
current which is restricted in direction to the xy plane. 
If this were not the case, depolarizing effects would 
again enter the problem. It is further assumed that the 
waves have constant phase planes in the medium 
(bismuth) which are normal to the z axis, so that de- 
rivatives with respect to x and y vanish. Maxwell’s 
equations inside the medium become: 


OE; GE, oJ. 


———— 49€0€s —- - = 0, 
Os? or at 


OE, ok, oF, 
— Moever— + - 0, 


Os? df? dl 
E,=0. 
The plane wave solutions have the form: 
E,= Ex expj(wi—ksz), 
E,= Ey expj(wi— kz). (11) 


From Eqs. (10) and (11), we find that the amplitudes 
E,. and E,,» satisfy: 
(n° — €22) Exo— €zyEyo= 0, 

— €yzH2ot (n?— €y,) Eyo= 0, (12) 
where n=k/ko, and ky)p=w/c is the wave vector in free 
space. The ¢,, are components of the dielectric constant 
tensor as defined by Eqs. (6) and (9) : 


(13) 


€uy = €0p»— JOur/ WE. 


Equations (12) are consistent only if: 
n= {3 (€x2t €yy) tL (€x2— €yy)?/4+ €xyeye}'}}, (14) 


and Eq. (14) therefore defines the propagation constants 
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Fic. 16. Schematic plot of the contribution of two isotropic 
charge carriers of the same sign to the real part of the dielectric 
constant relevant to the propagation of a circularly polarized wave 
through an infinite medium. The real part of this dielectric 
constant is plotted vs magnetic field, and it will be noted that it 
passes through zero at a point between the two cyclotron fields. 
This point is labeled a dielectric anomaly. 


which characterize the waves in the medium. The 7’s 
are in general complex, and the ones desired are those 
in the fourth quadrant, which characterize damped 
waves traveling toward positive z. Two of the four 
possible values of » always fulfill this condition. The 
waves which these propagation constants characterize 
are in general elliptically polarized, and they will be 
distinguished by a superscript + or —, thus: nt and 7. 
The components of these waves are related thus: 

(15) 


Eyo* =o t Fo i ) 
where from Eqs. (12): 


at= (n**— €22), €xzy = €yz (9— 4,,). (16) 


It can also be shown from Eqs. (14) and (16): 


(17) 


ata” = — €yz/ Ezy. 


The component amplitudes of the reflected wave E’ 
are now obtained in terms of the component amplitudes 
of the incident wave £' by requiring the tangential 
field components to be continuous at the boundary. 
Given an incident wave normal to the surface, there 
results, after some algebraic manipulation : 
Ew." = { (atZ—-—a-Z*) Ew'+ (Z*—Z-) E,o'} 

X{1/(at—a")}, 
Eo’ = {-—ata (Z+—Z-) E.w'+ (atZt+—a-Z )Eyo'} 

X{1/(at—a)}. (18) 
Here: 


Z*= (1—n*)/(1+7*). (19) 


The power reflection coefficient is given in general by: 
R= ( E.0 4+. Ew" |”) ( | Ez0' 24 pm ed (20) 


and in the case of a circularly polarized incident wave 
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where E,o'= jE.0' by: 


R=30 | Exo’ |? (21) 


| Ez0'|*+ E,o" 3 Ex0' . |. 


The absorptivity, A, is given by: 
A=1-R. 


The analysis contained in Eqs. (10) through (22) 
has been used to obtain theoretical plots of absorptivity 
vs B, which were compared with the experimental curves 
to determine the effective mass parameters in bismuth. 
Such calculations must be based upon some model of 
the band structure. Magnetic and transport properties 
indicate that there are only a small number of free 
carriers. According to Jones,** this is due to the overlap 
of a few electrons across the zone boundaries in mo- 
mentum space, an equal number of holes being left in 
the lower zone. Shoenberg® has interpreted his measure- 
ments of the de Haas-van Alphen effect in terms of an 
electron band consisting of a family of six ellipsoids. A 
typical one, referred to an origin at its center, is of the 
form: 

E= (1, 2mo) (aipr’+a2p2?+ Zaspopstasp;’), 
where fi, Po, Ps are momentum components parallel to 
the binary, bisectrix and trigonal axes, respectively ; mo 
is the free electron mass and the a’s are components of 
the reciprocal of the effective mass tensor. For the 


(22) 


(23) 


ellipsoid given by Eq. (23) the latter has the form: 


m OO O 
m=)}0 me. mg,\, 
Q ms, ms 


(24) 


where m, m2, m3, my are effective masses in units of mp. 
If the ellipsoid is located on a mirror plane, two further 
ellipsoids may be generated by rotation through + 120° 
and the remaining three obtained by inversion through 
the origin (point group D34 or Rs»~). The de Haas- 
van Alphen effect did not exhibit any oscillations which 
could be attributed to the hole band. Consequently the 
model for the holes proposed by Abeles and Meiboom®™ 
has been adopted in the present work to explain the 
galvanomagnetic properties of bismuth. This is a single 
ellipsoid of revolution about the trigonal axis: 


E= Ey- (1 2mo) (pi?/ M+ p? M+ 3’, M3), (25) 


where F, is the band overlap energy and M,, M; are 
effective hole masses in units of mo. The absence of an 
M, makes it unnecessary to introduce a’s in this case. 

Assuming isotropic collision times for electrons and 
holes, the conductivity tensor for this band model has 
previously been calculated by Lax, Button, Zeiger, and 
Roth.”” For ease of reference, their results are repro- 
duced in Appendix A together with expressions for the 
various cyclotron masses which occur for different 

88H. Jones, Proc. Roy. Soc. (London) A147, 396 (1934); A155, 


653 (1936). 
#1). Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939). 
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orientations of the steady magnetic field relative to the 
crystal axes. Reference to Appendix A shows that with 
the magnetic field along either the trigonal or binary 
axes, the conductivity tensor is of the form given by 
Eq. (9) and attention has therefore been focussed in 
the present work upon these two orientations in making 
detailed calculations. Calculations were done with IBM 
650 and 704 computing machines. Cyclotron masses 
were read directly from the data, and component masses 
computed from them using the formulae in Appendix A. 
Infrared data*® has shown that the dielectric constant 
of the lattice exclusive of the charge carriers is 9, and 
this is negligible in the present work. The number of 
electrons in pure bismuth, which is equal to the number 
of holes, is assumed in these calculations to be 4.2 10!7/ 
cm‘. This value is obtained from previous work on the 
de Haas-van Alphen observations® and the resistivity 
of bismuth alloys.* Further confirmation of this number 
has been obtained from chemical analysis of the sample 
for which data are shown in Fig. 8. The number of 
charge carriers is obtained from (1) the amount of tin 
in the sample, which is 1 part in 10°, (2) the fact that 
P=AN in this sample; this is shown by the fit between 
theory and experiment independently of what is as- 
sumed for the total number of charge carriers, (3) the 
assumption that each tin atom removes one conduction 
electron from the Fermi sea of the bismuth. In the alloy 
calculations, where the number of holes and the number 
of electrons is unequal it was assumed that the sum of 
the number of electrons and the number of holes remains 
8.4 10!7/cm*. The absorptivity is proportional to the 
reciprocal of the square root of this number [see Eqs. 
(7) and (8) ], so the theoretical results are not sharply 
dependent upon it. 

Care must be taken in interpreting the low field 
resonance lines in terms of cyclotron masses. In fact, 
the absorption peaks bear no direct relation to the 
cyclotron fields but are the location of dielectric 
anomalies between two resonances as indicated by 
Fig. 16. It is for this reason we emphasized this point 
at the beginning of this section. Cyclotron resonance 
fields are the points at which the absorptivity extra- 
polates to zero as indicated by Fig. 15(b). This is true 
even for the lower mass carriers whose effect is limited 
to a relatively small range of fields by the dielectric 
anomaly effects and by the presence of other cyclotron 
resonances. It seems empirically to be true also when 
B, is in the plane of the sample, at least in first approxi- 
mation. 

It will be noted from Eqs. (18) that polarization 
conversion occurs at the surface. An incident wave 
polarized along the x direction say, will in general give 
rise to an elliptically polarized reflected wave. Similarly, 
if the incident wave is circularly polarized, two counter- 
rotating circularly polarized waves will be reflected in 
general. This point has been mentioned previously in 
Sec. II and means that with the experimental arrange- 
ment used in the present work some of the power re- 





CYCLOTRON ABSORPTION 


radiated from the cavity will travel toward the detector. 
Variations in such a signal would constitute an error 
since the variation in the signal at the detector is 
interpreted to be proportional to the variation in the 
absorptivity of the sample. However, if we assume that 
the theory given above is correct, we can calculate from 
E,0" and E,9" the fractional part of the reflected power 
which is of the wrong circularity. Changes in this 
quantity as the magnetic field varies are equal to the 
magnitude of the error in the apparent reflectivity from 
this source. This calculation has been made for all the 
pure bismuth curves and for representative alloy cases. 
In the alloy cases, errors in the absorptivity are frac- 
tionally small. In pure bismuth there is no error of this 
kind at all when B, is along a three-fold axis. When B, 
is along a two-fold axis, the error is negligible for the 
most part, but at 72000 Mc/sec it is significant at 
certain fields, and the dotted line in Fig. 3 shows how 
the data are changed if they are corrected by means of 
this calculation. A noticeable improvement in the fit 
between theory and experiment is produced by the 
correction in this case. 


V. DISCUSSION 


The results of the above theoretical analysis give 
considerable insight into the meaning of various 
features of the absorptivity curves. Consider Fig. 3, 
which shows data taken with B, perpendicular to the 
plane of the sample and along a two-fold axis in pure 


bismuth. For the sake of brevity, and because it con- 
tains the best resolved data, only the 72 000 Mc/sec 
curve will be discussed in detail. The cyclotron fields 
which were finally decided upon are indicated by arrows 
at the top of the figure. At high fields on both sides of 
B=0 broad variations in absorptivity occur which are 
caused primarily by the highest mass carrier, a hole in 
this case. These broad variations extrapolate to zero 
absorptivity at about 6000 oe, corresponding approxi- 
mately to the cyclotron mass of 0.25 indicated by one 
of the arrows, and one appears on each side of B=0 
because of the ellipticity of cross sections of the hole 
band normal to a two-fold axis. At fields just below 
6000 oe on both sides of B=0 there is a region where the 
absorptivity is primarily due to the high mass electron. 
This charge carrier affects the curve on both sides of 
B=0 because of the ellipticity of the cross section of 
the electron bands. It has a rather low wr (probably 
about 1) and the curve therefore does not extrapolate 
very clearly to zero at the cyclotron field of 3350 oe, 
corresponding to the mass of 0.13 indicated by another 
of the arrows. For negative fields, the next feature of 
the curve as we go to smaller fields is a sharp peak in 
absorptivity. This peak is the result of a dielectric 
anomaly caused by the cancellation of the contributions 
of two groups of electrons to the real part of the relevant 
dielectric constant. One group of electrons is the one 
just discussed with cyclotron mass 0.13. The other has 
a mass of 0.0105, a cyclotron resonance field of 270 oe 
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as indicated by the third arrow, and an wr of about 10. 
On the positive field side the ellipticity of the bands 
causes a small peak from this carrier to appear, but the 
effect is much smaller and there is no dielectric anomaly 
apparent. Because the w7’s for the two groups of 
electrons are different, the theory, which only includes 
one value of wr for all electrons, does not fit perfectly 
at fields below 4500 oe. The curve plotted in Fig. 3 
assumes wr=3 for the electrons, and this is approxi- 
mately the geometrical mean of the correct values for 
the two groups. 

The curves shown in Fig. 4 are somewhat simpler 
than those in Fig. 3 because only one electron and one 
hole are involved. As before, the cyclotron fields are 
indicated by arrows at the top of the figure. They show 
data taken with B, parallel to a three-fold axis and 
normal to the surface of the sample, and here again 
only the 72 000 Mc/sec data will be discussed explicitly. 
The broad variations in absorptivity at high fields on 
both sides of B=0 extrapolate in to zero at approxi- 
mately 2000 oe, corresponding to the cyclotron mass 
of 0.08 indicated by one of the vertical arrows. The 
shape of these curves is affected by the presence of the 
holes, but the only feature explicitly identifiable with 
the holes is a small peak whose low-field side extra- 
polates to zero somewhat below 2000 oe, corresponding 
to the cyclotron mass of 0.068 which is obtained by 
fitting the curve with the quantitative theory. These 
data are rather sensitive in detail to the orientation of 
the magnetic field; they show more structure at low 
fields if B, is a few degrees off the three-fold axis. 

In Fig. 5 are shown data taken with B, along a 
bisectrix axis and normal to the sample surface. The 
broad variations in absorptivity do not extrapolate to 
zero very satisfactorily in this case and no quantitative 
mass values can be read from the data, although it is 
clear that the electron masses are smaller than the hole 
masses. The interesting thing about Fig. 5 is that the 
data do not indicate the presence of two electrons in 
spite of the fact that the model of the electron band 
structure calls for two, as indicated by the arrows at the 
top of the figure. Further discussion of this point will be 
given below. 

We do not have a quantitative theory for the data 
shown in Fig. 6, taken with B parallel to the sample 
plane on pure bismuth. However, the data do indicate 
the presence of singularities at the cyclotron fields as 
suggested by Anderson**; vertical arrows show these 
points. Furthermore, signals are apparent in some cases 
at fields corresponding to harmonics of the cyclotron 
frequency. These harmonic effects are apparent at 1700 
oe and below 200 oe in the data taken with the magnetic 
field parallel to a two-fold axis. Frequencies twice the 
fundamental cyclotron resonance frequency are in- 
volved here and these should not arise from band 
asymmetry effects in this orientation.*” This point will 
be discussed further below. The peak near 1000 oe in 
the data taken with the magnetic field parallel to two- 
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fold and bisectrix axes is thought to arise from a 
dielectric anomaly. 

The data on alloys in Figs. 7 through 14 are im- 
portant because they show how the absorptivity varies 
as we pass from samples with a hole majority through 
pure bismuth where the number of electrons and holes 
is equal, to samples with an electron majority. The 
wr’s are reduced in these materials, presumably by 
impurity scattering, and the cyclotron masses are 
therefore best read from data on pure bismuth. The 
fit between theory and experiment in the alloys, 
however, is such as to indicate that there is very little 
change in effective mass values from those for pure 
bismuth except in two cases. (See Figs. 13 and 14.) 

The inherent shape of the absorption curve in the 
presence of a finite relaxation time even for a single 
isotropic group of carriers [Fig. 15(b)] is such that it 
was not always easy to read off cyclotron resonance 
fields accurately from the experimental data when the 
magnetic field was normal to the surface of the sample. 
To obtain more accurate values for some of the cyclo- 
tron resonance fields, the data obtained with the 
magnetic field parallel to the plane of the sample have 
also been used to some extent. While the detailed theory 
for this case has not been worked out, it has been 
shown** that resonances of certain groups of carriers 
should be observed, and indeed this is borne out by the 
data (see Fig. 6). The final check on this procedure is, 
of course, that the parameters so obtained should then 


give close agreement in comparisons of theory with 
experiment for B, normal to the surface in the specified 
orientations. 

The final values of the cyclotron masses read from 
the data are, for the electrons: 


B)\ three-fold axis (axis 3): 
m*=().080. 

B|| two-fold axis (axis 1): 
m,*=0.13, 
m,*=0.0105. 

B\\ bisectrix axis (axis 2): 
m,*=0.0091, 


m,*= 0.0180. 
And for the holes: 

B) three-fold axis (axis 3): 
M*=0.068. (27a) 
B'| two-fold axis (axis 1): 
M*=0.25. (27b) 
B)| bisectrix axis (axis 2): 
M*=0.25. (27c) 


It is felt that all these numbers are valid to within 10%. 
Note that these are not the component masses used in 
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the conductivity formulas, but functions of them which 
determine cyclotron resonance frequencies. 

It should be emphasized that the data not only 
determine the masses in Eqs. (26) and (27) but also 
show that they are the only cyclotron masses in bismuth 
associated with a significant number of charge carriers 
and with masses less than about 2. Thus, for example, 
only one cyclotron resonance mass for the holes is 
observed for each crystallographic orientation of B,. 
This strongly supports the one ellipsoid model for the 
holes suggested by Abeles and Meiboom.* Furthermore, 
the data with B, along a bisectrix axis show that, as 
suggested by Shoenberg,”® the ellipsoids in the electron 
band are tilted, i.e., m40. To see this, note that if B, 
is parallel to the sample plane (see Fig. 6) two cyclotron 
masses are resolved which fit the electron band model, 
but if B, is perpendicular to the sample plane and still 
along the bisectrix (see Fig. 5) only the broad variation 
in absorptivity associated with fields above the cyclo- 
tron resonance of the highest mass carrier is observed. 
A broad variation in absorptivity associated with the 
holes is observed in each case. The absence of any 
singularity associated with a second electron when B, 
is perpendicular to the sample plane is presumably 
associated with depolarizing effects which arise because 
in this orientation if m0, the conductivity tensor 
does not have zeros as does the one given in Eq. (9). 
Depolarizing effects result because under these circum- 
stances a field E in the sample plane leads to a current 
with a component normal to the plane. The parameters 
which give a best fit to the data give added evidence 
that m0. 

No harmonics of the cyclotron resonance of the sort 
which arise from the symmetry of the band structure 
are observed in bismuth.*” This confirms the ellipsoidal 
symmetry of the bands, as assumed by the model. The 
second harmonic effects observed with the magnetic 
field in the plane of the sample (see Fig. 6) are such 
that the band symmetry cannot generate them. They 
are observed in the sample-field geometry postulated 
by Azbel’ and Kaner,” and it is therefore felt that they 
indicate that the effects described by Azbel’ and Kaner 
are incipient. 

No evidence was found for a distribution of effective 
masses rather than a discrete set.*7 The frequency 
dependence of the line broadening behaved approxi- 
mately as expected from relaxation time effects. 

The effects of anisotropy in causing a response from 
the same group of charge carriers for both positive and 
negative values of B, is apparent at many points in the 
data. In particular in Fig. 4 the absorptivity extra- 
polates to the electron cyclotron field for both sighs of 
B,. There is a small deviation for positive B, at low 
absorptivities because of the resonance of the holes. 
Only the electrons are anisotropic about the magnetic 
field direction in this case. 

The cyclotron masses for holes determine the com- 
ponent masses for the hole ellipsoid uniquely. These 
component masses are defined by Eq. (25). The values 
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obtained from the cyclotron masses are: 
M,=0.068, M;=0.92. (28) 


The component masses for the ellipsoids associated 
with the electron band are defined in Eqs. (23) and (24). 
From the cyclotron masses for the electrons, given in 
Eqs. (27), it is possible to determine the ratios of me, ms, 
and m, to m, but not to determine m, itself accurately. 
The position of the absorption peak in the theoretical 
curves for the case B, parallel to a two-fold axis is 
affected by changes in m,, but not in a very sensitive 
way. Consequently, following a suggestion of W. S. 
Boyle, m, has been determined partly by means of 
information gbtained from infrared observations. 
Dielectric anorhalies have been observed in the infrared 
in bismuth at zero magnetic field** which correspond to 
the cancellation of the contributions of the charge 
carriers with that of the ionic lattice. The observations 
were made with plane polarized waves propagated 
along a two-fold axis, and the anomaly occurred at 
quite different frequencies for polarization parallel and 
perpendicular to a three-fold axis. It is possible to 
obtain an expression for this ratio from our formulae 
for n and the components of o by assuming that at these 
points the relevant »=0. This expression depends on 
all the masses, and since we know everything but m,, 
it can be used to calculate m,. In this way, we find the 
following values for the component electron masses : 


m,=0.0088, m.=1.80, m3;=0.023, m,=+0.16. (29) 


The above electron mass components agree in order 
of magnitude with those obtained by Shoenberg, 
namely : 
m,= 0.0024, ms= +0.25. (30) 
There is, however, substantial quantitative disagree- 
ment between the two sets. A possible source of error 
in de Haas-van Alphen effect measurements associated 
with the absolute amplitude of the oscillations has 
recently been pointed out by Aubrey and Chambers.”® 
In interpreting their results from experiments using 
the Azbel’-Kaner® version of cyclotron resonance they 
found that the masses given by Shoenberg did not 
accurately locate the positions of their observed 
resonances. They suggested that Shoenberg’s values 
of the mass ratios are correct, but that the absolute 
determination of one mass, which entailed measurement 
of absolute amplitude, was inaccurate. Using their 
values for the cyclotron masses with B, along a binary 
axis, 0.11 and 0.0097 (which incidentally are in good 
agreement with our values of 0.13 and 0.0105) they 
obtain mass components: 

m,= (0.006, m4=0.1, (31) 
which are in better agreement with the set of masses 
deduced from the present work. 

Turning to the hole band, the masses observed in 
this work are all far smaller than the value of 1.5 mo 
suggested by Heine” to explain the effect of alloying 

# V. Heine, Proc. Phys. Soc. (London) A69, 513 (1956). 


M2= 2.5, m;=0.05, 


m2=1.0, m3=0.02, 
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in bismuth. It became evident in the course of making 
the present calculations that hole masses necessary to 
give this density of states mass were far too large to 
fit the data. The axial ratio for the hole ellipsoid 
M,: M;=1:14.7 may be compared with the ratio 
M,: M;=1:3.7 obtained by Abeles and Meiboom.® 
Agreement is only fair; this may be a consequence of 
the different electron band model for the electrons used 
in the analysis of the data. 
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APPENDIX A 

Label the two-fold, bisectrix, and three-fold axes as 
axis 1, axis 2 and axis 3, respectively; they form a 
cartesian set. Then the contribution of the electrons 
to the components of the conductivity tensor are: 

B along three-fold axis (axis 3) 
01:/o0= 022 loo= (1/2A)[ (m+ m2)m3— mé¢ |, 
033/00= (1/A) 

XK (mymo+ b*), 


Ag= Ay,= A. = A= mymom3— mymye+m3b?. 


012/00= — o2/00= bm;/A, 


(A1) 


B along two-fold axis (axis 1) 


O11 1 2 (3+ m2)m3— mi 
a" +( )| i . - 
ao) 6 Omy 3A. 4 


O22 mms Zz (m,+3m2)m3— 3m? 
eoag r ( ) . 
00 3Aq 3A. 4 


33 Mym. 2mymy 


Jo 3A, 3A. ; 


o23 ™m,(b—m,) 2 (my+3m2) mym, 
ee 
do 3Aq 3A. 4 2 


2 mym, (m,+3mz) 
a ( ) _ i} 
3A. 2? 4 


Ag=m,(mom3;—me+b"), 


(A2) 


O32 m,(b+-m4) 


tan Sie 


A,=A,=mymym3— myme+ 1b?(m,+3mz2). 
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B along bisectrix axis (axis 2) 


C11 1 
ae SE ee (mom;3— m4’) 


aT) 3Aq 
2 (3m,+m2)m3—m? 
(EE | 
3A, 4 


1 
(mym;+b’) 
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a 
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bm. 2b s3m,\+mze 
aon ( ), 
SA, 3A, 4 
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023 «4932 


M\mM, MMs 


5] 


34, 3A, 


a) A) 

A,=mmom3— mm?e+ mob’, 

A,=A.= mymym3— myme+}(3m,+mze)b", 
where 


b=eB/[(1/r+jw)mo] and oo=ne*/[mo(1/7+jw) ], 


n is the electron density, mo the mass of the free elec- 
tron, 1/7 the collision frequency, e the electron charge, 
and w the angular frequency of the rf field. 

To obtain the contribution of the holes to the corre- 
sponding tensor components, we simply let m,=0, take 
only the terms involving A, with the factor of § omitted, 
and change the sign of 6. 

The expressions for the cyclotron masses are as 
follows: 


B) axis 3, 
m* = mo (mom3—m,2)m,/ ms; }}; 
B}| axis 1, 


Ma* = mo(mom;— m4?) 1 


m,(mom;— m4") |? (A5) 
my* = m,* = 2mo] ———— -1; 
m+3m2 


B)| axis 2, 
ma* = mol (mym3—m)m,/m» |', 
me) (A6) 


m=m* = 2m _ 
3m,+my, 


CETLIN, 


AND BRAILSFORD 


The cyclotron masses for holes are: 
B)\ axis 3: 


(A7) 


m* = (mym2)'= my; 
B) axis 1: 


(A8) 


m*= (mym;)'= (mym;)'; 
B\\ axis 2: 
(A9) 


m* = (mym3)'= (mym3)?. 


APPENDIX B 


In the analysis we have used in interpreting the 
experiments we have neglected the diffusion of the 
charge carriers through the skin depth in calculating 
the current. When this approximation is not justified, 
the conditions are said to be anomalous, and the 
validity of our calculation is in question. We may 
estimate the range of magnetic field for which anoma- 
lous skin effect conditions prevail by generalizing an 
elementary argument given by Reuter and Sondheimer 
[see Eqs. (5) through (9) in reference 20] and noting 
the result in reference 22. For a single group of carriers 
of isotropic effective mass, one finds that conditions are 
anomalous if: 

UT 1 


—————— (B1) 
{14+ (wtw,)?r7}) [Rk 

where v, is the magnitude of the velocity normal to the 
sample surface, and |k| the absolute magnitude of the 
complex propagation vector inside the sample. The sign 
in the (w-+tw.) term is determined by the circularity of 
the radiation used. Equation (B1) shows that, at 
resonance, conditions will be anomalous if 2v,7>6o, 
where 6p is the skin depth at zero magnetic field and at 
frequencies much smaller than the collision frequency, 
7. If wr is large, however, it is clear that as the mag- 
netic field changes and w becomes different from w,, 
classical conditions prevail in certain field ranges even 
if v,7 is greater than do. Under these circumstances the 
experimental frequency is higher than those in the 
anomalous region. 

In the experiments discussed here, more than one 
charge carrier is always present, and they are in general 
anisotropic, but near resonance for each charge carrier 
the bulk of the conduction is due to that carrier. 
Consequently, Eq. (B1) has been applied to several 
of the cases presented in the figures by comparing the 
calculated values of |k|~' with the left side of the 
equation computed near each resonance point for both 
circular polarizations using for v, the component of the 
velocity normal to the sample surface of the charge 
carrier which resonates at that point. The propagation 
vectors were obtained from Eq. (14) and the definition 
of n; v, was obtained from the relation v,= (2e;/m,)!, 
where ey is the Fermi energy, and m, is the effective 
mass for motions normal to the sample surface. The 
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Fic. 17. Solid lines show 1/|k| vs magnetic field at 72 000 
Mc/sec for the two waves which propagate normal to the surface 
(along a two-fold axis) in the pure bismuth sample for which 
results are shown in Fig. 3. The field range shown is less than in 
Fig. 3; at higher fields than those shown here, the 1/|k| values 
become much larger and conditions become quite classical. The 
dashed lines show the left-hand side of Eq. (B1). Where the 
dashed line is considerably above a solid line, anomalous skin 
effect conditions prevail. 


relaxation time 7 was obtained directly from the 
experimental results. 

The results of such a calculation are presented for 
two cases in Figs. 17 and 18. Since the material is 
anisotropic, there are two waves in the material and 
therefore two values of |k|~', both of which are plotted 
in the range of magnetic fields in which they are 
smallest. Figure 17, which is relevant to the pure 
bismuth results shown in Fig. 3 for 72000 Mc/sec, 
shows one of the most anomalous cases met in these 
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Fic. 18. Solid lines show skin depths vs magnetic field at 
72 000 Mc/sec for the two waves which propagate normal to the 
surface (along a two-fold axis) in the alloy sample for which 
results are shown in Fig. 11. The dashed lines show the left-hand 
side of Eq. (B1). Since the dashed lines are at all fields well below 
the solid curves, classical skin effect conditions prevail at all points 
here. This is an alloy case in which impurity scattering has reduced 
the relaxation time r. 


experiments at this frequency. Even in this case, the 
clearly anomalous region is confined to the neighbor- 
hood of zero field and of the cyclotron resonance for 
holes. Figure 18 shows how alloying changes the factors 
in Eq. (B1) so that conditions are classical at all fields. 
This figure corresponds to results shown in Fig. 11 for 
72 000 Mc/sec. 

The region of the field in which anomalous conditions 
prevail at 72 000 Mc/sec is comparable in size for data 
taken with B, along a three-fold axis in pure bismuth 
with that shown in Fig. 17. It is somewhat larger in the 
data at 24000 Mc/sec in spite of the fact that 1/\k 
is larger there, because the values of w7 are lower at that 
frequency. 

We conclude from the results shown in Figs. 17 and 
18 and from the fit obtained between the data and the 
classical theory that the anomalous skin effect does not 
occur over a sufficiently large fraction of the field range 
in these experiments for it to alter the shape of the 
curves in a vital way 





PHYSICAL REVIEW VOLUME 114, NUMBER 6 JUNE 15, 1939 


Electron Bombardment of Silicon* 


D. E. Hut 
Purdue University, West Lafayette, Indiana 
(Received January 22, 1959) 


The electrical properties of single crystal silicon have been investigated as a function of bombardment 
with high-energy electrons. Measurements of the initial carrier removal rate were carried out at 273°K for 
samples with widely different carrier concentrations. A second type of experiment involved the measurement 
of the temperature dependence of resistivity and Hall coefficient at different stages of the bombardment. 
Bombardment-produced energy levels were found at 0.03 ev, 0.17 ev, and 0.4 ev below the edge of the 
conduction band. With 4.5-Mev electrons, the introduction rates for these levels were 11 cm™, 0.5 cm™, 
and 0.05 cm™, respectively. Bombardment levels were also found at 0.05 ev and 0.3 ev above the edge of the 
valence band. With 4.5-Mev electrons the introduction rates for these levels were 13 cm™ and roughly 
0.3 cm™', respectively. Irradiations with 700-kev electrons indicate the presence of the same defect levels 
with correspondingly smaller introduction rates. An investigation of the irradiation-induced mobility 
changes for degenerate p-type silicon indicates that, for each hole removed from the valence band, there 
appears a singly-charged scattering center. For near-degenerate n-type samples, the mobility changes are 
much smaller. Results of bombardments at 78°K and 10°K show that the net damage rate decreases by a 
factor of 2 or more when bombardments are carried out at lower temperatures. 


I. INTRODUCTION section and scattering properties. In the investigation 
of levels near the band edges, Wertheim uses irradiations 
on the order of 5X 10'8 electrons/cm? and comes to the 
conclusion that the results are not consistent with a 
single discrete energy level close to the band edge. 

In the present work, the levels near the band edges 
were investigated by measuring only the initial carrier 
removal rate for a group of samples with widely different 
carrier concentrations. In this way the complicating 
effects of prolonged irradiations were avoided, since 
only relatively small irradiations were necessary. The 
results of these experiments are consistent with the 
existence of a single discrete level close to each 
band edge. 

The present work also includes investigations of the 
effect of irradiation on the temperature dependence of 
Hall coefficient and resistivity. The results of these 
experiments check the energies of the levels reported by 
Wertheim and reveal] an additional level as well. On the 
other hand, they indicate a much higher introduction 
rate, and a much higher scattering per bombardment 
defect, for the deep levels in p-type silicon. 


N recent years there has been a growing interest in 
changes produced in the properties of solids by the 

passage of high-energy particles or radiation through 
them. The electrical properties of semiconductors are 
convenient for such studies since they are extremely 
sensitive to small amounts of imperfections. Most 
investigations of irradiation damage in semiconductors 
have been carried out on germanium and silicon. This 
work has been summarized in various review articles.’~* 
The present work is an extension to silicon of the 
electron-bombardment experiments in the linear ac- 
celerator group at Purdue. 

Much of the information concerning the effects of 
irradiation on silicon has been obtained by the use of 
heavy-particle bombardments. Electron bombardment 
would be expected to produce simpler types of defects, 
since electrons transfer much less energy to lattice 
atoms than heavier particles do. For this reason 
electron-bombardment studies are of special interest. 

The basic problem is to determine the rate at which 
the damage is produced by electron bombardment, and 
the properties of the damage centers. Wertheim‘ has IL EXPERIMENTAL DETAILS 
investigated the effect of electron bombardment on the 
temperature dependence of the Hall coefficient, resis- The irradiations were carried out using the two 
tivity and carrier lifetime of silicon. He finds two Purdue linear accelerators. These machines deliver 
discrete bombardment-introduced levels and derives 1 usecond pulses of electrons with a repetition rate of 
values for their energy, introduction rate, capture cross 120 cps. The electron energy was measured using an 

analyzing magnet and it was possible to obtain energies 

* Work supported by U. S. Atomic Energy Commission. from 0.2 Mev to about 5.5 Mev. The uniformity of 


+t Now at Monsanto Chemical Company, Dayton, Ohio. ee a nen Rea ¥ 
1F. Seitz and J. S. Koehler, in Solid State Physics, edited by irradiation coher the sample area ee insured by the use 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), Of a thin aluminum scattering foil. 
Vol. 2, p. 307. ; ‘aH The irradiation chambers used were of the type 
2H. Y. Fan, and K. Lark-Horovitz, in Semiconductors and lentened by Ki end MacKay.* which all f 
Phosphors: International Colloquium Proceedings (Interscience ee. ontz — ey © - oa 
Publishers, Inc., New York, 1958). irradiations at a variety of temperatures. For bombard- 
* J. H. Crawford and J. W. Cleland, Progress in Semiconductors ments and measurements at 273°K and 78°K the sample 
(Heywood and Company, Ltd., London, 1957), Vol. 2, p. 67. ; ° 
4G. K. Wertheim, Phys. Rev. 105, 1730 (1957); 110, 1272 
(1958). 5 E. E. Klontz and J. W. MacKay (to be published). 
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was kept within 1°C of the stated temperature. In the 
case of the bombardments in the neighborhood of 
liquid helium temperature, the average sample tempera- 
ture was kept below 10°K and it was calculated that 
maximum possible instantaneous sample temperature 
was less than 20°K. 

The samples used in these experiments were all cut 
from single crystals and were ground to size using 
No. 600 abrasive or finer. For the irradiations with 
4.5-Mev electrons the sample dimensions were 6 mm 
X2 mmX0.3 mm. For lower energy irradiations the 
sample thickness was reduced to about 0.1 mm. 
After grinding, the samples were etched in CP-4. In 
some cases the samples were shaped so that the Hall 
and resistivity probes ended in large areas to facilitate 
making good electrical contacts. The contacts were 
made using either the “electroless plating” techniques® 
or indium-gold solder. 


III. METHODS OF ANALYSIS 


The Hall coefficient, R, and the resistivity, p, are the 
electrical properties of silicon which were measured in 
these experiments. The expression for the Hall coeffi- 
cient for a single carrier can be written 


R=+Sr/ne, 


where » is the carrier concentration and e the electronic 
charge. The numerical factors, r and S, are on the order 
of 1 and correct for the type of carrier scattering and the 
nonsphericity of the constant energy surfaces, respec- 
tively. From the work of Abeles and Meiboom’ we find 
that S equals 0.87 for n-type silicon. For p-type silicon 
S is taken equal to 1. The values of r were found accord- 
ing to the treatment of Johnson and Lark-Horovitz® for 
nondegenerate silicon, and according to the treatment 
of Shipley and Johnson’ for degenerate material. 

If we assume that the bombardment-introduced levels 
have discrete energies which are fairly well separated, 
we can use the following methods to determine some of 
their properties. 

One experimental method is based on the dependence 
of occupation probability of the levels on the value of 
the Fermi energy. Consider an n-type semiconductor 
with a single chemical donor, with concentration Vp, 
which is exhausted at the temperatures of interest. 
Also consider a single bombardment level, with con- 
centration Vg and energy Ez, which lies in the upper 
half of the forbidden gap. Before irradiation we have 
n= Np and after a small irradiation we have 


n’= Np—Nxlite exp(Es—¢')/kT}, (1) 


6M. V. Sullivan, and J. H. Eigler, J. Electrochem. Soc. 104, 226 
(1957). 

7B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1957). 

8V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 82, 977 
(1951). 

9F. M. Shipley and V. A. Johnson, Phys. Rev. 85, 724 (1952); 
90, 523 (1953). 
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where ¢ is the Fermi energy, & is Boltzmann’s constant, 
T the absolute temperature and a@ is the statistical 
weight ratio, usually" taken equal to 2. The primes 
indicate values after bombardment. If we assume that 
the defect introduction rate, Az, is constant we can 
write Vz=A zd. We can now find as the expression for 
the removal rate 


An n’—n 


-=——=A,[1+aexp(Es—$")/kT}T". (2) 
7) 


© 


Thus, by measuring the initial removal rates for a group 
of samples with different ¢ values, we should be able to 
find the introduction rate, and the energy of the 
bombardment level, if our assumptions are valid. 

We can also investigate the existence of bombardment 
levels by measuring the sample properties as a function 
of temperature. Again consider the special case given 
above with the additional condition that Ng<Np. In 
this case we find a “step shaped” curve for n’ as a 
function temperature according to Eq. (1), and the 
size of the “step” gives the number of bombardment 
levels. When the carrier concentration assumes the 
value Vp—Np/(1+a), Es=f. Thus, if we assume a 
value for a, we can calculate the energy of the level 
from our experimental data. If Vz>Np, the slope of 
the linear portion of a plot of nT—! against 1000/T also 
corresponds to the energy of the level. This method has 
the advantage that it does not involve the value for a. 

All the above considerations have assumed that only 
a single bombardment level is effective in removing 
carriers. If more than one level is effective, the right- 
hand side of Eq. (2) will have an additional term, 
similar to the one given, for each additional level. The 
total removai rate is, then, the sum of the removal 
rates due to the individual levels. 


IV. DISCUSSION OF EXPERIMENTAL RESULTS 
A. Removal Rate Experiments 


The dependence of the removal rate on Fermi level 
has been investigated using 4.5-Mev electrons and 
0.7-Mev electrons. The samples were irradiated and 
measured at 0°C. The changes produced were stable at 
this temperature for all samples of resistivity less than 
50 ohm cm. Only initial removal rates are considered in 
order to minimize the complicating effects of prolonged 
irradiation. The removal rates were computed from 
changes in R in order that any changes in mobility 
which might occur would not affect the results. 

For any simple type of damage one would expect the 
carrier removal rate to be independent of the rate of 
irradiation. This was found to be true for all n-type 
samples irradiated with 4.5-Mev electrons at 0°C. For 
a 3 ohm cm #-type sample, however, the removal rate 

1H. Y. Fan, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 288. 
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Fic. 1. Initial removal rate for various n-type silicon specimens 
irradiated at 0°C with 4.5-Mev electrons. 


at O°C decreased by a factor of 2 when the rate of 
irradiation was decreased by a factor of 10. For lower 
resistivity p-type samples this effect was not so im- 
portant ; for a 0.03 ohm cm p-type sample, the removal 
rate for all irradiation intensities was much higher, but 
the changes with rate of irradiation were of about the 
same magnitude as for the 3 ohm cm sample. The 
intensity dependence has only a negligible effect on the 
conclusions to be drawn from our removal rate experi- 
ments, and will not be discussed further. 

The solid dots in Figs. 1 and 2 show the experi- 
mentally determined initial removal rates for n and 
p-type silicon at 0°C using 4.5-Mev electrons. The fact 
that the removal rate is highest for degenerate material 
and falls off rather rapidly as the Fermi level lies deeper 
in the forbidden gap indicates that the most numerous 
irradiation-introduced levels lie close to band edges. If 
there were a single isolated level removing carriers, 
one would expect to be able to fit the experimental 
points to an expression of the form of Eq. (2). The solid 
lines in Figs. 1 and 2 show a fit of Eq. (2) to the highest 
experimental points. We see that the measured removal 
rate for Fermi levels further than 0.1 ev into the for- 
bidden gap is much larger than would be expected on 
the basis of a single level close to the band edge. Thus 
one might expect that there are deeper, less numerous 
levels which also remove carriers from the conduction 
process, Such levels are shown to exist in the tempera- 
ture cycling experiments to be discussed later, and a 
composite removal rate curve is given in Fig. 6. From 


Hic. 


the fit of Eq. (2) to the highest experimental points we 
find, in n-type material, evidence for the existence of a 
level 0.03 ev below the conduction band, with an 
introduction rate of 11 cm. For p-type material we 
find evidence for the existence of a level 0.05 ev above 
the valence band with an introduction rate of 13 cm™. 

One annealing experiment on a_near-degenerate 
n-type sample indicates that roughly half the bombard- 
ment-induced changes anneal out between 450°K and 
500°K. There was no significant annealing between 
273°K and 450°K. 

A few experiments have been carried out using 
().7-Mev electrons. The initial removal rate at 0°C has 
the same dependence on Fermi level as in the 4.5-Mev 
experiments, but the removal rate is about a factor of 
3 smaller for all samples. 

One can calculate the rate of defect introduction? on 
the basis of certain assumptions. Let us assume that the 
electron-atom collision is an elastic one, and that every 
atom given an energy greater than the threshold energy, 
Ep, escapes. In other words we assume a step-function 
escape probability for the lattice atom. The number of 
primary displacements follows from the scattering 
theory of Mott." The number of secondary displace- 
ments has been computed according to the method of 
Seitz and Koehler! as applied by MacKay’ to the theory 
of Neufeld and Snyder.’” Using threshold values of 15 ev 
and 30 ev, we find calculated defect introduction rates 
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Fic. 2. Initial removal rate for various p-type silicon specimens 


irradiated at 0°C with 4.5-Mev electrons. 


"tN. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929). 
12 J. Neufeld and W. S. Snyder, Phys. Rev. 99, 1326 (1955). 
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of 6.8 cm™ and 2.9 cm™, respectively, for 4.5-Mev 
electrons. 

The recent investigations of Rappaport and Loferski'* 
indicate that displacements result when the silicon atom 
receives as little as 14 ev. However, one might expect 
that the use of a larger threshold energy, perhaps 30 ev, 
would give a more accurate result; since for 4.5-Mev 
electrons we need a sort of “‘average” threshold value. 
We see, however, that the experimental value of the 
introduction rate is roughly 4 times the value calculated 
for a 30-ev threshold. This may indicate that the above 
calculations need to be considered in greater detail. 


B. Temperature Cycling Experiments 


The existence of bombardment-induced levels with 
energies relatively deep in the forbidden gap has been 
investigated by measuring the temperature dependence 
of R and p at intervals during irradiation with 4.5-Mev 
electrons. Some experiments were also carried out with 
lower energy electrons. 

The irradiations were carried out at 0°C. Immediately 
following each irradiation, the temperature was reduced 
to 78°K, after which R and p were measured from this 
low temperature up to about 400°K. The entire set of 
measurements was then repeated to check the re- 
producibility of the results. In this respect it is interest- 





$ = 7.0% 10'© el yem* 


$=6.0x 10'Sel. em? 


tT . UV Teure 


Tver. 


16 
cy = 4.510 el. sem? 


T 


T 


IR} (em, coulomb) 


=3.5 x 10'S el. scm 


> 
TY UU UTS 


T 











1000 -t 
a ¢? K ) 
Fic. 3. Temperature dependence of Hall coefficient for n-type 
silicon with an initial room temperature resistivity of 0.5 ohm cm, 
irradiated with 0.7-Mev electrons. 


18 P, Rappaport and Loferski, Phys. Rev. 98, 186 (1955); 111, 
432 (1958). 
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silicon with an initial room temperature resistivity of 16 ohm cm, 
irradiated with 4.5-Mev electrons. 


ing to note a general difference between n and p-type 
material. 

For n-type silicon the initial temperature dependences 
of R and p were not reproducible, especially at low 
temperatures. After the sample was heated to about 
400°K for a few minutes, the curves became re- 
producible. When samples were irradiated to a higher 
resistivity, a longer time at the elevated temperature 
was needed to obtain reproducible results. The re- 
producible measurements give a higher resistivity than 
was obtained immediately after irradiation. 

In all cases the non-reproducibility was considerably 
smaller for p-type samples than for comparable n-type 
ones. 

An investigation of 0°C of the non-equilibrium con- 
ditions which cause the nonreproducible results in an 
n-type sample showed that: (1) only a very small 
amount of irradiation was necessary to establish the 
nonequilibrium condition; and (2) the extent of the 
deviation from equilibrium conditions depends on the 
intensity of the bombardment. This suggests that the 
non-equilibrium conditions are caused by the ionization 
resulting from the electron bombardment, and that the 
nonreproducible results are related to electronic re- 
arrangements rather than actual changes in the defects. 

In Fig. 3, a representative set of curves for the 
reproducible dependence of R on 1000/T are given. We 
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Fic. 5. Temperature dependence of Hall coefficient for p-type 
silicon with an initial room temperature resistivity of 5 ohm cm, 
irradiated with 0.7-Mev electrons. 


see that before bombardment R is essentially flat down 
to 1000/T of about 7, indicating that the chemical 
donors are exhausted in this range. After the first 
irradiation there is a rise in the Hall curve, beyond 
which it is nearly parallel to the initial curve. This 
“step” indicates the presence of an irradiation-intro- 
duced level, as discussed in Sec. III. After further 
bombardment R rises steeply with 1000/7; in this case 
the slope of the linear portion of a logRT! against 
1000/T corresponds to the energy of the level. In 
Fig. 4 similar curves are given for a sample with a 
higher initial resistivity. The shapes of the curves at 
high temperatures indicate the presence of a second 
level further into the forbidden gap. Using the methods 
discussed earlier, we find levels 0.17 ev and 0.4 ev below 
the edge of the conduction band, for irradiations with 
both 4.5-Mev and 0.7-Mev electrons. Using 0.3-Mev 
electrons, evidence was found for the 0.17-ev level but 
not for the 0.4-ev level. The introduction rate for.the 
level 0.4 ev below the conduction band is roughly 
0.05 cm and 0.004 cm for 4.5-Mev and 0.7-Mev 
electrons, respectively. 

In Fig. 5, the results of a similar type of experiment 
on p-type silicon are displayed. From a similar analysis 
we find a level 0.3 ev above the valence band for 
irradiations with both 4.5-Mev and 0.7-Mev electrons. 
As was mentioned earlier, the removal rate at 0°C for 
such a p-type sample depends on irradiation rate, so it 
is very likely that the introduction rate of this level is 
also dependent on the irradiation rate. The introduction 
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rate found for this level was roughly 0.3 cm™ and 0.05 
cm™ for 4.5-Mev and 0.7-Mev electrons, respectively. 
Using the energies and introduction rates for the 
various levels found from the removal rate experiments 
and the temperature cycling experiments, we can 
compute the removal rate one would expect at 0°C. In 
Fig. 6 we see a comparison of such a calculation with 
the measured removal rate for n-type silicon. The 
dashed curves show the removal rate to be expected 
from the separate levels, and the solid curve shows the 
total removal rate. The agreement between the solid 
curve and the experimental points indicates that the 
results of the temperature cycling experiments are 
consistent with the removal rate measurements. 


C. Mobility Changes 


From the bombardments and measurements at 0°C 
we have information about the rate of change of Hall 
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Fic. 6. Comparison of the measurements of the initial removal 


rate and the results of the temperature cycling experiments for 
n-type silicon irradiated with 4.5-Mev electrons. 


mobility, R/p, as well as the removal rate for carriers. 
The change in mobility has been computed using the 
treatment of Johnson and Lark-Horovitz.* The rate of 
change of 1/u with bombardment is shown in Fig. 7(a). 
If we assume that the change in mobility is due to 
singly-charged centers we can compute the rate at which 
scatterers are added using the Conwell-Weisskopf" 
mobility formula. The results are shown in Fig. 7(b). 
First, let us consider the mobility changes observed in 
degenerate and near-degenerate material. For p-type 
material, the near agreement of the calculated introduc- 
tion rate of scatterers with the observed removal rate 
indicates that the scattering can be understood on the 
assumption that for each hole removed from the valence 
band there appears a singly-charged scattering center. 
The mobility changes observed for near-degenerate 
n-type samples are much smaller than those observed 


mi E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950). 
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for p-type samples with the same bombardment. Since 
the removal rates for and p-type samples are com- 
parable in this range, this indicates that the scattering 
cross section of the bombardment center effective in 
n-type silicon of this resistivity is much smaller than 
the cross section for charged-center scattering. 

We now turn to a consideration of samples with 
Fermi levels further than 0.1 ev away from either band 
edge. Here we find that the rate of introduction of 
scatterers calculated from mobility changes is as much 
as an order of magnitude higher than the removal rate 
for the same Ferini level. An analysis of the mobility 
changes obtained from the temperature cycling experi- 
ments give essentially the same results. These results 
would seem to sugsrest that the bombardment scattering 
centers, that are effective in this type of sample, are 
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Fic. 7. (a) Initial rate of decrease of 1/z for silicon bombarded 
at O°C with 4.5-Mev electrons. (b) Initial rate of introduction of 
scatterers calculated from the experimental data given in Fig. 7 (a) 
using the Conwell-Weisskopf mobility formula assuming singly 
ionized scattering centers. 


multiply charged. However, it is difficult to interpret the 
scattering found for these relatively high resistance 
samples, since the influence of surface effects or non- 
uniformities is not known. 


D. Irradiations at Temperatures Below 0°C 


Several irradiations have been carried out in the 
liquid nitrogen temperature region, and two samples 
have been irradiated in the liquid helium temperature 
region. 

Irradiations and measurements carried out at liquid 
nitrogen temperature have shown that, in general, the 
removal rate is lower than that observed at 273°K for 
the same Fermi level. In particular, the removal rate for 
a degenerate n-type sample was found to be about a 
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factor of 2 lower than would have been expected on the 
basis of the results of the irradiations at 273°K. An 
n-type sample and a p-type sample irradiated at about 
10°K also exhibited removal rates more than a factor 
of 2 lower than would have been expected. 

Further, comparing measurements made at 273°K on 
near-degenerate samples irradiated at 10°K, 78°K, and 
273°K, one finds a lower damage rate for the samples 
bombarded at lower temperatures. This indicates that 
the temperature of the lattice exerts an influence on the 
damage process or any healing which may go on at the 
same time. 


V. COMPARISON WITH THE RESULTS OF 
OTHER INVESTIGATORS 


Several investigations of bombardment damage in 
silicon have been reported previously. The experiments 
most directly comparable to the ones described in this 
work are those of Wertheim.‘ 

Wertheim has investigated the effects of irradiation 
on the Hall coefficient, resistivity and lifetime using 
0.7-Mev and 1.0-Mev electrons from a Van de Graaff 
accelerator. Samples were heated to 180°C for ten 
minutes before temperature-dependent phenomena were 
examined. 

From the measurements of Hall coefficient and life- 
time, as a function of temperature, levels were found 
0.27 ev above the valence band and 0.16 ev below the 
conduction band. The energy of these levels agrees, 
within experimental error, with those reported in this 
work. Wertheim reports no evidence bearing on the 
existence of the level 0.4 ev below the conduction band, 
and only limited evidence for the existence of levels 
close to either band edge. 

There is some discrepancy between the results of 
these experiments. The introduction rate for the level 
0.27 ev above the valence band is reported by Wertheim 
as 0.005 cm~!, while in this work it was found to be 
0.05 cm for 700-kev electrons. Both introduction 
rates were computed from Hall coefficient measure- 
ments. Wertheim also reports that the mobility changes 
are compatible with the assumption that the 0.16-ev 
level scatters as a singly-charged center when it has an 
electron in it, and that the 0.27-ev level scatters as a 
singly-charged center when it has a hole in it. No such 
simple interpretation is possible for the mobility changes 
reported in this work. In fact, for several-ohm-cm 
p-type silicon, the mobility changes observed in these 
experiments are roughly 100 times those observed by 
Wertheim for a similar bombardment. Part of this 
difference is associated with the difference in the 
observed introduction rates. The remaining factor of 
about 10 appears as a difference in the inferred scatter- 
ing cross sections of the damage centers. The difference 
in introduction rates may be related to the pulsed 
nature of the irradiation received from a linear ac- 
celerator. Discrepancies of this sort between pulsed and 





1420 p..° a 


continuous irradiation techniques have also been found 
in the low-energy irradiations of germanium.'*:'® 

The existence of the levels close to the band edges 
has been investigated by Longo!’ using deuteron 
bombarded-samples. The energies reported for these 
levels are essentially the same as those found in this 
work. As in the present work, Longo found that the 
level close to the conduction band edge is introduced at 
nearly the same rate as the level close to the edge of the 
valence band. 

The experiments of Longo and the present work yield 
different ratios of the experimental maximum removal 
rate to the calculated defect introduction rate. Assum- 
ing a threshold energy of 30 ev, one finds in the case of 


‘6 J. Kortright and J. MacKay, Bull. Am. Phys. Soc. Ser. IT, 3, 
142 (1958). 

16 W. L. Brown and W. M. Augustyniak, Bull. Am. Phys. Soc. 
Ser. II, 2, 156 (1957). 

'7T. A. Longo, Ph.D. thesis, Purdue University, 1957 (un 
published) ; see also T. A. Longo and K. Lark-Horovitz, Bull. Am 
Phys. Soc. Ser. IT, 2, 157 (1957). 
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deuteron bombardment that the calculated defect 
introduction rate is about equal to the experimental 
maximum removal rate. For electron bombardment, 
the experimental maximum removal rate is nearly four 
times the calculated introduction rate for a 30-ev 
threshold. It is surprising that the theory gives poorer 
results for electron irradiations, since the damage is 
simpler in this case. Nevertheless, these results suggest 
that there is a real difference in the damage produced by 
deuteron and electron irradiation. 

Thus we see, that there is some agreement from 
different sources on the existence of various levels and 
their energies. However, there exist rather serious 
discrepancies which are not understood at this time. 
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Transitions from Ferromagnetism to Antiferromagnetism in 
Iron-Aluminum Alloys. Experimental Results* 
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The magnetic behavior of iron aluminum alloys has been determined for compositions from 0 to 40 atomic 
percent aluminum in external fields to 12 kilo-oersteds from 4°K to 300°K. The alloys above 33 atomic 
percent exhibit antiferromagnetism. Those below 28 atomic percent are ferromagnetic. Between 28 and 33 
atomic percent, the behavior is ferromagnetic at room temperature but shows a transition to antiferromag 
netism on lowering the temperature. The effect of order on the magnetic properties has also been investigated. 
Antiferromagnetism is found only in the ordered structures. 


INTRODUCTION 


HE body-centered cubic phase of iron can be 
retained for additions of up to slightly more than 

one aluminum atom for every iron atom. The iron and 
aluminum atoms, however, do show strong tendencies 
toward ordering within this range of solid solution. The 
exact nature of the phase diagram is still under investi- 
gation.' The features of the phase diagram with which 
we are here concerned are illustrated by Fig. 1, where 


* A brief report of this and the following paper appeared in the 
Proceedings of the Conference on Magnetism and Magnetic 
Materials [H. Sato and A. Arrott, J. Appl. Phys. 29, 515 (1958) ]. 

1A. J. Bradley and A. H. Jay, J. Iron Steel Inst. (London) 128, 
339 (1932) ; Proc. Roy. Soc. (London) A136, 210 (1932) ; A. Osawa 
and M. Murata, J. Japan Inst. Metals 5, 259 (1942); H. Sato, 
Science Repts. Research Inst., Tohoku Univ. A3, 13 (1951); A. 
Taylor and R. M. Jones, Conference on Magnetism and Magnetic 
Materials (American Institute of Electrical Engineers, New York, 
1957), p. 246; J. Appl. Phys. 29, 522 (1958); and private com- 
munication; Kayser, Showak, Heimerdinger, and Zackay (private 
communication). 


we represent the structures which result for particular 
heat treatments as a function of composition of the 
alloys. The two structures referred to as a’ and a” 
represent different types of ordering. The prototype of 
the a’ structure is Fe;Al and the prototype of the a’” 
structure is FeAl. The designation [FeAl] will, there- 
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Fic. 1. Schematic diagram of structure resulting from different 
heat treatments as a function of atomic percent aluminum in 
iron. 
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fore, be used for the a’ structure at nonstoichiometric 
compositions and the [FeAl] designation similarly 
denotes the a” structure. If a body-centered cubic 
lattice is considered as two interlocking simple cubic 
sublattices each of which is further subdivided into two 
face-centered cubic sublattices, then FeAl has aluminum 
atoms on only one of the two simple cubic sublattices 
and Fe;Al has aluminum atoms on only one of the four 
face-centered cubic sublattices. Table I gives the atom 
positions for the nonstoichiometric cases. Note that 
according to Fig. 1, for either heat treatment, an 
ordered state is obtained above 24 atomic percent Al. 
The only way so far determined to obtain a disordered 
structure above 24 atomic percent Al at room tempera- 
ture is by means of severe cold working.’ 

Previous work® has shown that up to approximately 
20 atomic percent aluminum, the magnetic saturation 
moment of iron-aluminum alloys decreases with in- 
creasing aluminum content at a rate comparable with 
what would be expected from simple dilution. Above 
this concentration, the moment falls sharply with 
increasing aluminum content. 

The present work was motivated by a desire to 
investigate more fully the effects of order on the satu- 
ration magnetization and to find out the nature of the 
alloys with aluminum content greater than that for 
which previous results show by extrapolation the dis- 
appearance of ferromagnetism. The qualitative ques- 
tion was answered first by the authors’ discovery of 
antiferromagnetism in alloys with greater than 33 
atomic percent aluminum.‘ The subsequent measure- 
ments of the temperature dependence of magnetization 
of the “‘ferromagnetic”’ alloys, in order to investigate 
the role of order, showed the even more startling effect 
of the disappearance of ferromagnetism with decreasing 


TABLE I. Distribution of Fe and Al atoms on the simple cubic 
(sc) and face-centered cubic (fcc) sublattices of the body-centered 
cubic (bec) lattice. 


Fraction of 
Al atoms 


Name given 
structure 


c>0 
c=0.5 
c=0.25 
c<0.5 
c>0.25 
¢<0.25 


Fe+Al Fe+Al Fe+Al Fe+Al 
Fe Fe Al Al 
Pe Fe Fe Al 
Fe Fe Fe+Al Fe+Al 
Fe Fe Fe+Al Al 
Fe Fe Fe Fe+Al 


[ Disordered ] 
FeAl 


Fe;Al 
[FeAl] type 
[ FeAl ] type 
[ FesAl] type 


2 This effect is striking in that nonmagnetic materials become 
strongly magnetic, as has been noted by us and confirmed by 
other investigators. 

8M. Fallot, Ann. phys. 6, 305 (1936); W. Sucksmith, Proc. 
Roy. Soc. (London) A171, 525 (1939); M. Yamamoto and S. 
Taniguchi, Science Repts. Research Inst. Téhoku Univ. A8, 112 
(1956); J. E. Goldman (private communication of unpublished 
results). 

4A. Arrott and H. Sato, Bull. Am. Phys. Soc. Ser. II, 2, 118 
(1957). 
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TABLE II. Composition of alloys. 


Analysis spread 


Sample number Atomic % Weight % (weight %) 


2.97 2.86- 2.97 
6.05 6.02— 6.05 
10.4 10.35-10.50 
11.9 11.7 -12.0 
13.5 13.3 -13.5 
14.2 13.8 -14.6 
14.2 14.2 -14.5 
16.0 16.0 

17.5 17.4 -17.6 
19.8 19.8 -20.6 
20.8 20.8 —21.7 
21.6 21.6 -21.7 
26.5 26.5 
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temperature for the often-studied composition of 30.5 
atomic percent. 

The investigation to date includes determinations of 
magnetic isotherms for annealed and quenched speci- 
mens at temperatures of 300°K, 77°K, and 4.2°K for 
applied fields up to 12 kilo-oersteds. The compositions 
investigated are, in atomic percent, 6.0, 11.7, 19.5, 
ZU, 24S, LID; LOO, FO, S30, JO:2, 30.5, ane 42.1. 
The last five compositions were investigated at a con- 
siderable number of temperatures between 4°K and 
300°K. 


EXPERIMENTAL PROCEDURES 


Specimens were prepared by the staff of the Metal- 
lurgy Department of the Scientific Laboratory of the 
Ford Motor Company. They have developed means of 
minimizing oxygen as an impurity and are able to roll 
ingots with up to 31 atomic percent aluminum to a 90% 
reduction in area. Chemical and spectrographic analyses 
of compositions up to 31 atomic percent Al have been 
supplemented by density and resistivity measurements 
in order to determine chemical compositions.’ The 
specimens with compositions above 33 atomic percent 
Al were taken from cast ingots. Table II gives the spread 
in chemical analyses as found from different laboratories 
together with what is considered the best value on the 
basis of chemical analysis, density, resistivity, and mag- 
netic data. The specimens taken from the cast ingots 
showed the greatest variation in chemical analysis. This 
variation may well be a true reflection of the inhomo- 
geneity of these specimens.® For this reason, the results 
presented here for the four alloys of higher aluminum 


5F. X. Kayser, Wright Air Development Center Technical 
Report WADC-57-298 (to be published). 

® An indication of this is found in the preparation of specimens 
for neutron diffraction. These alloys are antiferromagnetic in the 
bulk, but on filing or crushing in a mortar and pestle they become 
strongly ferromagnetic. On subsequent heat treatment they be- 
come antiferromagnetic again, except for a small fraction which 
can be removed from the heat treated powder by magnetic 
separation. Analysis shows these more magnetic particles to be 
much more iron-rich than the bulk. In particular, a powdered and 
annealed 42.7 atomic percent specimen showed that the 1% which 
could be removed by a small Alnico permanent magnet has a 
mean chemical composition of 32 atmoic percent Al. 
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content are to be considered qualitative rather than to 
be interpreted in a quantitative sense. The work of 
preparing homogeneous high aluminum alloys and 
obtaining accurate analyses is in progress and a more 
detailed investigation of the alloys approaching 
stoichiometric FeAl will be reported on later. 

The heat treatment given all but the four alloys of 
higher aluminum content consisted of hot-forging 2}-in. 
ingots to -in. square bars, turning 1-cm diameter 
spheres, vacuum-annealing in sealed Vycor at 900°C 
for two hours, followed by a three-hour cooling to 
600°C, leaving at that temperature for two hours, 
cooling to 550°C in one hour, leaving at that tempera- 
ture for one day, cooling by 20°C per day until 330°C 
was reached, and finally slow cooling to room tempera- 
ture. Two specimens were prepared from each bar. 
These were compared magnetically before giving one 
of each pair a quench treatment consisting of heating 
to 750°C and dropping into water. The heat treatment 
given to the cast alloys was predicated on the nominal 
compositions as mixed in the melt. This supposed all 
compositions to be safely in the [FeAl] region. The 
chemical analyses show that three of the samples are 
in a range where the structure is uncertain. In addition, 
the inhomogeneity illustrated above indicates that the 
samples are in the region where the heat treatment 
used would certainly produce a mixture of [FeAl] and 
[ Fe;Al ]. The heat treatment for the latter samples was 
a four-hour soaking in H, at 900°C followed by a five- 
hour furnace cooling to 200°C and removal from the 
furnace. 

Magnetic moment measurements up to 31 atomic 
percent were carried out on spherical samples by use 
of a coil-motion technique. Magnetic moment measure- 
ments on the four specimens with higher aluminum 
content were made by means of a null-coil-and-sample- 
motion technique using short cylindrical samples. This 
technique was previously described.’ Field measure- 
ments were with a Rawson rotating-coil gaussmeter. 
The field measurements may be in error by as much 
as 2%. The magnetic moment measurements, while 
capable of a precision of 0.1%, have an uncertainty of 
+1% in absolute accuracy due to slight differences in 
sample size influencing sample placement and to the 
use of several designs of apparatus during the course 
of this work. The final design is described here. 

The spherical sample is equivalent to a dipole of 
moment n= MV, where M is the magnetization of the 
sample and V is its volume. The dipole is effectively at 
the center of the sphere; thus any accurate measure- 
ment of M requires a means of accurately locating the 
center of the sphere. A detector coil, translated with 
respect to the dipole, senses the contribution of the 
dipole to the field but not the contributions of a super- 
imposed uniform field. The change in field for a given 
translation of the coil, as seen by a fluxmeter galva- 


7 A. Arrott and J. E. Goldman, Rev. Sci. Instr. 28, 99 (1957). 
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nometer connected.to the coil, corresponds to a given 
fraction of the dipole moment: Thus a fixed motion is 
calibrated by using a standard sphere, or can be self- 
calibrated as explained below. Fixing the ends of the 
motion is made less critical if one end is far from the 
sample and the other is directly over the sample. 
Sensitivity to position is reduced in the latter case as 
it corresponds to a maximum coupling of the coil and 
the dipole. The device shown in Fig. 2 minimizes the 
mass of the system so that it can be directly immersed 
in liquid helium from room temperature. Thus a series 
of samples can be measured at 4.2°K in a time little 
different than that required for room temperature 
measurements. The coupling of the detector coil with 
the applied field on rotation is used to obtain alignment 
in the magnetic field.® 

Samples can be compared by placing the samples 
symmetrically in the specimen holder. Differences of 
0.1% are detected and this accuracy is assured by 
interchanging samples. With the pairs of annealed 
samples, differences were less than 0.1% before 
quenching one of them. 

Uncertainties in absolute values as great as 1% 
were noted at liquid helium temperatures due to un- 
certainties in location of the center of the sample 
resulting from a combination of thermal contraction 
of the specimen holder and slight difference in specimen 
sizes. This has since been corrected by changing con- 
struction materials from nylon to linen micarta, but 
these results have not been repeated. Temperatures 
were determined from a copper resistance thermometer 
inserted in the specimen holder and are accurate to 
0.5°K, with the possible exception of near 20°K where 
the errors may be as great as 2°K. 


Fic. 2. Cross-sectional view of 
simple apparatus for measurement 
of magnetic moment at liquid 
helium temperatures. The coil C 
is moved by means of braided 
nylon strings passing through a 
nylon guide NV. The linen micarta 
F holds the sample S (1.0 cm in 
diameter) and a resistance ther- 
mometer winding R. The samples 
are changed by removing the 
spring clip A. The thin-walled 
down tubes 7 are Monel except for 
a section L of length 12 cm which 
is linen micarta. The apparatus is 
directly immersed from room tem- 
perature into a 38-mm_ inside 
diameter metal Dewar containing 
liquid helium. 
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* This has a slight inconvenience in that the initial part of a 
thermally demagnetized virgin magnetization curve can only be 
obtained by measuring up to a certain field with the apparatus 
aligned by eye, then aligning in a finite field, and using the value 
in fixed field before and after aligning to correct the unaligned 
values obtained at lower fields. 
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Measurements of magnetic moment can be made 
self-calibrating if the demagnetizing factor of the speci- 
men is sufficiently large. This is because, well below 
saturation, the field inside the specimen is very small 
compared to the applied field. Thus the applied field 
is quite closely equal to the demagnetizing field which 
in turn is determined by the magnetization. Thus, if 


H,—-H.= H<H,, 


where H; is the internal field, Ho the applied field, and 
H, the demagnetizing field, we can write 


Hy~ Ha=4rDM, 


where D is the demagnetizing factor. The reading of 
the fluxmeter galvanometer, which is proportional to 
magnetic moment, is proportional to the applied field 
and we can write 

a= (H,/6@) iO, 


where (Ho/6); is the ratio of applied field to galva- 
nometer reading in those fields where H; is negligible. 
Thus 

M = (1/4rD)(H0/0)0. 


As an example, consider iron where values of M =~ 1000 
emu can be obtained with internal fields less than 10 
oersteds. The approximation consists in replacing 
Ha=Ho—H; by Ho. In this case H;=10 and Ha=4rD 
X 1000, and the error is (1/44D)%. For a sphere this 
is less than }%. Actually the error can be made much 
less by taking the mean values between the increasing 
and the decreasing portions of the hysteresis loop. 
Because, in this work, the measurements of Ho were 
less accurate than the reproducibility of the apparatus 
on replacing specimens, this expression was useful only 
as a check.® 
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Fic. 3. The spontaneous magnetization at 4.2°K of iron alu- 
minum alloys as a function of composition and heat treatment. 
Note that the ordinate does not start from zero. 


9In principle, however, this method of calibrating in terms of 
field measurements will permit absolute accuracies comparable to 
those available for field measurements by means of nuclear 
magnetic resonance. The authors plan to use this technique to 
redetermine the values for Fe and Ni which have been used as 
standards in past work. The best values found in the literature 
for Fe and Ni at room temperature are inconsistent with the ratio 
found using a single apparatus, whether that apparatus is a force- 
measuring or induction-measuring device. 
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Fic. 4. The differences of spontaneous magnetization between 
quenched and annealed specimens at 300°K and 4.2°K as a 
function of aluminum content. Note that the zero value for the 
30.5 atomic percent samples result from neither being assumed 
to have spontaneous magnetization. 


RESULTS 


The spontaneous magnetization at 4.2°K is shown 
in Fig. 3 as a function of aluminum content. The value 
taken for spontaneous magnetization is some sort of fit 
to the expression, 


Tobs= Tspon{ 1—a/H;—b/H?}+x pHi, 


where a/H; represents a “‘magnetic hardness” associated 
with structure defects, }/H? represents the anisotropy 
of domain rotation, and yp is a parasitic paramag- 
netism which reflects the increase of magnetization 
within a domain due to the internal field H;. The effect 
of heat treatment is made more apparent in Fig. 4 
where the differences in magnetization between an- 
nealed and quenched samples at room temperature and 
liquid helium temperature are plotted as a function of 
aluminum content. The measurements at room tem- 
perature are the result of first comparing like pairs of 
well-annealed specimens by a difference measurement 
and then quenching one and recomparing it to its 
unchanged mate. The difference at 4.2°K are between 
separate determinations of the magnetization. 

From this magnetic behavior, the alloys fall into the 
following groups: 


1. The 6.0, 11.7, and 19.5 atomic percent alloys show 
a decrease in magnetization with increasing aluminum 
content slightly more rapid than simple atomic dilu- 
tion of a magnetic matrix by nonmagnetic atoms. Any 
effect of heat treatment on spontaneous magnetization 
does not fall outside of the experimental error of 0.1%. 
These alloys saturate easily and are to be classified as 
typical ferromagnetic materials. 

2. The alloys from 22 to 31 atomic percent show a 
more rapid decrease in magnetization with increasing 
aluminum content. These alloys are affected strongly 
by heat treatment. As is clear from Fig. 3 and 4, the 
saturation-concentration curves for annealed and 
quenched specimens cross at about 23 atomic percent 
Al. This effect has been reported by several workers.* 
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Fic. 5. The inverse susceptibilities of the four cast alloys with 
higher aluminum contents as functions of temperature. The 
remanence refers to the magnetization in zero field after mag- 
netizing in an applied field of 12 kilo-oersteds. 


Reference to the phase diagram, Fig. 1, leads us to 
conclude that the saturation value for the disordered 
state is the highest, that for the [FeAl] state is the 
lowest, and that for the [FesAl] state is in between. 
The magnetization of these alloys does not completely 
saturate in fields of 12000 oersteds, an effect which 
can be characterized as a parasitic paramagnetism. 
This effect becomes increasingly apparent with in- 
creasing Al content. Among these alloys, the alloys 
from 28 to 31 atomic percent show strange magnetic 
behavior. They show a decrease in spontaneous mag- 
netization with decreasing temperature at low tempera- 
tures. These alloys fall in what we term the transition 
composition range. 

3. Finally, the alloys above 34 atomic percent are 
antiferromagnetic at low temperatures in the ordered 
state. These alloys display the striking change from 
weak paramagnetism to strong ferromagnetism on 
crushing or filing at room temperature. 


DISCUSSION OF RESULTS 


Since the discussion of these results is predicated 
upon the assumption of the existence of antiferro- 
magnetic interactions in iron-aluminum alloys, it is well 
to discuss the data on the four samples with higher 
aluminum content first. The inverse susceptibility 
versus temperature plots for these alloys are shown in 
Fig. 5. In all cases, if the data between 50°K and 
300°K are fitted by a straight line, the intercept on the 
temperature axis is negative. If the use of a Curie- 
Weiss law is justifiable, this implies the presence of 
antiferromagnetic interactions. The susceptibility of 
three of the samples shows a clear maximum at approxi- 
mately 20°K, strongly suggesting normal antiferro- 
magnetic behavior with a Néel point at this tempera- 
ture. The 42 atomic percent sample shows a leveling 
off of the susceptibility but not a true minimum. 

All samples showed hysteresis effects at liquid 
helium temperatures. This hysteresis is similar to that 


AND H. 


SATO 


observed by one of us in a-Mn ™ and in Hadfield steel. 
[n a-Mn, it has been shown that the hysteresis appears 
as the result of internal stresses"! and this has been 
interpreted as due to antiferromagnetic domain walls 
made “‘sticky” by the internal stresses.” This hysteresis 
observed in Fe-Al disappears before reaching the Néel 
temperature as it does in a-Mn. The remanence which 
appears after taking the samples to a field of 10000 
oersteds is readily destroyed by an increase in tem- 
perature, say from 4°K to 10°K, but can then be re- 
induced at 10°K by cycling again to high fields. The 
intrinsic coercive forces in all these samples are of the 
order of 10° oersteds. The magnetization curves at 
4.2°K are shown in Figs. 6 and 7. An investigation of 
the suggested antiferromagnetism in these alloys by 
neutron diffraction by R. Nathans of the Brookhaven 
National Laboratory is in progress. 

The room-temperature behavior of the alloys with 
aluminum content less than 32 atomic percent has been 
the subject of many investigations. The analysis of 
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Fic. 6. Magnetization as a function of applied field at 4.2°K. 
The curve for 36.3 atomic percent aluminum is the demagnetizing 
portion of a hysteresis loop. The whole loop is shown for the other 
compositions. The dotted curve is the initial magnetization curve 
after cooling to 4.2°K in zero field. 


Yamamoto and Taniguchi has been particularly 
thorough.* Comparison of their magnetic data with 
previous data as well as with ours suggests that their 
chemical analysis above 25 atomic percent underesti- 
mates the amount of aluminum in their samples. For 
example, their “17.0 wt %” sample is probably closer 
to 18.0 wt %. That past observers have not noted the 
unusual effect we report here is partly because of failure 
to examine the temperature dependence of the magneti- 
zation. Actually the quenched ‘17.0 wt %” sample of 
Yamamoto and Taniguchi shows a lack of spontaneous 
magnetization at room temperature. This they take as 
evidence that the Curie temperature is below room 
temperature. However, it appears more likely that this 
sample shows the same effects as observed on our 17.5 
wt % specimen, only in the case of Yamamoto’s sample 


1 Arrott, Coles, and Goldman, Phys. Rev. 98, 1864 (1955). 

1 Cooper, Arrott, and Paxton, Bull. Am. Phys. Soc. Ser. IT, 2, 
117 (1957); and to be published. 

2 Y.Y. Li, Phys. Rev. 101, 1450 (1956). 
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the effects have been moved up in temperature due to 
the higher aluminum content of his specimen, namely 
about 31 atomic percent Al. 

The nature of our effect is shown most dramatically 
by the quenched 17.5 wt % (30.4 atomic %) sample, 
though it is apparent also for the annealed sample. At 
room temperature, the samples have a sizeable spon- 
taneous magnetization (about that of nickel), a low 
coercive force, and probably little anisotropy. The 
only thing particularly unusual at room temperature 
is the large parasitic paramagnetism evident above 
saturation. However, when observations are made at 
liquid nitrogen temperatures, no evidence for a spon- 
taneous magnetization is to be found. Although the 
measured magnetization in high fields is almost as 
great as the spontaneous magnetization at room 
temperature, the low-field data strongly suggest the 
absence of a spontaneous magnetization. Observations 
of the temperature dependence of these effects shows a 
continual decrease in spontaneous magnetization with 
decreasing temperature below room temperature until 
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Fic. 7. Magnetization as a function of internal field at 4.2°K 
The dotted line for 28.3 quenched shows the portion of the mag- 
netization curve which gives the coercive force for that alloy. 


the spontaneous magnetization disappears below 180°K 
for the quenched specimen. (This temperature was not 
determined for the annealed specimen.) This is illus- 
trated in Fig. 8. It is noted that the magnetization in 
high fields shows a maximum around 200°K in fields 
above 5000 oersteds. The behavior below 180°K is 
strongly paramagnetic as far as its field dependence is 
concerned, but its temperature dependence is the 
opposite of any normal paramagnetic material. One 
might suspect that this sluggish magnetization may be 
due to the increase of the crystal anisotropy. However, 
that this is not due to the crystal anisotropy can be 
inferred from the field dependence of the magnetization. 
Also a direct observation of the anisotropy by Hall 
shows little anisotropy in this temperature range.” 
The disappearance of ferromagnetism is shown in 
Fig. 8 by the lack of spontaneous magnetization below 
200°K ; that is, below 200°K, the internal field must be 
finite to produce a finite magnetization and there is no 


1 R. C. Hall, J. Appl. Phys. 28, 707 (1957). 
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Fic. 8. Magnetization as a function of internal field for several 
temperatures between 300°K and 4°K for the quenched 30.5 
atomic percent specimen. Note the crossing of the 200°K and 
300°K isotherms. The 4.2°K isotherm is the same as in Fig. 7. 


hysteresis, which would accompany domain wall 
motion. Using the criterion for ferromagnetism pro- 
posed by one of us'* and by Kouvel,!® it is seen in Fig. 
9 that data at finite fields extrapolate to a finite 
susceptibility in the limit of zero field for the data 
below 200°K. The figure of 180°K, for the temperature 
of disappearance of ferromagnetism, is obtained by the 
extrapolation of H/o obtained from Fig. 9 as a function 
of temperature. This is a normal procedure for ferro- 
magnetic materials above their Curie points, but its 
use here is somewhat arbitrary. 

That all this is associated with antiferromagnetism 
is brought out by the measurements at 4.2°K. The large 
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Fic. 9. Analysis of the curves in Fig. 8 in terms of o? and 
the inverse susceptibility H/o. 
4A. Arrott, Phys. Rev. 108, 1394 (1957). 


15 J. S. Kouvel, (private communication); see for instance, 
Kouvel, Graham, and Becker, J. Appl. Phys. 29, 518 (1958). 
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hysteresis that appears at 4.2°K is shown in Fig. 8. 
This hysteresis loop is compared with the results for 
the antiferromagnetic 33 atomic percent sample at 
4.2°K in Fig. 7. The isotherms for the other antiferro- 
magnetic specimens are shown in Fig. 6. Note that the 
coercive force of the 30.5 atomic percent sample is very 
similar in magnitude to that of the antiferromagnetic 
specimens. The results for the annealed 30.5 atomic per- 
cent sample at 4.2°K are also shown in Fig. 7. The differ- 
ence between the annealed and quenched samples are 
clearly quantitative rather than qualitative. These coer- 
cive forces are considerably higher than those observed 
in homogeneous bulk specimens of ferromagnetic ma- 
terials. To conclude, on the basis of these results, that 
the 30.5 atomic percent sample changes from ferro- 
magnetic to antiferromagnetic on decrease in tem- 
perature may not be entirely justified until confirmed 
by such additional evidence as neutron diffraction. The 
fact that a simple model using antiferromagnetic 
interactions explains the various and diverse phe- 
nomena encountered in this system does lend support 
to this view. The theoretical model is discussed in the 
accompanying paper. 

The effects of the antiferromagnetic interactions are 
somewhat evident in the behavior of the 28.3 atomic 
percent alloys. There is a slight decrease in spontaneous 
magnetization between 77°K and 4.2°K for both an- 
nealed and quenched specimens. In addition, there is 
the appearance of hysteresis at 4.2°K with coercive 
forces of the order of 10? oersteds which is at least 10° 
times the value at higher temperatures. Whether this 
is intrinsic to the 28.3 atomic percent composition or 
arises from concentration fluctuations including regions 
approaching 30 atomic percent is not known. If it is 
intrinsic, then the hysteresis would have to be associated 
with ferrimagnetic domain walls rather than antiferro- 
magnetic (compensated ferrimagnetic) domain walls 
as was the case in the specimen of greater aluminum 
concentration. 


CONCLUSIONS 


From these measurements, the following conclusions 
appear valid and it would seem reasonable to expect a 
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satisfactory model of the magnetic interactions in the 
iron aluminum system to explain them: 


1. Increasing Al content in iron-aluminum alloys 
leads to a transition from ferromagnetism to antiferro- 
magnetism. 

2. A transition range exists in which the stable 
magnetic state is ferromagnetic at high temperatures 
and antiferromagnetic at low temperatures. 

3. For disordered alloys, the magnetic moment 
decreases with increasing aluminum content much as 
would be expected on simple magnetic dilution. 

4. A comparison of magnetic moment at any given 
composition gives for a comparison of the disordered 
state and the two states of order, 


o[ disordered ]>o[ Fe3Al ]>o[ FeAl]. 


Note that the moment is not a monotonic function of 
order. 

5. There is a marked increase in parasitic paramag- 
netism with increasing Al content as the compositions 
approach the transition range. 

6. In general, the striking differences are between 
the disordered behavior and that of either of the two 
types of order. The differences between the two types 
of order are quantitative rather than qualitative. 


The anomalies reported here are associated with the 
ordering of the aluminum and iron atoms. However, 
it is felt that a detailed mechanistic explanation of these 
effects will extend considerably the understanding of 
the general nature of magnetic interactions in metals. 
In particular, antiferromagnetic interactions in metals 
are probably more general than previously presumed. 
A phenomenological interpretation of these results is 
presented in the following paper. 
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Complicated magnetic properties of a-phase iron-aluminum alloys are successfully described from a theory 
with a few simple assumptions concerning the magnetic interaction between iron atoms. Two interactions 
are considered: the direct exchange interaction between nearest neighboring iron atoms and the indirect 
superexchange interaction between iron atoms separated by an aluminum atom. The model also leads to a 
reinterpretation of the neutron diffraction data. In view of the success of this model, it is to be concluded 
that the direct exchange interaction between nearest neighbor iron atoms is mainly responsible for the 


ferromagnetism of a-iron. 


I. INTRODUCTION 


HE main purpose of this paper is to discuss, from 

a theoretical point of view, the anomalous mag- 
netic behavior of the Fe-Al alloys as described in the 
previous paper,! but at the same time, this discussion is 
intended to have bearing on the magnetic properties of 
alloys in general. In particular, this work points out 
some essential differences between the pure ferromag- 
netic elements Fe, Co, and Ni on the one hand and their 
alloys on the other. It has been the practice, and a rather 
successful practice, to discuss the alloys in the same 
framework as used for the pure elements. For instance, 
the temperature variations of spontaneous magnetiza- 
tion and susceptibility are expressed by laws of corre- 
sponding states with several! parameters to indicate 
differences in number of Bohr magnetons, strengths of 
exchange interaction, and effects of band shape, etc. 
The results with the Fe-Al alloys show clearly the in- 
applicability of such an approach. It appears that the 
essential mechanisms of ferromagnetism in alloys are 
different or at least more complicated than the simple 
postulates of the collective electron theory or the 
direct exchange of the Weiss-Heisenberg theory. 

These effects are not limited to the Fe-Al alloys. A 
re-examination of existing data on other systems shows 
the presence of anomalous effects in several simple 
binary alloy systems. In particular, the Ni-Mn system 
shows that face-centered materials as well as body- 
centered materials deviate strongly from any law of 
corresponding states. These effects are most noticeable 
in the observation of the change of magnetic behavior 
during the order-disorder transition. As for Ni-Mn, 
Ni3Mn is ferromagnetic with a higher magnetic moment 
and Curie point than pure nickel in the ordered state, 
but is paramagnetic at room temperature in the dis- 
ordered state with an anomalous behavior of the spon- 
taneous magnetization at low temperatures.’ On the 


1A, Arrott and H. Sato, preceding paper [Phys. Rev. 114, 
1420 (1959) ]. 

2S. Kaya and A. Kussmann, Z. Physik 72, 293 (1931); S. Kaya 
and M. Nakayama, Proc. Phys.-Math. Soc. Japan 22, 162 (1940) ; 
Kaya, Nakayama, and Sato, Proc. Phys.-Math. Soc. Japan 25, 
179 (1943); Kouvel, Graham, and Becker, J. Appl. Phys. 29, 518 
(1958). 


other hand, in the Fe-Al system, an alloy with high 
aluminum content, 40% Al for example, is antiferro- 
magnetic when ordered, but when it is filed and made 
disordered, it becomes ferromagnetic.' Since the funda- 
mental change during the order-disorder transformation 
is the change in the number of atomic pairs, the change 
in the ferromagnetic properties during the order-dis- 
order transformation may be explained at least quali- 
tatively by a model using pair interactions of spins 
starting from a localized treatment. In fact, it has been 
shown that this kind of treatment works quite well in 
many alloy systems’ and this fact shows, in turn, that 
the localized model gives a fairly good approximation 
in treating an alloy system in general. 

In a previous treatment of some anomalous magnetic 
effects in the Ni-Mn and Fe-Al systems by one of the 
authors,’ it was found necessary to include an anti- 
ferromagnetic interaction between some kinds of pairs 
in addition to the usual ferromagnetic interactions. The 
antiferromagnetic interaction has a tendency to make 
the spins of some atoms antiparallel to those of the 
matrix. Such antiparallel spin interactions may be used 
to explain the anomalous deviations of the values of the 
saturation magnetization of some alloys from the so- 
called Slater-Pauling curve.® However, neutron dif- 
fraction studies® have thus far failed to confirm their 
experimental manifestations. 

In this paper we shall attempt to show that the 
complicated magnetic behavior of Fe-Al alloys as a 
function of concentration and temperature reported in 
the previous paper can be explained, at least qualita- 
tively, from a model that contains ferromagnetic direct 
interaction and antiferromagnetic indirect interaction 
in coexistence. This is a result which should provide an 
important clue to the further understanding of the basic 
interaction between spins of magnetic atoms in metals. 

3H. Sato, Proceedings of the Conference on Magnetism and Mag- 
netic Materials (Am. Inst. Elec. Engrs., 1955), p. 119. 

‘H. Sato, Proc. Phys. Soc. Japan 3, 1, 8, 16 (1948); Section 
Report of the Japan Institute of Metals II, 1 (1949); Sci. Repts. 
Research Insts. Téhoku Univ. 1, 71 (1949). 

5 L. Néel, Le Magnetisme (Institut International de Cooperation 
Intellectuelle Paris, 1940), Vol. 2, p. 65; W. J. Carr, Phys. Rev. 85, 


590 (1952). 
6 C. G. Shull and M. K. Wilkinson, Phys. Rev. 97, 304 (1955), 
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II. SUMMARY OF EXPERIMENTAL RESULTS TO 
BE EXPLAINED THEORETICALLY 


Although there are many anomalous magnetic prop- 
erties observed in this system, the essential properties 
which must be explained theoretically can be summar- 
ized as follows: 


(1) The saturation value of this system decreases 
linearly with the addition of aluminum atoms, at a 
rate which just corresponds to that of a simple dilution. 
Well annealed samples show a sharp decrease in satura- 
tion value from about 10 wt % Al (18 atomic percent) 
and above. This concentration corresponds to that of 
the onset of the ordering in this system. On the other 
hand, disordered alloys have a tendency to maintain 
the linear decrease to higher concentrations. The 
ordered alloys thus have lower magnetic moments than 
disordered ones. 

(2) Not only the magnetic moments, but also the 
Curie points are lowered by ordering. On the other hand, 
the alloys with the [Fe;Al] type structure have higher 
Curie points and magnetic moments than those with 
the [FeAl] type structure.’ Since the [Fe;Al]] structure 
has a higher degree of order than the [ FeAl] ] structure, 
the strength of the saturation magnetization is not a 
monotonic function of order. This relation can be 
symbolically written as follows: 


Disordered state>[ Fe;Al ]structure>[ FeAl ] structure. 


(3) By increasing the aluminum content above 20 
at. %, the Curie point of the alloy decreases rapidly in 
a way that can be extrapolated to absolute zero at 
about 34 at. % Al. The alloys containing more alumi- 
num show an antiferromagnetic behavior below about 
20°K. 

(4) In the borderline concentration range between 
ferromagnetism and antiferromagnetism, (i.e., ~30 
at. % Al) the alloy shows a continuous transition from 
ferromagnetism to antiferromagnetism on lowering the 
temperature. 

(5) Alloys of high aluminum content, both in the 
ferromagnetic and antiferromagnetic range, show a 
strong parasitic paramagnetism. 

(6) Cold working increases the saturation value. At 
40 at. % Al, the alloy is antiferromagnetic but it be- 
comes ferromagnetic on filing. The change is ascribed 
to the disordering by cold working. 

(7) In ordered Fe;Al, the magnetic moment per iron 
atom is different when it is in the Fe sublattice from the 
value when it is in the Al sublattice. This is a result 
obtained from the neutron diffraction experiments of 


Nathans ef al.® 


7 The two types of ordered structure are as defined in the 
previous paper. 

’ Nathans, Pigott, and Shull, Proceedings of the Conference 
on Magnetism and Magnetic Materials (Am. Inst. Elec. Engrs., 
New York, 1957), p. 242; J. Phys. Chem. Solids 6, 38 (1958). 
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Although there may be many other facts which can 
be cited, such properties may be explained if we can 
find an appropriate explanation for the above facts. 


III. INTERPRETATION 


The transition from ferromagnetism to antiferro- 
magnetism shows that both an antiferromagnetic inter- 
action and a ferromagnetic interaction coexist in this 
system. The origin of the antiferromagnetic coupling is 
at present not certain. However, it is probably in the 
form of 180° super-exchange between spins of iron 
atoms through the valence electrons of the aluminum 
atom separating the iron atoms. 

A clue as to the nature of the ferromagnetic exchange 
interaction in this system can be obtained from the 
fact that the Curie point and the magnetization change 
very rapidly as a function of concentration near the 
Fe;Al composition. Although the number of nearest 
neighboring iron atoms changes rapidly in this region, 
the number of the next-nearest neighboring iron atoms 
does not change appreciably. This means that, in iron 
or in the iron-aluminum system, the nearest-neighbor 
iron pairs play a decisive role in ferromagnetism and the 
next-nearest-neighbors play only a subordinate one. 
Also, this interpretation is borne out by the fact that 
alloys with the [Fe;Al] structure have higher Curie 
points and saturation moment than those with the 
[FeAl] structure. If the next-nearest-neighbor inter- 
action is important, the [FeAl] structure should lead to 
the higher Curie point, because the [FeAl] structure 
has more next-nearest Fe pairs than the [Fe;Al] struc- 
ture, while both structures have the same number of 
nearest neighboring Fe pairs. This interpretation is 
opposite to that advanced by Néel® to account for the 
difference in a-Fe and y-Fe, namely that the next- 
nearest neighbors in a-Fe are at the right distance for 
strong ferromagnetism. 

A localized model is adopted for treating the problem, 
since its applicability to such a problem is known, as 
pointed out in the introduction. We shall further as- 
sume, for simplicity, that there is no change in the 
magnetic structure of an iron atom by alloying with 
aluminum. This assumption is borne out experimentally, 
since the saturation value of the disordered state de- 
creases with aluminum content in a manner correspond- 
ing to simple dilution. Several experiments concerning 
iron alloys also indicate this fact. As discussed above, 
we shall assume a direct ferromagnetic exchange inter- 
action between nearest neighboring iron atoms and a 
180° antiferromagnetic superexchange interaction be- 
tween two iron atoms when separated by an aluminum 
atom. Other interactions are assumed to be negligible 
as compared to these two. Only iron atoms have a mag- 
netic moment and that moment is constant. An alumi- 
num atom does not have any magnetic moment, but it 
contributes to the superexchange between iron pairs 
separated by it. 





ANTIFERROMAGNETISM 


On the basis of the above model, the spin arrange- 
ment of iron atoms is discussed statistical-mechanically. 
Detailed calculation will be limited to the [FeAl] type 
ordering and to the disordered state. The [FeAl] type 
ordering differs from that of [FeAl] type only in the 
atomic arrangement of the next-nearest neighbors and, 
at the moment, the difference is neglected in the present 
approximation. Although there is a difference in prop- 
erties, the difference in the high Al range is only quanti- 
tative and not qualitative, as reported in the preceding 
article. ; 

Fe-Al alloys are body-centered-cubic to about 50 at. 
% aluminum. By [FeAl] type ordering, we mean that, 
in a body-centered cubic lattice, the corner sites are 
completely occupied by iron atoms and the center sites 
are occupied either by Al atoms or Fe atoms depending 
upon the concentration of aluminum atoms, as shown 
in Fig. 1. The probability that an aluminum atom oc- 
cupies the center site increases linearly with the con- 
centration of aluminum and becomes 1 at FeAl. This is 
the perfect FeAl superstructure. According to the above 
assumption, a ferromagnetic interaction exists between 
a corner Fe atom and a center Fe atom, and the anti- 


Fic. 1. The [FeAl] type superlattice. 
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ferromagnetic interaction exists between a corner Fe 
atom and another corner Fe atom on the body diagonal 
through a center Al atom. There exists no antiferro- 
magnetic interaction between center Fe atoms because 
there are no Al atoms on the corners. Therefore, super- 
exchange interactions exist only between atoms in the 
purely iron sublattice and the interaction acts always 
along its body diagonal. The treatment of such a case 
can be carried out with a general process’ as follows. 
First, let us divide the bec lattice into two equivalent 
interpenetrating, nearest-neighboring simple cubic lat- 
tices. The one is the Fe lattice and the other is the so- 
called Al lattice. Then we divide the simple cubic lattice 
into four body-centered-cubic lattices (see Fig. 2). The 
atoms on any one of these four bec lattices are second- 
nearest neighbors of the atoms on any of the other three 
bee lattices. The corner and the center site of this bec 
lattice correspond to the body diagonal of the sc lattice 
mentioned above. Therefore, if we further divide this 
bec lattice into two interpenetrating sc lattices, each 
one neighbors the other by the distance of the body 


9H. Sato, Sci. Repts. Research Insts. Téhoku Univ. A4, 1 
(1952); A4, 160 (1952). 
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SC (Fe lattice) $C (Al lattice) 


sc sc sc sc sc sc sc sc 


Fic. 2. A method of dividing a body-centered cubic lattice 
into suitable sublattices. 


diagonal of the original sc lattice (Fe lattice or Al 
lattice). In the case of antiferromagnetism of the Fe 
lattice, therefore, these two sc lattices, obtained by 
dividing a next-nearest neighboring bec lattice, should 
be occupied by plus and minus spins, respectively. 
There are two possibilities in the manner of the ar- 
rangement. The one is the arrangement of ABABA BAB 
shown as I in Fig. 3, and the other is the arrangement 
in which half of the sublattices are occupied in a re- 
versed manner as 4BABBABA, shown as II. As long 
as we consider the antiferromagnetic interaction to be 
along the body diagonal of the sc Fe lattice, these are 
all of the possibilities. The first case corresponds to 
dividing the sc Fe lattice into two layers A and B 
parallel to the (100) planes so that it becomes tetrago- 
nally symmetric. In the second case, the layers are the 
(111) planes. The aluminum lattice comes in between 
these layers. Let us call this lattice the C lattice. Then 
the total lattice can be divided into layer lattices in a 
manner ACBCACB::: in both cases. There exist 3 
tetragonal axes or 4 trigonal axes from which to choose, 
but they are equivalent and these can coexist forming 
antiphase domains with each other. 

As is easily understood, the treatment is completely 
the same for both tetragonal and trigonal cases as long 
as only the above two interactions are taken into ac- 
count. The choice thus depends only on the result of 
experiment. At the moment, we could not reach any 
conclusion concerning this problem, since we could not 
detect any deformation from the cubic symmetry 
within the experimental accuracy in the x-ray back re- 


bec 


I: Tetragonal Symmetry 


ID : Trigonal Symmetry 


Fic. 3. Two kinds of antiferromagnetic arrangement. 
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flection diagram at liquid helium temperature.” Be- 
cause of this fact, the calculations are carried out 
taking the tetragonal case which seems to be easier to 
figure out intuitively. Even in the trigonal case, the 
mathematical equations are quite the same. If we take 
into account other interactions than those specified 
above, the difference between the two cases will appear. 

In Fig. 4, such a layer lattice is shown. As is clear 
from the assumptions, there are no A-A, B-B, or C-C 
interactions. In the tetragonal case, these pairs are 
next-nearest neighbors, and in the trigonal case, these 
are third-nearest neighbors. Between A and C, and 
B and C, the ferromagnetic direct exchange interaction 
exists wherever there are Fe atoms on the C-lattice 
points. Between A and B, the superexchange inter- 
action exists only wherever there is an aluminum atom 
on the C lattice. Therefore, the relative importance of 
the ferromagnetic interaction and the antiferromagnetic 
interaction is wholly determined by the concentration 
of Fe and Al atoms on the C lattice. For example, in 
pure iron, the C lattice is occupied wholly by Fe atoms 
and, therefore, the interaction is only ferromagnetic and 
the system is ferromagnetic. In the case of the stoichio- 
metric FeAl, all C-lattice points are occupied by Al 
atoms and, therefore, this is antiferromagnetic. This 
model, thus, automatically fixes the endpoints of the 
range of Fe to FeAl for going from ferromagnetism to 
antiferromagnetism. In order to know the dependence 
of the transition between ferromagnetism and anti- 
ferromagnetism upon the temperature and the con- 
centration, we need a statistical-mechanical treatment. 
For this problem, we adopted an approximation corre- 
sponding to that of Bragg and Williams" in the order- 
disorder problem, designated hereafter as the B.W. 
approximation. From the simplicity of the model 
adopted, it was felt that this approximation would be 
sufficient to treat the problem. 

Now, let us denote the concentration of Al atoms by c. 
The number of lattice points of A, B, and C sublattices 
are V/4 and N/2, the number of Fe atoms on each 
sublattice in the FeAl type ordered state are given by 
N/4, N/4, and (1—2c)N/2, and the number of Al 
atoms are given by 0, 0, and 2cN/2, respectively. Fur- 
thermore, we denote the relative alignment of magnetic 
moments of Fe atoms on A, B, and C lattices by Ma, 
Mz, and M¢. This can be expressed in more detail; in 
the A layer, for example, 


Ma=[Na(T)—Na( lL) V/Na, (1) 
Na=Na(T)+Na()). 


Here, Na is the number of Fe atoms on the A layer, 

Va(7) and N4(]) mean the numbers of up spins and 

down spins respectively. Since each layer is equivalent, 

this expression holds for all A layers. Mg and M¢ can 

be defined in the same way. The total magnetization 
w J, Noakes (private communication). 


"W. L. Bragg and E. J. Williams, Proc. 
A145, 699 (1934). 
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of the system is then given by 


PNM = p[4}NMit4NMp4+3N (1—2c)Mc], 
O0ScS0.5, (2) 


where p is the magnetic moment of one iron atom. 
From the meaning of the problem, we can also limit the 
range of the variation of these parameters M4, Mz, 
and M-¢ as follows: 


0SMaS1, —15Mp81, 02SMcS1. 


The concentration of Al, c, is limited by 0ScS0.5. 
Further, let us denote the number of the nearest neigh- 
bors of one atom by 2 (in the bcc case, z=8). Further, 
the magnitudes of the direct exchange and the indirect 
exchange interactions are denoted by Jz and Jj, re- 
spectively. (J; means only the magnitude and is taken 
to be positive.) Then the energy of the system, £, will 
be given in the B.W. approximation, noting that the 
interaction between A and B is always through Al 
atoms on the C lattice, as follows: 


1+Map JaltMe Jal- 
E=4N2(1 -20} —|-= ae 
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On the other hand, the entropy S corresponding to the 
above approximation can also be calculated easily and 


is given by 
S=k\nW, 


TAN V(14+M4)/2)2N(1—M,)/2)! 
iN]! 
EN M)/2)4N 
[3]! 
Tad —20)]! [4N2c]! 
L3N (1—2c) ]! 
“Tv 20) (1-4 Me)/ y/2V ICN (1—2¢ j(1=Moy/21, 


(1—My)/2 2}! 
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From these equations, the free energy of the system F 
can be obtained as 
F=E-TS. (5) 

The equilibrium values of M4, Mz, and M¢ in this 
approximation are then obtained by solving the follow- 
ing simultaneous equations: 

OF/OM 4 = 0, OF /0M z= 0; 
as a function of the temperature T and the concentra- 
tion c. Using Eqs. (3) and (4), Eq. (6) can be expressed 
explicitly by 


kT 1+M, 
(1—2c)uM c—2c Ma=—In(— *), 
2J; a? 


kT /1+Mzp 
(1—20) uM c— 2cM4=— in(— ie ), (7) 
1—M, 


dF/AMc=0, (6) 


3. a 


kT 1+Mc 
“( Mat+Mn)=— in ). 
1—Mc 


| ae Sa ap 
It can be easily shown from these equations that the 
solutions of the type 
(i) Ms=Mzp=Mc= Q, 
(ii) Ms=MzpX4Mc>0, (8) 
(iii) Msa=—Msz, Mc=0, 


can exist as special cases. It is found that (i) corresponds 


to the paramagnetic state, (ii) to the ferromagnetic 
state, and (iii) to the antiferromagnetic state. To 
answer the question whether or not any other general 
solution exists, further detailed calculation is necessary. 
If there is a solution, it should be M44%MpX%Mc¢ and 
let us call this solution the ferrimagnetic solution from 
its meaning. 

In order to make clear the general outline of the 
problem, let us first discuss the problem at the absolute 
zero of temperature. In this case the entropy term 
vanishes and the state is solely determined by the mag- 
nitude of £. From Eq. (3), it can be easily understood 
that, on the Fe side, the ferromagnetic state M4=Mp, 
=Mc=1 is the lowest-energy state and that, on the 
FeAl side, the antiferromagnetic state Ma= —M,=1, 
M c=0 is the lowest. Furthermore, the first derivatives 
of the energy with respect to Ma, Mz, and Mc show 
that E does not take its extremum in the range of their 
variations. Therefore, E is a monotonic function de- 
pending on M4, Mz, and Mc. 
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Fic. 4. The layer lattice. 
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Fic. 5. The energy-concentration diagram for the ferromag- 
netic and the antiferromagnetic state of ordered alloys. The 
dotted line corresponds to the case M4=Mp=Mc=1. 


The concentration dependence of the values of E 
corresponding to the ferromagnetic solution Ma=Mz, 
=Mc=1 and to the antiferromagnetic solution M4 
= —M,=1, Mc=0 are plotted in Fig. 5. Here let us 
take the value n= 2, because with this value of yu, the 
intersection of the energy curves of ferromagnetic and 
antiferromagnetic states occurs at the concentration 
where the actual transition occurs. As described later, 
the solution M4=Mp=Mc=1 does not have as low an 
energy as the solution Mc=1, M4=Me<1 for high Al 
content, but as this has only a slight effect on widening 
the ferromagnetic range, we will for the moment ignore 
that solution. With this understanding, we say that at 
the absolute zero of temperature, the system is ferro- 
magnetic on the Fe side and it is antiferromagnetic on 
the FeAl side. The transition occurs at the intersection 
co. The paramagnetic state M4=Mg=Mc=0 has a far 
higher energy than these two states and need not be 
taken into account. 

On the other hand, the attack on the problem from 
the high-temperature side is also useful. Thus we calcu- 
late the transition temperature from the ferromagnetic 
or antiferromagnetic state to the paramagnetic state. 
The transition temperature can be given as the limiting 
temperature as M4, Mz, and Mc—0. In order to 
solve this, the right-hand side of Eq. (7) is expanded in 
powers of M4, Mp, and M¢, keeping only the linear 
term as the M’s are small. Equation (7) then becomes, 
near the Curie point, 

kT 
2c-M n= 2—Ma, 


o 
| 


(1—2c)uMe— 


kT 
(1— 2c) uM c— 2cM 4=2- ae 
rm be kT 
M A + Ms, —_ 2 Mc. 
? ? J 


~ “ as 


In order that the simultaneous equations (9), homo- 
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Fic. 6. The dependence of the ferromagnetic and antiferro 
magnetic critical temperature of ordered alloys upon the con- 
centration @A=kT/2J;. 


geneous and linear with respect to M4, Mz, and Mc, 
have a solution other than zero, the determinant com- 
posed of the coefficients should be zero. From this re- 
quirement, by calculating T to satisfy the cubic equa- 
tion in T, the critical point 7. is obtained. For each 
solution, the ratios of M4, Mz, and M¢ are obtained. 
As is easily understood, one solution gives 7.<0 irre- 
spective of c and this is physically unreasonable. For 
the two positive solutions, one solution approaches T. 
in the form M4=Mp=M¢ and the other in the form 
M,s=—Mz, Mc=0. The former is the ferromagnetic 
solution and the other is the antiferromagnetic solution. 
Therefore, from the analysis of the Curie point, we can 
understand that the solutions which give positive 7. 
approach 7, either in the form of ferromagnetism or in 
the form of antiferromagnetism. 

The dependences of these two solutions on the con- 
centration are plotted in Fig. 6. Since the solution which 
gives the higher 7, means that it exists as a stable phase 
at high temperature, the intersection of these two 
curves gives the concentration at the boundary be- 
tween ferromagnetism and antiferromagnetism. This 
concentration is denoted by co’. The general behavior is 
the same as that at the absolute zero of temperature; 
ferromagnetic on the Fe side and antiferromagnetic on 
the FeAl side. The interesting thing is, however, that 
co lies to the higher Al side than co. Therefore, it is 
clear that in the concentration region between co and 
co’, the model predicts a transition range of the type 
experimentally observed: ferromagnetic at high tem- 
perature and antiferromagnetic at lower temperature. 
Combining these two iemperature regions, we can con- 
clude the existence of the ferromagnetic region on the 
Fe side, the antiferromagnetic region on the FeAl side, 
and the transition range in between. 

The next problem is to investigate the temperature 


dependence of M4, Mz and M¢. First, in the antiferro- . 


magnetic range, we can put 


Ms=—Mz=M, Mc=0. 
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With this condition, Eq. (7) becomes automatically 


kT 14+Ma 
2cM 4=— nf ‘lee ‘), 
1-M, 


(10) 
2J; 


This equation is essentially the same as the equation 
for the magnetization of one sublattice of a usual anti- 
ferromagnetic substance when treated with the same 


approximation : 
1+M 
M=— ). 
sJ; 1—M 


Here the factor k7/z/J; in the usual treatment is re- 
placed by kT /2czJ; and, therefore, it becomes the same 
when c=0.5. In this respect, the antiferromagnetic be- 
havior of this alloy is not different from that of usual 
antiferromagnetics. 

On the other hand, in the ferromagnetic range, we 
can put M4=Mz,=M, Mc>0. Then Eq. (7) becomes 


kT 1+M 
(1—2c)uM ¢—2cM =— nf — ), 
2J; 1—M 


kT 1+Me (12) 
uM =— in - ), 
zJ; 1—Mec 


(11) 


Ma, = M B= M. 


These simultaneous equations can also be solved 
quite easily. Examples of the solution are shown in 
Fig. 7 for c=0.25, 0.30, and 0.36. A characteristic of 
the solution is that the increase of Mc near the Curie 
point is very steep. By lowering the temperature, Mc 
approaches the absolute saturation much faster than 
the usual Brillouin type curve. On the other hand, the 
increase of M4= Mz is sluggish and does not saturate 
easily. This is because of the existence of the antiferro- 
magnetic interaction between A and B sublattices. In 
order for the A-B pairs to be parallel, these antiferro- 
magnetic couplings should be overcome. On the other 
hand, Fe atoms on the C lattice are subject only to the 
ferromagnetic interaction between Fe atoms on the 
A and B sublattices. Therefore, they become parallel 
very sensitively when the spins on the A and B sub- 
lattices become parallel however small the percentage 
may be. Near c=0.25, in other words near Fe;Al, the 
average moment of the A and B sublattices is, in the 
room-temperature range, about a half of its absolute 
saturation. This kind of behavior was found in the 
neutron diffraction by Nathans and others.’ According 
to this experiment, in the ordered Fe;Al, the magnetic 
moment of iron on the C lattice is found to be about 
2up per iron atom and 1yg per atom for the iron on the 
A or B sublattice. Both are parallel. As a matter of fact, 
the moment observed by neutron diffraction is an 
average magnetization of each sublattice. The differ- 
ence is thus interpreted as not necessarily due to an 





ANTIFERROMAGNETISM 


intrinsic difference of magnetic moment per iron atom 
but rather to a different degree of alignment at room 
temperature in the two simple cubic lattices. That 
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Fic. 7. The ferromagnetic solutions. The dependence of the 
magnetization upon the temperature for ordered alloys with 
c=0.25, 0.30, and 0.36. 
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Fic. 8. The dependence of the saturation magnetization upon 
the concentration at the absolute zero of temperature for ordered 
ferromagnetic alloys. 


Nathans has looked for a difference in form factor for 
magnetic scattering without finding one” is more con- 
sistent with the present model than with the idea of an 
intrinsic difference in moment per iron atom. 

The antiferromagnetic interaction between A and B 
prevents the parallel alignment between A and B at 
high concentration of Al even at the temperature of 
absolute zero. Therefore, in the ferromagnetic state, 
the saturation value at absolute zero begins to decrease 
above some value of the concentration if ferromagnetic 
alignment is forced irrespective of the concentration. 

In the energy relation (3), by putting M4=Mz=M, 
we get 


E=1N2cJ:M?—4N2(1—2c)uJiMcM. (13) 


From this, by differentiating with respect to M and 
M ¢, we find 
0E/OM =3Ne2cJ:M— {N2(1—2c)yJiMc, 
OE/6Mc=4N2(1—2c)uJ M. 


(14) 


Since it is understood that the state with Mce=1 is the 
lowest energy state, irrespective of the value of M as 
long as M>0, Mc=1 is assumed in the above formulas; 
and, thus, (14) becomes 


dE/8M =1N2J,[2cM—(1—2c)uJ=0. (15) 


This equation gives the value of M which gives the 
minimum energy. The value of M is given by 


M =[(1—2c)/2c Ju. (16) 


In the case u=2, we get 


Mc=1, M=(1-—2c)/c. (17) 
Since M <1, the concentration c above which M devi- 
ates from 1 is c=}. The energy corresponding to this, 


obtained by inserting this value in (13), is 
E=—N2J,(1—2c)*/4e. (18) 


This means that M@4=Mg=M does not reach absolute 
saturation even at the absolute zero of temperature. 


22, R. Nathans (private communication). 
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Fic. 9. The free energy versus temperature curves of ferro- 
magnetic and antiferromagnetic states for the ordered alloy 
with c=0.36. The arrows indicate the cross-over point and the 
magnetic disorder points. 


This may be one of the reasons why the saturation 
values of the alloys decrease at high Al concentrations. 
Actually, the temperature dependence of the saturation 
value of Fe;Al is not big enough to be consistent with 
the absolute saturation of the A and B lattices at 
absolute zero. It is probable, therefore, that this in- 
complete saturation should apply in this concentration 
range. The dependence of the saturation value M upon 
the concentration is shown in Fig. 8. Also, the tempera- 
ture dependence of M in such a case is shown in Fig. 7 
(c=0.36). However, with the present approximation, 
the concentration at which such a thing happens is 
already in the stable range of antiferromagnetism. 

Now, let us turn our attention to see how ferro- 
magnetism transforms into antiferromagnetism in the 
boundary region. In such a case, Eq. (7) must be 
solved generally. In order to facilitate the problem, let 
us first calculate the free energy for both the ferro- 
magnetic and the antiferromagnetic states for c=0.36 
and plot these against the temperature. This is shown 
in Fig. 9. This quantity corresponds to the difference 
of the free energy of the ferromagnetic or antiferro- 
magnetic state and that of the paramagnetic state. 
Needless to say, the free energies of the both states 
coincide at high temperature and the two curves inter- 
sect at a shallow angle. At temperatures lower than that 
which corresponds to the intersection, the antiferro- 
magnetic state has the lower free energy; and above, 
the ferromagnetic state has the lower free energy. If 
there is no other solution than these, these two states 
transform into one another by a first-order transition. 

It is found, as shown later, that the three simul- 
taneous equations have solutions other than ferro- 
nagnetic and antiferromagnetic ones. However, it is 
necessary to solve these equations numerically. For this 
purpose, M¢ is first expressed in terms of M4 and Mz 
from the third of Eqs. (7); and by inserting this into 
the first two of Eqs. (7), we get 
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fr=(1—2c) tanh (M+ Ms) 


1+M, 
—2cM p—0 n(-——* =0, 


1—-M, 


(19) 


fo=(1—2c) tanh (atta) 
40 


—*) 


—2cM,4-—80 in( 
1 — Mr 


6=kT/2J;. 


For brevity, these functions are denoted by f; and fo, 
respectively. Then the values of M4 and Mg which 
satisfy the above two equations separately are plotted 
in an M4 vs Mz diagram and from the intersection of 
these two curves, the values of M4 and Mz, which 
satisfy the equations simultaneously are obtained. Mc 
is then calculated using the third of Eqs. (7). 

In order to clarify the general nature of the solution, 
the dependence on @ of the values of M4 and Mz which 
cause both of the functions f; and fs to vanish is 
shown in Fig. 10. At high temperatures, the solution is 
ferromagnetic (shown as F in the figure) and the anti- 
ferromagnetic solution A is zero. As the temperature 
lowers, both the ferromagnetic and the antiferro- 
magnetic solution coexist. Of course, above the tem- 
perature of the intersection of the two free energies, the 
ferromagnetic solution has a lower free energy. By 
lowering the temperature further, another solution, a 
ferrimagnetic solution F,, appears and this begins to 
separate from the ferromagnetic solution. In such a 
temperature range, we can find that the free energy 
corresponding to the ferrimagnetic solution is the lowest 
among the three solutions F, A, and F,. By lowering 
the temperature further, F, approaches A by and by 
and finally A becomes the equilibrium state. As is clear 
from this behavior, the transition from ferromagnetism 
to antiferromagnetism proceeds almost continuously 
through a ferrimagnetic state. In other words, at the 
Curie point, ferromagnetism starts. The behavior of 
Ms=Mz=M and Mc¢ is the same as that of the alloy 
with lower Al content. At a certain temperature, M4 
and Mz begin to separate from each other; Ma goes 
up and Mz goes down. Eventually, Mg crosses the 
zero line and becomes negative, taking the opposite 
direction. Finally, at a temperature lower than that, the 
absolute value of Mg becomes the same as M4, and at 
the same time, M¢ becomes zero. Thus the alloy reaches 
the antiferromagnetic state. The free energies of the 
ferromagnetic and antiferromagnetic states are thus 
connected almost continuously. Figure 11 shows this 
behavior for c=0.36. This kind of behavior explains well 
the transition region of the experiment. From this rela- 
tion, we can interpret the sudden appearance of 
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Fic. 10. The dependence of the solutions upon the 
temperature for the ordered alloy with c=0.36. 
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be due to an uncompensated parasitic ferromagnetism 
which accompanies the antiferromagnetic state. 


hysteresis at low temperatures to be the onset of anti- 
ferromagnetism as we concluded in the previous report 
from the comparison with the behavior of the alloy The next important thing that we can say from the 
with high Al content. The hysteresis loop would then model is that, in the ordered state, both ferromagnetic 
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before, the susceptibility x will be given by 


—+- ——+}(1—2¢) 
40H 4 0H 0H 


OM 10M, 10Mz OMc 
"|. ay 


PF 
OH 


¢*0,36, ps2 Examples calculated by using these equations are 
shown in Fig. 12. Thus the existence of the strong 
parasitic paramagnetism in Fe-Al alloys of high Al 
content is understood. 

With these explanations so far, we can safely say 
that the main magnetic characteristics of ordered Fe-Al 
alloys can be explained qualitatively. 

Now the magnetic properties of the disordered state 
will be calculated and the changes due to the order- 
disorder transition will be studied taking the same 
interaction model as before. In the disordered state, 
the difference between the A, B, and C sublattices does 
not exist any more and the Al atoms are distributed 
equally among all the sublattices. At the same time, all 
iron atoms are equivalent. Such a case also can be 
Fic. 11. The magnetization of each sublattice as functions handled quite easily using the B.W. approximation and 

of the temperature for the ordered alloy with c=0.36. the energy E and entropy S are calculated as functions 
of the relative magnetization M. M has the same kind 
of definition as M4, Mz, or Mc, but now there is no 











and antiferromagnetic alloys have a strong parasitic 
paramagnetism. Physically, this means that, in the 
ferromagnetic state, M4=Mz, has far lower alignment 7 
as compared to the absolute saturation. Therefore, by 
the application of an external magnetic field, the degree c= 0.30, w#2 
of the spin alignment in this sublattice increases. In 
other words, such a state has a strong parasitic para- 
magnetism just like a ferromagnetic substance at high 
temperatures. On the other hand, in the antiferro- 
magnetic state, the distribution of spins in the C sub- 
lattice is random. In other words, it is paramagnetic. 
Furthermore, the alignment of the spins in the C lattice 
is quite sensitive to the alignment in the A or B sub- 
lattice. Therefore, a strong paramagnetism appears 
from this sublattice. The analytic expression for the 
susceptibility can be obtained quite easily as follows: 
If we add the energy of the magnetic field H and 
derive the equations corresponding to Eq. (7), we get 


2pH 14+M4 
(1—2c)uM ¢—2cMp+——=6 nf ), 
ZS 5 1—M, 


Ordered (@ = 0.500) 
Disordered (@¢ = 0.595) 








2pH 1+Mp 
(1—2c)uM c—2cM a+- 0 In( ), (20) 
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Su(Ms4t+Mx)+—- 0 in( . ), 
ZS j 1-—Me 
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where p is the magnetic moment of a magnetic atom. 
By differentiating with respect to H, we can obtain 
susceptibilities 0M4/0H, 0Mp/dH, and 0M¢c/dH as 
functions of Ma, Mn, Mc, and the temperature 0. By . The parasitic paramagnetic susceptibility of both ordered 
inserting M4, etc., as functions of @ as we obtained and disordered alloys with c=0.30 and 0.36. 
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distinction between the A, B, or C lattices. These quantities are given as follows: 
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The free energy F is then minimized with respect to M, 


giving 
kT s1t+M 
(1—c)M(u—c) =— in( - -) 
z 1—M 


asi 


(23) 


Therefore, we have 


kT 1 1+M 
M=— ——_ inf — ), 

2J; (1—c)(u—c) 1—M 
This equation just corresponds to that for the mag- 
netization vs temperature relation of a pure element in 
which T is replaced by u7/{.(1—c)(u—c) ]. Therefore, 
the relation between the magnetization and the tem- 
perature is quite the same if we use the reduced scale. 
In other words, the ferromagnetic behavior of the dis- 
ordered state is the same as that of a pure metal and 
described by a Brillouin function. The relation between 

the Curie point @, and the concentration c is given by 


6,.= (1—c) (u—c)/2. (25) 


Because the antiferromagnetic interaction is included, 
the Curie point falls much faster than the case without 
any such interactions. However, the Curie point of the 
disordered state is still higher than that of the ordered 
state. The dependence of the Curie point on the con- 
centration for both the ordered and the disordered 
state is shown in Fig. 13. It is thus understood that the 
Curie point is lowered by the ordering process. Further- 
more, the magnetization vs temperature curves for the 
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Fic. 13. The dependence of the Curie point upon the concentration 
for ordered and disordered alloys. 
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disordered and ordered states are compared in Fig. 14. 
In the ordered state, not only is the Curie point lower, 
but also the magnetization is lower, because Ma=Mp 
=M is sluggish in saturating as explained before and 
M itself is the main contribution to the magnetization 
of the ordered alloy. In other words, the experimental 
fact that the saturation magnetization in the ordered 
state is lower than that of the disordered state is ex- 
plained naturally by this model. 

In the ordered state, the antiferromagnetic state 
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Fic. 14. The comparison of the dependence of magnetization 
upon the temperature for ordered and disordered alloys with 
c=0.25 and 0.30. 
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Fic. 15. Curves of 1/x versus temperature above the Curie point 
for ordered and disordered alloys with c=0.30 and 0.36. 


appears before the ferromagnetic Curie point vanishes. 
On the other hand, in the disordered state, it does not 
become antiferromagnetic at such a concentration with 
this choice of the parameter uw. Therefore, we can expect 
to transform an antiferromagnetic alloy with [FeAl] 
type ordered structure with high Al content to a ferro- 
magnetic state by bringing it to the disordered state. 
Since these alloys cannot be quenched in a disordered 
state, disordering is accomplished by filing. Actually, 
this expectation is borne out experimentally. The dis- 
ordered state has a magnetic moment, according to the 
theory, which corresponds to that of simple dilution. 

Also, the paramagnetic susceptibility of both states 
are compared (Fig. 15). In the disordered state, the 
1/x—T relation is linear in this approximation as in the 
pure element, but in the ordered state it becomes a 
little convex upwards just like a ferrimagnetic substance. 
However, this behavior corresponds to a state with a 
fixed degree of order. In an actual case, to measure the 
susceptibility by changing the temperature, a change in 
the degree of order occurs and hence the change of the 
Curie point follows. Therefore, in an actual measure- 
ment, such a tendency toward a convex curve would be 
compensated giving a rather normal change because of 
the lowering of the Curie point due to ordering. 
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Thus far, by the discussion of the [FeAl] type 
ordering and the disordered state, we could explain 
qualitatively almost all the anomalous magnetic be- 
havior of these alloys from pure Fe to FeAl and over 
a wide range of temperature without any contradiction 
with experiment. Therefore, the basic assumption, 
ferromagnetic interaction between nearest-neighboring 
iron atoms and the antiferromagnetic interaction be- 
tween iron atoms when separated by an Al atom, can 
be considered to be essentially right. 

We would like to mention briefly the difference be- 
tween the [Fe;Al] type ordering and the [FeAl] type 
ordering. The difference in structure between these two 
types is a difference in the arrangement of atoms be- 
tween next-nearest neighbors as shown in Fig. 16. In 
other words, in the [FeAl] structure, the arrangement 
of Fe and Al atoms is random on the C lattice, while 
in the [Fe;Al] structure, it is regular. Because this 
difference is in the second-nearest neighbors, we cannot 
treat the difference with the present approximation and 
a higher degree of approximation is required. However, 
from a simple qualitative argument, we can easily point 
out the difference. When Al atoms are distributed regu- 
larly in the C lattice as in the [Fe;Al] type, the spin 
interaction between A-B pairs is only limited to the 
corresponding iron atoms through an Al atom. On the 
other hand, when the Al distribution is random as in 
the [FeAl] type structure, Al-Al pairs will be formed 
inside the C lattice. In such a case, as shown in Fig. 17, 
the spin interaction between A-B pairs overlaps and the 
antiferromagnetic interaction is enhanced for this par- 
ticular pair. The number of AI-Al pairs in the C lattice 
is minimum in the Fe;Al structure and maximum in the 
FeAl structure for all concentrations of Al. Since the 
number of overlapping interactions is proportional to 
the number of Al-Al pairs in the C lattice, the anti- 
ferromagnetic coupling is stronger in the [FeAl] type 
and the ferromagnetic Curie point becomes lower than 
in the [Fe;Al] structure. 

One of the authors formerly treated the case of Fe-Al 
alloy as an example of the application of the theory of 
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Fic. 16. The difference in structure between the [FeAl] 
and the [Fe;Al] type superlattices. 





ANTIFERROMAGNETISM 


ferromagnetic superlattices'® and could explain the 
phase diagram concerning the order-disorder and the 
anomalous relation coming from the interrelation of the 
onset of ferromagnetism and the superlattice formation 
on the nearest-neighbor interaction model. At that time, 
the only basis for the determination of the parameters 
for the spin interaction was the concentration de- 
pendence of the Curie point of the alloys and the change 
in the Curie point due to the order-disorder trans- 
formation. With the present model, we could treat the 
problem from a more detailed point of view. However, 
the previous treatment needed only to have a combina- 
tion of interaction parameters which would give the 
lowering of the Curie point by the development of 
order to explain the anomalous behavior of Fe-Al sys- 
tem. Therefore, the difference in models between the 
present one and the former one does not affect the final 
result, and the manner of explanation given before can 
be adopted here without any alteration. 

The ¥ loop of Fe-Al alloys has an upward shear. This 
is contrary to the expectation from Zener’s theory, be- 
cause the Curie point of this alloy system is lowered by 
the addition of aluminum." In his theory, the shear of 
the y loop is directly connected with the magnetic 
entropy and if the corresponding-states idea is used, 
the temperature dependence of the magnetic entropy 


1e) 


Fic. 17. The overlapping of the 
antiferromagnetic coupling in the ¢ 


[FeAl] type structure. 
8 O Oo O 


is a universal function of the temperature on the re- 
duced scale 7/8, where @ is the Curie point. Thus the 
shear of the y loop depends only on the concentration 
dependence of the Curie point of the particular alloy. 
In order to remove this difficulty, it was postulated 
that an aluminum atom tends to couple the spins of the 
immediately adjacent iron atoms and thus reduces the 
magnetic entropy which has the same qualitative effect 
as an increase in the Curie temperature.'> Calculations 
of this effect using a nearest-neighbor model met a 
serious difficulty, because the Curie point depends only 
on the absolute value of the interaction between the 
magnetic moment of the added atom and the matrix 
irrespective of its sign. Thus, an element which in- 
creases the short-range order also raises the Curie point. 
Therefore, we inevitably reach the conclusion that the 
element which lowers the Curie point also shears the 
loop downwards if we adopt Zener’s idea. However, in 
the present treatment, the antiferromagnetic super- 
exchange interaction serves only to lower the Curie 
point. On the other hand, since the antiferromagnetic 
coupling helps increase the short-range order of spins, 


13H. Sato, J. Japan Inst. Metals, Sendai 13, 3-4 (1949) ; Sci. 
Repts. Research Insts. Tohoku Univ. A3, 13 (1951). 

44C, Zener, J. Metals 7, 619 (1955). 

16 Roesler, Sato, and Zener, Theory of Alloy Phases (American 
Society for Metals, 1956), p. 255. 
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the difficulties encountered in the nearest-neighbor in- 
teraction model can be removed. Of course, the present 
treatment is based on the B.W. approximation and, 
therefore, this effect cannot be calculated here. De- 
tailed calculation will be presented elsewhere." 

So far, we could explain almost all kinds of properties 
of the Fe-Al system from a simple assumption con- 
cerning the interactions. Also, we assumed that the true 
magnetic moment of an iron atom does not change. If 
this is the case, at the absolute zero of temperature, 
there would be no difference in the saturation mag- 
netization between the ordered and the disordered state 
as long as the concentration of the Al atom is within the 
range where the absolute saturation of the A and B 
lattices can be reached. Experimentally, this is im- 
probable according to the measurement down to 4°K.! 
Also, at Fe;Al, the temperature coefficient of magnetiza- 
tion of the ordered specimen is not big enough to expect 
absolute saturation of A and B lattice based on the 
fixed magnetic moment model. Although we can ascribe 
this fact to the lack of alignment in the A and B lattice 
even at absolute zero as mentioned before, we cannot 
rule out the prossbility of a change of the intrinsic mag- 
netic moment by the addition of the aluminum atom. 
This defect, however, does not seem to be serious 
enough to invalidate the qualitative explanation of the 
basic phenomena by means of the present model. 

Taylor, on the other hand, made a detailed study of 
the lattice constant of this system by x-ray analysis.!” 
According to his results, there is an enormous difference 
in lattice constant between the ordered state and the 
disordered state. Also, the lattice constant of the dis- 
ordered state with low aluminum content and that of 
the ordered [FeAl] structure with high aluminum con- 
tent can be represented by two straight lines which pass 
through the value of pure iron. The FeAl region corre- 
sponds to the transition stage between these two lines 
and the well annealed [Fe;Al] structure has a smaller 
lattice constant than that of the [FeAl] structure at 
the same concentration. However, the alloy with the 
Fe;Al composition has a much larger lattice constant 
even in the ordered state than that corresponding to 
the extrapolation of those of the FeAl structure with 
high aluminum content. If the difference between the 
disordered state and the FeAl state is simply due to 
ordering, the Fe;Al ordered state should lie on or below 
the extrapolated line of the FeAl structure. Thus, the 
above fact might mean that some change in electronic 
structure occurs at high aluminum content, especially 
in the ordered state. From these points of view, in order 
to explain the properties of this system in a quantitative 
manner, we must start from a more fundamental point 
of view which describes the electronic structure of 
atoms. The fact that the present theory satisfactorily 


16 R. Kikuchi and H. Sato (to be published). 

17 A. Taylor, Proceedings of the Boston Conference on Mag 
netism and Magnetic Materials, Am. Inst. Elec. Engrs. (1957), 
p. 246. 
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explains the qualitative nature of these alloys, however, 
means that the possible change in the electronic struc- 
ture is not very essential in describing the magnetic 
nature of this system. 

Not only does the Si atom have a similar structure to 
Al, but also the Fe-Si alloys have similar magnetic 
properties to the Fe-Al alloys."*'* From this fact, we 
can expect Si to have an effect similar to Al when it is 
added to Fe. Although Si does not dissolve an Fe as 
much as does Al, the magnetic properties of high silicon 
a-phase alloys at low temperature might show interest- 
ing properties similar to those of high aluminum Fe-Al 
alloys. 


SUMMARY 


The magnetic behavior of a-phase iron-aluminum 
alloys from pure iron to FeAl is successfully described 
over a wide range of the temperature with a few simple 
assumptions: The magnetic moment of an iron atom is 
kept constant; there exist only a direct ferromagnetic 
interaction between nearest neighboring iron atoms and 
an indirect antiferromagnetic interaction between iron 
atom pairs when separated by an aluminum atom. The 
calculation was carried out on the basis of the B.W. 
approximation on the ordered [FeAl] structure and on 
the disordered state. The main results which came out 
from the calculations are: 


1. A linear decrease in the magnetic moment at the 


rate of simple dilution occurs in the disordered state. 

2. The iron side of the alloy is ferromagnetic and the 
FeAl side is antiferromagnetic in the ordered state. In 
between there is a transition range of compositions 
where at high temperature it is ferromagnetic and it 
transforms into an antiferromagnetic state at lower 


temperature almost continuously through a ferri- 
magnetic state. 

3. There is a net decrease in the absolute saturation 
at high aluminum concentration. 

4. In the ordered state, there is a difference in the 
degree of alignment of the magnetic moment of iron 
on the Fe sublattice and that on the Al sublattice. 

5. In the disordered state, the magnetic behavior is 
similar to that of pure iron. 

6. Both the Curie point and the saturation value 
decrease on ordering. 

7. The curve of inverse paramagnetic susceptibility 
vs temperature for the ordered state should be convex 


18H. Sato, J. Phys. Soc. Japan 6, 65 (1951). 
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upwards like the ferrimagnetics if we can keep the 
degree of order constant through the measurement. 

8. There is a substantial parasitic paramagnetism 
for both ferromagnetic and antiferromagnetic alloys in 
the ordered state. 

9. An antiferromagnetic ordered alloy can be trans- 
formed into a ferromagnetic state by disordering. 

There are also several other things which can be 
concluded qualitatively. 

10. Both the Curie point and the saturation value 
of the [Fe;Al] ordered state are higher than those of 
the [FeAl] type ordered structure. 

11. Anomalous behavior of this system arising from 
the intercoupling of the onset of spontaneous magnetiza- 
tion and the formation of the superlattice treated 
previously with a statistical theory of superlattices can 
also be explained with the present model. 

12. Anomalous upward shear of the y loop of this 
system can also be explained with the present model of 
the interaction. 


The wide applicability of the present treatment makes 
us believe that the assumptions adopted here are 
essentially correct, and the understanding obtained here 
seems to serve as a further step toward understanding 
the ferromagnetism of alloys from a general point of 
view. The model of ferromagnetic interaction adopted 
here is also in disagreement with the argument that the 
difference between a-Fe and y-Fe lies in the next-nearest 
neighbors in a-Fe being the right distance apart for 
ferromagnetism. The success of the present model thus 
indicates that the difference in magnetic properties 
between a-Fe and y-Fe should be sought from a dif- 
ferent origin than so far considered. The success of the 
treatment, however, does not necessarily rule out the 
possibility of a change of the magnetic moment of 
the iron atom by the addition of aluminum atoms. On the 
contrary, this kind of thing should be assumed in order 
to explain the true difference in the magnetic moment of 
the disordered state and the ordered state at the abso- 
lute zero of temperature. In order to explain this point, 
we must start from a more fundamental point of view 
to treat the electronic state of the alloys. 
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A technique for measuring the coupling between nuclear spins and the crystal lattice is described. The 
technique is one in which the absorption of energy by the nuclear spins from an acoustic wave is observed 
as an additional attenuation of the wave in the sample. This attenuation results in a change in the electric 
impedance of the piezoelectric transducer which drives the sample. The transducer impedance is made to 
control a Pound-Watkins type of spectrometer through an inverting and matching network. 

Nuclear Magnetic Resonance acoustic absorption measurements were made on single crystal samples of 
KI and KBr using compressional waves in the [100] direction. These measurements yield a value of the 
electric quadrupole coupling eg,0, where q, is the first derivative with respect to strain of the electric field 
gradient at the nuclear position. For I'?’ in KI, e’g,Q/h=300 Mc/sec. For Br*! in KBr, e2g:0/h=82 Mc/sec. 
Interpreting these results on the basis of a point charge model we obtain values of the amplification factor y. 


For KI’, y=38. For KBr*!, y= 26. 


INTRODUCTION 


N many solids the dominant nuclear spin-lattice 

relaxation mechanism has been shown! to be due to 
the interaction between the nuclear electric quadrupole 
moment and the internal crystalline electric field 
gradient. The mechanism is one in which the thermal 
vibrations of the crystal lattice cause a time-dependent 
modulation of the electric field gradient. This modu- 
lation causes transitions among the nuclear spin energy 
levels. Because of the symmetry of the quadrupole 
interaction transitions involving Am=-+2 as well as 
Am=+1 are allowed. The nuclear spins can interact 
with the lattice either by the direct (first-order) effect 
with the emission or absorption of a single phonon 
having frequency vp or 2v0, or else by an indirect 
(Raman scattering type) process with the simultaneous 
emission and absorption of phonons differing in fre- 
quency by either vo or 2. Except at extremely low 
temperatures the indirect process predominates in the 
spin-lattice relaxation. 

The existence of a nuclear spin-lattice interaction 
has led to proposals’? that the inverse process—the 
absorption by the nuclear spin system of energy from 
an externally generated acoustic wave—should be ob- 
servable. This effect was first demonstrated in the 
acoustic saturation experiments of Proctor and Tantilla‘ 
in NaClO;. Other workers extended this work to the 
study of alkali halides.*>~’ In these experiments acoustic 
energy of the proper frequency is introduced into the 
crystal sample. The absorption of energy from the 
sound wave causes the nuclear spin system to depart 
from a thermal distribution. This is observed as a 
decrease in the amplitude—a saturation—of the nuclear 
magnetic resonance signal. 

1R. V. Pound, Phys. Rev. 79, 685 (1950). 

* A. Kastler, Experientia 8, 1 (1952). 

3S. A. Al’tshuler, J. Exptl. Theoret. Phys. U.S.S.R. 28, 49 
(1955) [translation: Soviet Phys. JETP 1, 37 (1955)]. 

4W. G. Proctor and W. H. Tantilla, Phys. Rev. 101, 1757 
(1956). 

5 W. G. Proctor and W. Robinson, Phys. Rev. 104, 1344 (1956). 


6 Jennings, Tantilla, and Kraus, Phys. Rev. 109, 1059 (1958). 
7E. F. Taylor and N. Bloembergen, Phys. Rev. 113, 431 (1959). 


The present paper describes a technique in which the 
absorption of energy by the nuclear spins is observed 
as an additional attenuation of the acoustic wave in 
the sample. As will be discussed below, the magnitude 
of this NMR acoustic attenuation depends primarily 
upon the strength of the coupling between the nuclear 
spins and the crystal lattice. Some preliminary results 
obtained by this technique have been reported.*® This 
paper will discuss the application of NMR acoustic 
absorption techniques to single crystals of KI and KBr. 


THEORY 
The Quadrupole Interaction 


NMR acoustic absorption differs from normal NMR 
primarily in the method of coupling to the nuclear spin 
system. In NMR, transitions are induced among the 
nuclear spin energy levels (shown in Fig. 1 for the high- 
field case with /=$) by the interaction of the rf mag- 
netic field with the nuclear magnetic dipole moment. 
In NMR acoustic absorption, for the substances 
studied, transitions are induced among the same levels 
but by the interaction of the nuclear electric quadrupole 
moment with the electric field gradient produced by the 
lattice vibrations; thus, the selection rules and transi- 
tion probabilities will differ from those in normal NMR. 

The electric quadrupole interaction can be written 


Hq=Q:VE, (1) 


where Q is the nuclear electric quadrupole moment 
tensor, and VE is the crystalline electric field gradient 
tensor. The effect of an acoustic wave is to create a 
time-varying strain in the locality of the nucleus. We 
are interested in that part of the electric field gradient 
which is a function of the strain. We therefore expand 
the electric field gradient components in a Taylor series 
of the strain components, obtaining to second order: 
(a) constant terms, (b) terms linear in the strain com- 


8M. Menes and D. I. Bolef, Phys. Rev. 109, 218 (1958). 
9D. I. Bolef and M. Menes, Bull. Am. Phys. Soc. Ser. II, 3, 
144 (1958). 
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ponents, and (c) terms quadratic in the strain com- 
ponents. The constant terms are responsible for the 
zero-field quadrupole interaction which can be ob- 
served in many crystals. In the alkali halides these 
terms vanish because of cubic symmetry. 

The linear terms are the ones which are of interest in 
this experiment. They relate the time-varying strain 
caused by the impressed sound wave to the time- 
varying electric field gradient. They similarly enter into 
the direct or single-phonon relaxation process. They 
also enter into the static broadening of the line shape 
by static strains due to imperfections in the crystal 
lattice. 

The quadratic terms are the ones which enter into 
the indirect or Raman type of relaxation process. At 
room temperature the quadratic terms control the 
relaxation in those substances where the relaxation is 
through the quadrupole interaction. 

At high magnetic fields, such that the quadrupole 
interaction is small compared to the separation of the 
magnetic energy levels, we have, in the notation of 
Pound,' the following nonzero matrix elements: 


(m|HQ|m)=A[3m*—1(1+1) ](VE)o---, 


(m\3Cq|m+1) =F (6!/2)A(2m41)[ Jam+1) 
X (1m) AVE) a1° +, 


(2a) 


(2b) 


(m | 5 q|m+2) = (61/2) AL (1-Fm) (I-Fm—1) 


x (Jaem+1)(Tam+2)](VE)g2°--, (2c) 


where A=eQ/2/(27—1), and Q is the electric quad- 
rupole moment of the nucleus. 

We restrict the discussion to the case of a longi- 
tudinal wave propagated in the direction of a cube axis. 
Under these conditions the field gradient resulting 
from the strain has axial symmetry along the direction 
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Fic. 1. High-field energy levels for spin J=}. (a) No static 
quadrupole interaction. vo and 2v9 correspond to single-fre- 
quency (Am=-+1) and double-frequency (Am = +22) transitions. 
(b) Effect of static quadrupole interaction. 
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of propagation. The field gradient elements can be 
written: 
(3a) 


(3b) 
(3c) 


(VE)o= feqg(3 cos*@—1), 
(VE)41=+ (1/4) (6')eg sin® cosbe*', 
(VE) 42= (1/8) (6*)eg sin*e*'*, 


where @ is the angle between the axis of symmetry and 
the direction of the main magnetic field, and ¢ is the 
angle between the projection of the symmetry axis on 
the xy plane and the x-axis. The scalar quantity g is a 
measure of the magnitude of the axially symmetric 
field gradient. The Taylor expansion of the field gradient 
in terms of the strain then becomes, similar to the case 
of diatomic molecules,” 


g=qotqil(r—a)/a]+4qof(r—a)/a}P+---, (4) 


where (r—a)/a=6 is the strain caused by the longi- 
tudinal sound wave; q: and q are the Taylor expansion 
coefficients and are therefore, respectively, the first and 
second derivatives of g with respect to 6. 


TaBLE I. High-field transition frequencies and transition proba- 
bilities in NMR and NMR acoustic absorption for nucleus with 
spin I=}. 
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(VE)o enters into the static splitting of the high-field 
energy levels. To first order, the levels are shifted by an 
amount [e’gQ/8/(27—1) J[3m?—1(1+1) ](3 cos*@—1) as 
shown in Fig. 1. (VE)4: and (VE) 2 enter into the 
transition probabilities for (Am=-+1) and (Am=+2), 
respectively. We term these the single-frequency and 
double-frequency transitions. From perturbation theory 
the transition probability is given by W,=(1/4h?) 
X(m|H,|m’)*g(v), where g(v) is the shape function of 
the absorption line. Using the matrix elements for 
axial symmetry [Eqgs. (2b) and (2c), and (3b) and (3c) ] 
one obtains for the transition probabilities due to a 
time-varying electric field gradient having peak value q: 


W i= W m, ma1= (9n?/16h?)e?A*q?(2m-+ 1)? 
xX (Im+1) (Im) sin’é cos’6 g(v), 
W qo= W m, mi2> (9n?/64h*)e?,A?q? 
X 1m) IFm—1)(T+em+1) 
xX (J+m-+2) sin? g(r), 
Wa aj W m, m+1> ( 1 4)y?H (Fm) 
oe X Jam 1) sin’é g(v). 
0H, J. Zeiger and D. I. Bolef, Phys. Rev. 85, 788 (1952). 


(5a) 


(Sb) 


(5c) 





NMR ACOUSTIC 


For comparison the transition probability for normal 
NMR is given in (5c). There y is the nuclear mag- 
netogyric ratio, 2H; is the peak value of the rf magnetic 
field, and 6 the latter’s angle with the static field Hp. 

The transition frequencies and transition probabilities 
for the case of a quadrupole split high-field line are 
given in Table I for a nuclear spin of $, and in Table IT 
for a nuclear spin of $. The quantity vo, the unperturbed 
level separation, is given by vo=ugH o/h. The quadrupole 
splitting is given in units of a quantity A= (e*¢Q/80h) 
X (3 cos*@—1) for =$, and A= (e?gQ/24h) (3 cos?@—1) 
for [= %. The transition probabilities are given in 
relative terms. Of particular interest is the absence of 
the central component (—} to +4) for the acoustic 
lines, and the relative weighting between the inner 
and the outer satellite transitions for the NMR and 
the single-frequency and double-frequency acoustic 
lines. 


NMR Acoustic Absorption Coefficient 


Let the coefficient of the acoustic absorption due to 
the nuclear spin system be a,. The power absorption 


TABLE II. High-field transition frequencies and transition proba- 
bilities in NMR and NMR acoustic absorption for nucleus with 
spin I=}. 
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coefficient, 2a,, is then given by 2a,=P,,/Po, where P, 
is the power per unit volume absorbed by the nuclei 
and Po the power per unii area in the acoustic wave. 
The power absorbed by the nuclei is 


P.=[N/(21+1) ][(hv)?/kTIZW 9, 


where .V is the number of spins per cm’, 7 is the 
absolute temperature and the summation is taken over 
those transitions contributing to the line. The power 
density in the acoustic wave is given by 

Po=4pc8?. 
Here p is the density of the material, ¢ is the velocity 
of the wave, and 6 is the peak value of the time-varying 
strain caused by the sound wave. 

Using the transition probabilities given by (5a) and 
(Sb), and using the linear term in the Taylor expansion 
for q [Eq. (4) ], together with the above, one obtains 
for J=$ 


Om, m42= (2142/1600) (Ne4O?/pekT)v2g(v) gi? sin’?, 


Om, mei = (219?/400) (NetO?/pekT) 
Xv?g(v)qi" sin*6 cos’8, (6b) 


(6a) 
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IN KI AND KBr 


























Fic. 2. NMR acoustic absorption probe. S is the single crystal 
sample, X the quartz transducer bonded to the sample, F a spring 
washer to provide ground contact, P a plastic block in which the 
sample is held, and & an aluminum ring with top and bottom caps 
to provide shielding. 


and for J=$ 
Om, my2= (342/128) (Ne4Q2/pekT)vg(v)qi? sin’, 


Qn, m4 = (347/32) (NEAO?/pekT) 
 v?g(v)qi? sin*@ cos*. (6d) 


(6c) 


EXPERIMENTAL APPARATUS AND PROCEDURE 


The experimental problem is to detect and measure 
a small increase in the acoustic attenuation of the 
sample material, of the order of 10~* cm~. In essence 
the method is the following. The sample material is 
prepared to be mechanically resonant. A quartz trans- 
ducer crystal is bonded to the sample. Under conditions 
of mechanical resonance of the sample the acoustic 
impedance seen by the transducer, and therefore the 
electrical impedance presented by the transducer, is a 
function of the acoustic attenuation of the sample 
material. By means of an appropriate matching net- 
work, the electrical impedance of the transducer is 
made to control a Pound-Watkins spectrometer. The 
latter thus becomes sensitive to small changes in 
acoustic attenuation of the sample. 


Sample Preparation and Mounting 


The samples used were single crystals of KI and 
KBr obtained from Harshaw Chemical Company. The 
samples were generally cubical in shape and large 
enough to accommodate a }-inch diameter transducer. 
The two faces normal to the sound direction were 
finished flat and parallel to less than 0.0001 inch over 
the area covered by the transducer. The samples were 
ground in a jig on successively finer grades of polishing 
paper, followed by American Optical 3033 powder and 
a final polish on cloth with Linde type A sapphire. 
Kerosene was used in these operations. 

The sample is mounted as shown in Fig. 2. The 
sample is cemented in a plastic block. An aluminum 
ring fits around this plastic block and together with the 
top and bottom caps makes up the shielded sample 
enclosure. 
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The transducers were quartz, fundamental, X-cut, 
and of }-inch diameter. They were cemented to the 
sample by a room-temperature-setting epoxy resin 
(Bakelite C-8). Care was taken to make as thin a joint 
as possible and to exclude dust and small bubbles from 
the bond. The resin was allowed to set with moderate 
pressure at a slightly elevated temperature (45°C) for 
twelve hours. Electrical contact to the top crystal 
plating was made by a gold wire whisker. The bottom 
plating was “wrap around”; it extended around the 
sides to a narrow ring on the top surface of the trans- 
ducer crystal. Contact was made with this ring by a 
circular set of fingers. 


Acoustic Properties of the Sample and 
its Equivalent Circuit 


The sample is mechanically resonant at a discrete 
set of frequencies corresponding to standing wave 
patterns containing integral numbers of half wave- 
lengths. The effect of these sample resonances on the 
electrical characteristics of the transducer can be ob- 
tained most simply from consideration of the equivalent 
circuit shown in Fig. 3(a)." 

Under the assumption that the wave propagation is 
one-dimensional, the sample can be represented by a 
short-circuited transmission line having surge impe- 
dance Z, length 1, attenuation a. Z is a function of the 
acoustic characteristics of the sample: Z=pcS, where p 
is the sample density, c the velocity of sound, and S is 
the cross sectional area of the wave pattern. The bond 
is equivalent to a short length of transmission line and 
is represented by a tee section. The transducer is 
represented by its conventional equivalent circuit, 
which is valid for frequencies near the transducer reso- 
nance and for load impedances small compared to the 
transducer characteristic impedance. Both of these con- 
ditions are well satisfied. The electromechanical trans- 
formation properties of the transducer are represented 
by the ideal transformer of ratio 1: 2a. It transforms the 
mechanical quantities on the right into electrical 
quantities as seen from the left. For an X-cut air- 
backed transducer the electromechanical transforma- 
tion factor is 2a=2e,,A/t, where e1; is the appropriate 
piezoelectric stress constant (0.18 mks units), A is the 
active transducer area and ¢ is the transducer thickness. 

The acoustic impedance presented by the sample 
may be derived from transmission line theory. It is 
found that in the vicinity of a mechanical resonance, 
and for the condition al<1, the sample impedance 
behaves like a series RLC circuit. This is shown in 
Fig. 3(b), where the electromechanical transformation 
has also been performed and all quantities are in 
electrical units. The value of R, the resonant trans- 


4 For a discussion of equivalent circuits, the transmission line 
analogy, the concept of acoustic impedance, etc., see, for instance, 
T. F. Hueter and R. H. Bolt, Sonics (John Wiley & Sons, Inc., 
New York, 1955). 
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ducer resistance, is given by: 
R= (1/2a)*pcSla. (7) 


It was found that for the samples used the bond could 
be neglected. The equivalent circuit then reduces to 
that shown in Fig. 3(c). 

In actuality the problem is not purely one dimen- 
sional; there is some beam spreading. The effect of this 
beam spreading is two-fold: It causes the standing 
wave pattern to cover an area larger than the trans- 
ducer; and it also causes shear wave conversion where 
the beam meets the sample sides so that the standing 
wave pattern is not purely longitudinal. The first effect 
is allowed for by obtaining the effective area of the 
standing wave pattern from independent measurements 
of both the transducer resistance and the attenuation 
coefficient. The shear mode conversion problem is more 
difficult. An approach to this problem based on numeri- 
cal solution of the Pochhammer equations has been 
made by McSkimin™ and by Taylor.’ Their results can 
be expected to apply only qualitatively since the 
Pochhammer equations refer to a long cylindrical rod, 
while the present sample is nearly cubical. Their results 
indicate, however, that only a small fraction of the 
energy (of the order of 1 percent) is present in shear 
mode. No attempt is made in this paper to correct for 
shear mode conversion. 
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Fic. 3. Equivalent circuit of transducer-sample assembly. 
(a) From left to right: equivalent circuits of the transducer, bond, 
and sample. The latter is represented by a short-circuited trans- 
mission line. (b) Equivalent circuit after electromechanical 
transformation has been made and a series RLC equivalent 
circuit substituted for the transmission line. This is valid in the 
vicinity of a mechanical resonance. (c) Final equivalent circuit 
after bond is neglected. 


a H. J. McSkimin, J. Acoust. Soc. Am. 28, 484 (1956). 
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Fic. 4. Matching and inverting network. The impedance in- 
version at transducer resonance is shown in the bottom half of 
the figure. 


Matching Network and NMR Equipment 


The NMR acoustic absorption manifests itself by a 
small increase in the sound attenuation of the sample. 
This is reflected as a small change in the resistive com- 
ponent of the transducer. It is the function of the NMR 
equipment to detect this small change. This is achieved 
by allowing the transducer to control a Pound-Watkins 
oscillator. Because the transducer exhibits an impedance 
minimum at sample resonance, while a two-terminal 
oscillator like the Pound-Watkins oscillates at an im- 
pedance maximum, an inverting network is interposed 
between the transducer and the oscillator. This network 
also serves the purpose of selecting the desired sample 
resonance and of matching the transducer impedance to 
a value acceptable to the oscillator. 

We have used a pair of overcoupled tuned circuits 
for the inverting network. The network is shown 
schematically in Fig. 4, with an indication of how the 
transducer impedance dip is inverted into an impedance 
peak. The additional damping resistor, Ra, is necessary 
to bring the side peaks of the overcoupled circuit 
response down below the sample resonance peak; this 
forces the oscillator to oscillate at the desired sample 
resonance frequency. (See Appendix.) 

The remainder of the equipment is fairly conven- 
tional. The Pound-Watkins oscillator, in addition to 
the long time constant feedback, also has some audio 
frequency feedback." This feature allows stable opera- 
tion over a wider range of conditions. The calibrator is 
similar to the one described by Watkins," but uses, 
instead of the plate resistance of a vacuum tube, a 
bolometer fuse as the modulated conductance. The 
calibrator was made absolute by bridge measurement 
of the bolometer characteristic. For absolute quantita- 
tive NMR measurements, it is also necessary to know 
the filling factor of the coil. This filling factor was 
measured by inserting a small copper sphere at various 

13 The use of af negative feedback in stabilizing an oscillator has 
been mentioned by R. J. Blume in Rev. Sci. Instr. 29, 574 (1958). 


4G. D. Watkins, Ph,D, dissertation, Harvard, 1952 (unpub 
lished), 
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positions in the coil and noting the frequency shift of 
the oscillator.'® 

The magnetic field was provided by a Varian 12-inch 
magnet with 2.5-in. pole gap. Magnetic field modulation 
at 24 cps and synchronous detection were used. The 
field sweep was of the order of 1 gauss per minute. In the 
NMR work, resonances were observed with two values 
of ac field modulation: a low amplitude modulation was 
used to observe the center of the line; and a high ampli- 
tude modulation was used to observe the wings of the 
line. Typical values of ac modulation were 0.2 gauss 
and 1.6 gauss peak to peak. Since the NMR acoustic 
absorption lines do not show a sharp central component, 
only the large value of field modulation was used in 
observing them. All measurements were made at room 
temperature. 


EXPERIMENTAL RESULTS 
Acoustic Properties 


Observations of the NMR acoustic absorption signal 
were made on a crystal of KI and on a crystal of KBr. 
The best results were obtained for the KI crystal 
(identified as KI No. 1) and the discussion will be 
primarily for that sample. 

The KI No. 1 sample had a length of 1.48 cm, and a 
cross section of 1.42 cm by 1.29 cm. All faces were 
cleavage planes except for the end faces which were 
ground and polished. The transducer was an 8 Mc/sec 
fundamental X-cut quartz plate. Its nominal diameter 
was 3 inch but because of the wrap-around plating its 
active area was 0.86 cm’. 

Figure 5 shows the comb pattern of the mechanical 
resonances for KI No. 1. The transducer conductance 
(1/R) for each resonance is plotted against the fre- 
quency of the resonance. The widths of the resonances 
are of the order of one hundred cps, and are too narrow 
to show. Most of the data were taken at the 7.908 
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Fic. 5. Comb pattern of sample mechanical resonances for 
KI No. 1. Transducer conductance (1/R) at peak of resonance is 
plotted against frequency of resonance. Widths of resonances are 
of the order of 100 cps. 

18 The use of this method for measuring fields in microwave 
cavities is described by L. C. Maier, Jr., and J. C, Slater in J. Appl. 
Phys, 23, 68 (1952), 
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Fic. 6. NMR absorption line of I'*’ in KI at three values of the angle @ between the [100] axis and the magnetic field. af modu- 
lation of the central portion of the line was 0.2 gauss, of the wings 1.6 gauss. The absorption line is plotted as a shape function (No/ 
N.)g(v), which integrates to unity over the expected line. The dotted line represents that part of the absorption line attributed to the 


satellite transitions. 


Mc/sec resonance. The measured transducer conduct- 
ance at that frequency was 2040 micromhos. 

The influence of the resin bond on the acoustic 
characteristics of the sample assembly is primarily due 
to its shunt compliance. In terms of the equivalent 
circuit of Fig. 3(b) this compliance is represented by a 
capacitance Cg and a resistance rg. To obtain these 
quantities measurements were made of the transducer 
bandwidth both under CW resonance conditions and 
under pulse conditions. The CW resonance bandwidth 
is represented by the envelope of the comb pattern of 
Fig. 5. It can be interpreted in terms of the equivalent 
circuit of Fig. 3(b). The pulse bandwidth was obtained 
from echo amplitudes as measured on a pulse-echo 
apparatus. This bandwidth can be interpreted in terms 
of the equivalent circuit of Fig. 3(b) with, however, the 
sample represented not by an RIC circuit, but by a 
simple resistance equal to its surge impedance. This is 
because for pulses shorter than a round trip time the 
sample appears infinite. The results of such bandwidth 
measurements for KI No. 1 give 1/24rfCg=300 000 
ohms, and r= 30 000 ohms. These electrical quantities 
correspond to a bond thickness of 0.28 10~* inch and 
a mechanical Q for the resin of about 10. The magnitude 
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Fic. 7. Variation with @ of observed peak intensity of (a) the 
satellite part of the NMR line in KI’ and (b) the observed 
acoustic double-frequency (Am==+2) line in KI” No. 1. The 
vertical scale is in units of 10-5 second. (Ne/N1)g(v) max is the peak 
value of the absorption line shape function plotted in Fig. 6. Its 
reciprocal quantity is the line width. The acoustic variation is 
obtained from Fig. 12 by dividing the observed peak absorption 
by the transition probability. 


of the shunt impedance is seen to be very much greater 
than the resonant sample impedance, and its neglect in 
going from Fig. 3(b) to Fig. 3(c) is thus justified. 

A measurement of the time constant of the 7.908 
Mc/sec resonance of KI No. 1 was made by a free 
ringing method. The observed value was 2.2 milli- 
seconds. The attenuation coefficient computed from 
this value is 0.00155 cm~!. From this attenuation coeffi- 
cient and from the measured transducer resistance the 
effective area (S) of the standing wave can be deter- 
mined to be 1.66 cm*. This area can be compared with 
an active transducer area of 0.86 cm? and a total sample 
area of 1.83 cm?. 

A summary of the acoustic properties of both samples 
is given in Table III. 


NMR Results 


An understanding of the normal NMR lines was 
found to be essential to the interpretation of the acoustic 
resonance results. Of interest were (a) the variation of 
signal amplitude and of line shape with crystal orienta- 
tion and (b) the total integrated intensity of the NMR 
line. The former was useful in understanding the angular 
variation of the acoustic absorption line intensity. The 
latter was necessary for the determination of the magni- 
tude of the nuclear electric quadrupole interaction from 
the observed integrated intensity of the acoustic line. 

Previous investigators have reported that the ob- 
served intensity of NMR lines in KI and KBr is less 
than the expected intensity computed from the number 
of spins present in the sample. This has been generally 
ascribed to the broadening and resulting loss (partial 
or complete) of that part of the line due to satellite 
transitions. The broadening is caused by a distribution 


TaBLE III. Acoustic properties. 
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Fic. 8. NMR absorption lines of Br® in KBr No. 1 at three values of 6. af modulation as in Fig. 6. The dotted lines represent 
that part of the absorption attributed to the satellite transitions. 


of electric field gradients due to imperfections and 
residual strains in the crystal lattice. Since the acoustic 
absorption line consists of satellite transitions only, 
it is important to know what fraction of expected 
transitions is represented by the observed signal. This 
fraction has been obtained by comparison with the 
NMR signal. Such a procedure is, of course, not quite 
correct. The ratio of observed intensity to expected 
intensity is not a physical property of the sample; it is 
rather a function of the response of the instrumental 
system to a certain line shape. (The line shape is a 
property of the sample.) However, for line shapes which 
are similar such a comparison should be fairly reliable. 

NMR runs were therefore made at several orienta- 
tions of the crystal relative to the direction of the 
magnetic field. The NMR sample of KI was cleaved 
from the same crystal as the acoustic sample and was 
contiguous with it. The sample was positioned in the 
field so that the [100] axis along which the sound was 
to be propagated could be oriented in a plane containing 
the field direction. This makes the angle 6 between 
these directions the same as @ of Eq. (3). 

The rf level during the NMR runs was generally 
maintained at 11 milligauss rms for KI and 8 milligauss 
rms for KBr. Saturation began to be noticeable at 
levels of 19 milligauss for KI and 13 milligauss for KBr. 

The NMR absorption line of I'*’ in KI is given in 
Fig. 6 for values of the angle 6 of 90°, 60°, and 45°. The 
magnetic field was 9.3 kilogauss. The first order 
broadened satellite components are evident for the 60° 
and 45° lines. No second order effect on the central 
component could be detected in these runs. A com- 
parison of the line shapes for various values of @ shows 
that the broadening of the satellite component is a 
function of the angle 0. 

The intensity of the I'*?7 NMR line in KI was 
measured by two methods. The first involved a com- 
parison of the integrated intensity of the line with 
that due to a known number of Na® spins in a single 
crystal of NaI. The second involved the absolute 
calibration of the calibrator and a measurement of the 
coil filling factor as described above. The first method 
gave a ratio of measured intensity to expected intensity 
of 85% for the 90° line while the second method gave a 
ratio of 79%. In calculations we used a mean value 


of 82%. 


For the purpose of comparison with the acoustic 
absorption line we are interested in that part of the 
NMR line which corresponds to the satellite transitions 
and which is therefore affected in a similar manner by 
the stray electric field gradients. We assume that the 
(—4 to +4) transition contributes 100% of its possible 
intensity at all angles 6. Using the lines shown in 
Figs. 6(b) and 6(c), in which the spread-out wings are 
well resolved from the sharp central component, we may 
estimate the shape of this central component such that 
its area corresponds to 100% expected intensity. Sub- 
tracting this central component from the total lines 
gives the areas below the dotted lines. These dotted 
lines then denote the NMR line due to the satellite 
(+4 to +3) and (+3 to +$) transitions only. The 
ratio of observed intensity to expected intensity was 
found above to be 82% for the 90° KI line. Using this 
value, and assuming that the central component is all 
there (100%), we obtain a value of 74% for the ratio 
of observed to expected intensity of the satellite part 
of the line for @= 90°. 

We introduce a ratio of observed number of spins to 
total spins, V/N;, as equal to the ratio of observed 
integrated line intensity to expected integrated line 
intensity. To describe the line we use a function g(v) 
such that its integral over the observed line shape is 
unity. The true line shape function is then (V/N;)g(v), 
which would integrate to unity over the expected line. 
Results are shown in terms of this latter quantity ; since 
it is a function of the angle @ we term it (Vo/N,)g(v). 

The peak value of (No/N,)g(v) for the satellite part 
of the NMR line is shown in Fig. 7 as a function of @. 
The vertical scale is in units of 10~* sec. Also shown is 
the corresponding curve for the double-frequency 
acoustic transition. The angular variation of (V/N,)g(v) 
indicates that the strains which are responsible for the 


stray electric field gradients are not random, but 


possess preferred orientations.!®!7 
The NMR absorption lines of Br*! in the KBr No. 1 
sample are shown in Fig. 8. The magnetic field was 


16 An analysis of the effect of dislocation introduced by plastic 
deformation on the NMR line shape in KI!?? has been made by 
E. Otsuka, J. Phys. Soc. Japan 13, 1155 (1958). 

17 The density of dislocations in KI has been estimated by 
J. H. Parker (of these Laboratories) from etch pits to be of the 
order of 108 per cm’. 
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8.4 kilogauss. The behavior of the line shape and peak 
intensity for various angles @ is similar to that of I! in 
KI. An intensity measurement, as described above, 
gave a value of 86% for the ratio V/V; for the 90° line. 
Using the analysis described above for KI, we obtain 
a value of 77% for the ratio of observed to expected 
intensity of the satellite part of the KBr*! line. 


NMR Acoustic Absorption Results 


The NMR acoustic absorption lines were observed 
using the acoustic probe, matching network, and NMR 
spectrometer components described above. The mag- 
netic field was adjusted to the resonant value Ho for 
the single-frequency (Am=+1) acoustic absorption 
line. To observe the double-frequency (Am=-+2) line 


the magnetic field was reduced to Ho/2. The KI 
absorption lines were observed at an rf amplitude at 
the Pound-Watkins oscillator of 0.5 volt rms, corre- 
sponding to a power input to the transducer of 8X10-° 
watt. Saturation of the acoustic absorption line began 
to be noticeable at a level of 0.7 volt rms at the oscil- 
lator. The intensity of the acoustic absorption line was 
measured by the bolometer calibrator. 


Fic. 10. Recorder traces of NMR acoustic absorption double- 
frequency lines of I? in KI No. 1. The traces are derivatives of 
the actual absorption lines. 6 is the angle between the acoustic 
axis and the direction of the external field. Hy=4.6 kgauss, 
{=7.90 Mc/sec. af modulation was 2 gauss peak to peak. 
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Fic. 9. Recorder traces 
of NMR acoustic absorp- 
tion single-frequency lines 
of I®7 in KI No. 1. The 
traces are derivatives of the 
actual absorption lines. @ is 
the angle between the 
acoustic axis and the di- 
rection of the external field. 
Hy=9.22 kgauss. f=7.90 
Mc/sec. af modulation was 
2 gauss peak to peak. 


The observed lines of I'?? in KI No. 1 are shown in 
Figs. 9 and 10 for several values of the angle @ between 
the axis of acoustic propagation and the direction of 
the magnetic field. In Fig. 9 are shown the acoustic 
single-frequency lines at a frequency fo=7.90 Mc/sec 
and magnetic field Hp=9.22 kilogauss. In Fig. 10 are 
shown the acoustic double-frequency lines at the same 
frequency but at a magnetic field equal to 4.61 kilo- 
gauss. The lines as obtained on the recorder are deriva- 
tives of the actual absorption lines. 

In order to obtain an estimate of the number of spins 
contributing to the observed acoustic absorption lines, 
the latter are compared with the NMR lines for the 
same angle. The acoustic double-frequency absorption 
line is shown in Figs. 11(a) and 11(b) for @ equal to 90° 
and 60°; the acoustic single-frequency absorption line 
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Fic. 11. NMR acoustic absorption lines for I’? in KI No. 1 at 
several angles 6 between the acoustic axis and the external mag- 
netic field. The double-frequency acoustic lines for @2=90° and 60° 
are shown in (a) and (b). The single-frequency lines for 6=60° 
and 45° are shown in (c) and (d). For comparison the 90° NMR 
line due to satellite transitions only is shown dotted in (a). This 
curve is taken from Fig. 6(a). 
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Ls 
(uh) k 


~KINo. 1 791 233 0.81 0.046 1000 
0.064 


KBr No. 1 9.75 1.50 2.0 2500 


f Lp Ra 
(Mc/sec) (uh) (ohm) 


is shown in Figs. 11(c) and 11(d) for 6 equal to 60° and 
45°. A comparison between the acoustic double-fre- 
quency line and the corresponding NMR line due to 
satellite transitions only is made in Fig. 11(a). The 
superposition of the two lines is reasonable since the 
weighting of the inner to outer satellite transitions is 
nearly the same in the two cases. The differences be- 
tween the two lines may be attributed to the larger 
modulation used to obtain the acoustic line, and to the 
increased broadening of the outer satellite component 
expected for the acoustic line (see Table I). This com- 
parison enables us to conclude that approximately the 
same percentage of possible spins (V/N,= 74%) con- 
tribute to the acoustic double-frequency line at 90° as 
contribute to the satellite part of the NMR line at 90°. 
The angular variation of the peak absorption of the 
acoustic single- and double-frequency lines is shown in 
Fig. 12. The departure from the angular dependence 
predicted by the transition probabilities may be ex- 
plained by the angular dependence of the line width. 
The result of dividing the Am==+2 curve of Fig. 12 by 
its transition probability gives a curve, shown in Fig. 7, 
which agrees closely with the angular variation of the 
peak intensity of the satellite part of the NMR line. 
The double-frequency acoustic absorption line of Br*! 
in KBr No. 1 is shown in Fig. 13. The signal-to-noise 
of the bromine acoustic resonances in KBr was appreci- 
ably less than that of the iodine resonance in KI. The 
ashed line in Fig. 13(b) represents the satellite part 
f the NMR line as obtained from Fig. 8. As in the 
ase of KI, a comparison of the acoustic and NMR data 
eads to the conclusion that the percentage of possible 
spins contributing to the Br*! acoustic double-frequency 
ine at 6= 90° is approximately the same as that (77%) 
ontributing to the satellite part of the NMR line. 


Quadrupole Coupling Coefficient 


The additional attenuation of the acoustic wave due 
o nuclear absorption results, as described above, in a 
hange in the acoustic impedance presented to the 
ransducer. By means of the impedance matching and 

verting network this change is reflected at the Pound 
scillator as a change in the primary conductance, Gy». 


TABLE V. Atomic characteristics. 
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(1022/cc) 
1.14 
0.69 
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Fic. 12. Variation with 6 of the relative peak intensity of the 

single- and double-frequency NMR acoustic absorption lines of I)?” 

in KI No. 1. The result of dividing the double-frequency curve by 

the transition probability is shown in Fig. 7, where the resultant 

angular variation is seen to agree well with that observed for the 
satellite part of the NMR line. 


Using Eq. (7) and circuit theory applied to the matching 
network, Fig. 4, we obtain an expression for the change 
in conductance : 


k? Ri \? pc 
SG,=——. ( — ) -Sleen, (8) 
w'LyL,\R+R/ (2a)? 


where & is the coefficient of coupling between the 
primary and secondary of the matching network. 

The values of the quantities entering into Eq. (8) are 
given in Tables III and IV. Crystal characteristics are 
shown in Table V. The measured value of AG, for I'*? 
in KI for the double-frequency line at @=90° was 


AG,=10X10-" mho. 


Substituting the above values into Eq. (8), we obtain 
for the NMR acoustic power absorption coefficient for 





24 


(a) KBr®! 
Am=+2 
@=90° 


+ (b) 


g(v) (1075 sec ) 
a 











Kilocycles /sec 


Fic. 13. (a) Recorder trace of the NMR acoustic double-fre- 
quency line of Br*! in KBr No. 1. Hyp =4.24 kgauss, f=9.75 Mc/sec. 
af modulation was 2 gauss peak to peak. The signal to noise of the 
bromine acoustic resonance is seen to be considerably less than 
that of the iodine acoustic resonance in KI No. 1. (b) Integration 
of line shown at (a). For comparison the NMR absorption line 
due to the satellite transitions only is shown dashed. This curve is 
taken from Fig. 8(a). 
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TaBLe VI. Quadrupole coupling constants (in Mc/sec). 





KP KBr’ Reference 


b 


eqoQ (molecule)* 60 10 
@q,Q0 NMRAA 
eg (T) 


300 100 


26 000 4200 ‘ 


* Interatomic distances for molecule are 3.05 A for KI and 2.82 A for 


KBr. See reference 1. 
>» Honig, Mandel, Stitch, and Townes, Phys. Rev. 96, 629 (1954). 


* See reference 17. 


I??? in KI, 
2a,= 2.8X 10° cm™. 


Similarly for KBr*, by the same procedure, we obtain 
for the double-frequency 90° line, 


AG,=3.9X10—"! mho, 
2a,= 1.2K 10~* cm’. 


Using Eqs. (6a) and (6c), and values of 2a, found 
above, we obtain: 


(e%g:0/h) = 300 Mc/sec for I'*’ in KI, 
(e?g:0/h)=82 Mc/sec for Br“! in KBr. 


DISCUSSION 


Considering the uncertainties in the various measure- 
ments and estimates which were made in arriving at 
the quadrupole coupling constant, it is the opinion of 
the authors that the value given is correct to within a 
factor of 1.4 for KI, and to within, perhaps, a somewhat 
larger factor for KBr. The largest uncertainty exists in 
the knowledge of the distribution of the acoustic energy 
in the sample—the effective area of the wave pattern. 
Other uncertainties occur in the measurement of line 
intensity and of transducer and network parameters, 
and in the estimate of N/N, for the acoustic line. 
A pessimistic total of all of these gives a total uncer- 
tainty for the nuclear attenuation coefficient of a factor 
of two, which results in the factor of 1.4 for the quad- 
rupole coupling. 

The values of e’g,0 for KI'*’ and for KBr” 
[ = (0.33/0.28)e*g:0n ] obtained by the NMR acoustic 
absorption technique are compared, in Table VI, with 
nuclear quadrupole coupling constants obtained from 
microwave spectroscopy and from measurements of 
spin-lattice relaxation times. The comparison is made 
with reference to the notation of (4), where the con- 
tributions of the static, first derivative and second 
derivative components of the field gradient are de- 
noted, respectively, by go, g:, and gs. Since the static 
coupling constant is zero for the crystal, e*goQ for the 
molecule has been listed. e?¢20 has been obtained from 
the analysis by Van Kranendonk?* of spin-lattice 
relaxation times. The values of relaxation times used 


18 J, Van Kranendonk, Physica 20, 781 (1954). 
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vo (molecule) 

v1 (NMRAA) 
v2 (T1) 

y (theoretical) 


are those given by Wikner and Hahn": 7,(KI!2’) 
= 0.018 sec, T;(K Br”) =0.074 sec. 

Attempts to explain nuclear quadrupole coupling 
constants in ionic crystals have been made using two 
approaches. The first, due to Van Kranendonk,!* may 
be called the ‘ionic approach.” He considers a one- 
parameter point charge model for the lattice, in which 
the ionic charge e is replaced by ye. y is the ‘‘amplifi- 
cation factor’ by which the quadrupole coupling 
exceeds that predicted on the basis of a simple ionic 
point charge model. The amplification is considered to 
be due to the polarization of the electron charge about 
the quadrupole nucleus by the nearest neighbor ions.”-?! 
Calculations of y for ionic crystals have been made by 
Das, Roy, Bersohn, and Wikner.*?-* Bersohn*® points 
out that although the ionic approach fails for the halide 
ions in alkali halide molecules (due perhaps to electron 
overlap) the theory may be more applicable to crystals, 
where the interatomic distances are larger than those 
in the diatomic molecule and where, therefore, electron 
overlap is less important. 

The values of the amplification factor 7 calculated on 
the basis of the ionic model are given in Table VII. 
Consistent with the notation above, we define Yo, 7:1, 
and 2 as the values of the parameter y required to fit, 
respectively, the observed quantities e*goQ, e?gi0, and 
e*gA). For the diatomic molecule, e?g9Q=2ye?Q/a', 
where a is the interatomic distance. For the fcc crystal 
we assume a point charge model in which the quadrupole 
nucleus interacts only with the six nearest neighbor ions. 
On the application of a compressional sound wave along 
a cubic axis an axially symmetric field gradient with 
its symmetry axis in the direction of the sound propaga- 
tion is created. We obtain: 


e*g 10 =ea (dq/ dr)Q =1 2y1e°0/ a’, 
e2g) = e2a(d2q/dr?)O= 487 2€70/a'. 


In Table VII the values of y calculated by Wikner anc 
Das* for an ion in the field of an external point charge 
are also given. The values of y2 are calculated from 


19 E, G. Wikner and E. L. Hahn, Bull. Am. Phys. Soc. Ser. II, 3 
325 (1958). 

20 R. M. Sternheimer, Phys. Rev. 105, 158 (1957). Reference 
to earlier papers may be found in this reference. 

21 For a review of this subject see, e.g., the article by M. H 
Cohen and F. Reif in Solid State Physics, edited by F. Seitz ane 
D. Turnbull (Academic Press Inc., New York, 1957), Vol. V. 

2 T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 

*8 Das, Roy, and Ghosh Roy, Phys. Rev. 104, 1568 (1956). 

2. G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 

25 R. Bersohn, J. Chem. Phys. 29, 326 (1958). 
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Van Kranendonk’s paper using the revised 7,’s cited 
above. 

The second theoretical approach, which may be 
termed the ‘“‘covalent approach,” has been treated in 
greatest detail by Yosida and Moriya.?* They assume 
that the dominant contribution to the electric quad- 
rupole coupling in cubic ionic crystals is due to the 
presence of a few percent covalent state, i.e., of an 
admixture of p-orbitals with the spherically symmetric 
ionic s-orbitals.?7 The modulation of the quadrupole 
interaction then is due to the dependence of the degree 
of covalency on the interatomic spacing. Yosida and 
Moriya estimate that the contribution from this effect 
to the thermal relaxation process is some 10‘ times 
greater than that computed on the basis of the single 
charge ionic model. 

A comparison of the quadrupole coupling constants 
obtained in this experiment with results of other experi- 
menters cannot be very direct, since no similar work for 
either KI or KBr has been reported. Otsuka,** using 
estimates of the density of dislocations introduced by 
plastic deformation of a KI crystal, arrived at a value 
of over 50 for the amplification factor, y, for I'*’. 
(Since most previous experimenters have interpreted 
their results in terms of the point charge model amplifi- 
cation factor y, we will use this quantity for the com- 
parison of results.) Jennings, Tantilla, and Kraus® 
performed an acoustic saturation experiment on Nal, 
from which they found a ratio y1/yna for Nal of 10. 
If we use this ratio together with the value for y; 
obtained in this experiment (for KI) we obtain a value 
of about 4 for yx,. This may then be compared with 
values obtained for Na by other experimenters. Proctor 
and Robinson’ in an acoustic saturation experiment on 


26K. Yosida and T. Moriya, J. Phys. Soc. Japan 11, 33 (1956). 
27 C. H. Townes and B. P. Dailey, J. Chem. Phys. 20, 35 (1951). 
*8 E. Otsuka, J. Phys. Soc. Japan 13, 1155 (1958). 
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NaCl found yn to be 1.4. Kawamura, Otsuka, and 
Ishiwatari,” from analysis of line shapes for a mixed 
alkali halide obtained a value of 10 for ynq in NaCl. 
The calculated value of y for the Na ion is 5.6. 
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APPENDIX. DESIGN AND ADJUSTMENT 
OF MATCHING NETWORK 


The exact circuit values of the matching network are 
not critical. The following rough recipe was found 
useful at frequencies near 8 Mc/sec: (1) measure 
resonant transducer resistance R on Q meter, (2) let 
Ra=2R, (3) choose Lz so loaded Q of secondary is 10; 
2rfL2= (1/10)(2/3)R:, (4) let coefficient of coupling 
k=0.04, (5) let 2rfZ,=100 ohms. This will cause an 
impedance of about 4000 ohms to be presented to the 
Pound-Watkins oscillator. 

The adjustment of the matching network is more 
critical. Its purpose is to tune both primary and second- 
ary to the sample resonance frequency. This is done 
while observing the primary resonance with a Q meter. 
A pattern as shown in Fig. 4 (bottom left) is seen. 
Correct tuning is indicated by equality of the side peaks 
and centering of the transducer peak between the side 
peaks. When the assembly is connected to the oscillator 
the latter’s tuning condenser is set at the value used on 
the Q meter. When this condenser is tuned, a distinct 
locking-in of the oscillator frequency by the mechanical 
resonance is noticed. The correct setting gives a maxi- 
mum impedance of the transducer peak. This can be 
observed as a minimum in the plate current of the 
oscillator tube. 


* Kawamura, Otsuka, and Ishiwatari, J. Phys. Soc. Japan 11, 
1064 (1956). 
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Stage I recovery (14-65°K) of electron-irradiated, high-purity copper is shown to be composed of at 
least five substages: I4, 14-24°K; Ip, 24-28.5°K; Ic, 28.5-33°K; In, 33-48°K and Ip, 48-65°K. Ia, Iz, 
and I¢ recovery are discussed in further detail. (Discussion of Ip and Ig recovery is deferred to the following 
paper.) Ig and I¢ are shown to have the characteristics of close-pair recovery. It is inferred that I4 also has 
these characteristics. The values of the activation energy for recovery are E,=0.05+0.01 ev, Eg=0.085 
+0.01 ev, and Ec=0.095+0.01 ev. An attempt to relate the observed close-pair spectrum to specific 


interstitial-vacancy configurations is described. 


INTRODUCTION 


HE recovery of the physical changes introduced 

by irradiation, cold-working, and quenching 
from an elevated temperature have qualitative similari- 
ties which suggest that the various treatments share 
common recovery processes.'” It is conventional to 
divide the recovery in copper into five stages character- 
ized by the temperature range in which the recovery 
occurs*: Stage I, 14-65°K; II, 65-233°K; III, 233- 
373°K; IV, 373-473°K and V, T>473°K. Although 
there is a considerable amount of experimental informa- 
tion available, there has been no general agreement 
between different investigators on the specific lattice 
defects and processes operative in each stage. Clearly 
the delineation of the recovery processes is basic to the 
understanding of the physical effects of the defects 
and of the processes by which the defects are introduced. 
One of the key points in the controversy surrounding 
the assignment of recovery processes to the various 
stages is whether Stage I recovery involves long 
distance, free-migration of a defect or involves only 
localized readjustments of the lattice. Several authors, 
adopting this latter point of view, have suggested that 
Stage I recovery is due to one, or both, of two processes : 
(1) the re-ordering of disturbed regions of the lattice 
which were initially disordered by displacement spikes* ; 
and (2) the recombination of “close pairs” 
interstitial-vacancy pairs with such a_ small 


i.€., 
(i-v) 

*Now at Hanford Laboratory Operations, Hanford Atomic 
Products Operations, Richland, Washington. 

1 For recent reviews see Holmes, Corbett, Walker, Koehler, and 
Seitz, Proceedings of the Second United Nations International 
Conference on Peaceful Uses of Atomic Energy, Geneva, 1958 
(United Nations, Geneva, 1959), paper No. 2385; A. Seegar, 
paper No. 998; G. J. Dienes and G. H. Vineyard, Radiation Effects 
in Solids (Interscience Publishers, Inc., New York, 1957) ; F. Seitz 
and J. S. Koehler, in Solid State Physics (Academic Press, Inc., 
New York, 1956), Vol. 2, pp. 307-442. 

? We do not wish to imply that the recovery in a given tempera- 
ture range following different treatments is always due to identical 
recovery processes. This point will be developed in the following 
paper. 

3H. G. van Bueren, Z. Metallk. 46, 272 (1955); thesis, Leiden, 
1956 (unpublished) : Philips Research Repts. 12, 1, 190 (1957). 

‘ The possibility of this type of damage was first proposed by 
J. A. Brinkman, J. Appl. Phys. 25, 961 (1954); Am. J. Phys. 24, 
246 (1956). 


separation that they effectively form a bound system 
due to their mutual interaction. 

In the case of copper irradiated with ~1-Mev 
electrons, it is expected that the amount of spike-type 
damage is negligible and only interstitials and vacancies 
should be produced. The question then is whether any 
or all of the Stage I recovery observed after such an 
irradiation is due to close pairs. In a previous paper® 
we showed that this recovery could not be described by 
any single simple kinetic law. 

Subsequently,®:7 it was shown that the Stage I 
recovery consisted of discrete substages. In electron- 
irradiated copper we observe at least five substages 
which we shall designate as I4, In, Ic, Ip, and Ix in 
order of increasing temperature. 

In the present paper we show that I4, Ig, and I¢ 
have the characteristics expected of close pair recovery. 
The possible origins of these close-pair species are 
discussed. 

In the following paper Ip and Ig are discussed and 
shown to be associated with a defect which is capable 
of freely migrating through the lattice. Following 
Huntington’s calculations,® this defect is identified as 
an interstitial atom. The results of these papers are 
therefore incompatible with an assignment of all of 
Stage I recovery with purely localized defects. 


EXPERIMENTAL 


The experimental apparatus has already been 
described in detail,® and only those features pertinent 
to the present work will be repeated here. 

All the data presented in these two papers are 
resistivity data. The resistance measurements were 
made by the standard potentiometric technique. A 
Rubicon 6-Dial Thermofree Potentiometer and 300 ma 
measuring current were used. Careful shielding permit- 
ted measurement with a precision of +3X10-§ ohm 
corresponding to a resistivity uncertainty of +5 10-" 
ohm cm. 


5 Corbett, Denney, Fiske, and Walker, Phys. Rev. 108, 954 
(1957). 

6 Magnuson, Palmer, and Koehler, Phys. Rev. 109, 1990 (1958). 

7 J. W. Corbett and R. M. Walker, Phys. Rev. 110, 767 (1958). 

*H. B. Huntington, Phys. Rev. 91, 1092 (1953). 
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The source of high-energy electrons for the irradia- 
tions was a commercial model G. E. resonant trans- 
former. The average electron energy incident on the 
sample for all the irradiations reported here was 
~1.4 Mev. Most of the irradiations were performed 
with a current of ~1 wa/cm? incident on the sample. 
In the present experiments the accelerator was equipped 
with a 0.003-cm titanium window and hence had 
somewhat less energy spread than the previously 
reported experiments. 

Special care was taken to obtain high-purity copper, 
and we feel this is an important feature of the present 
work. The starting material was American Smelting 
and Refining Company copper of 99.999% stated 
purity. This material was zone-refined (six passes) and 
then rolled through clean, dry, hardened, carbon-steel 
rolls to a thickness of 0.0032 cm. Frequently, between 
rolling passes, the foil was etched in dilute nitric acid 
and then carefully washed. Several pieces of the foil 
were then annealed in vacuo for } hour at 450°C. 
These pieces of foil were then photoengraved to obtain, 
in each, a pattern of length-wise strips 0.75 mm wide. 
In the irradiations half of the foil is shielded from the 
beam and serves as a control. The residual resistivity 
of the foil material was 1.5X10-° ohm-cm at 4.2°K. 
X-ray measurements showed an average grain size 
slightly larger than the foil thickness. There was no 
preferred orientation in the foils. 

It was expected that the recovery studies could be 
influenced by impurities.’ Therefore, all the experiments 
which are employed in the detailed analysis of the 
recovery were performed on a single sample. To insure 
that successive experiments were essentially ab initio 
experiments and were equivalent, the sample was 
annealed in situ at 150°C for } hour between experi- 
ments. While ~0.1% of the resistivity introduced by 
irradiation at 20°K remained after this anneal, no 
effect of this residue on the recovery studies was 
detected. Measurements made on the same zone-refined 
copper, but not the same specimen, exhibited the same 
recovery features. 

It was also expected that the recovery might depend 
on the concentration of the defects. Consequently, 
unless this concentration dependence was actually 
sought in an experiment, the experiment was always 
carried out with a standard total electron flux—a 
standard defect concentration. 

The best value for the resistivity associated with 
radiation induced defects now appears to be ~ 3X 10~® 
ohm cm per atomic percent of defects.*"” We shall use 
this value to estimate the defect concentration corre- 
sponding to our resistivity data. The resistivity 
increment in the standard irradiation was 2.7X10-" 


9 Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
639 (1957). 

10 R.O. Simmons and R. W. Balluffi, Phys. Rev. 109, 335 (1958) ; 
R. W. Vook and C. A. Wert, Phys. Rev. 109, 1529 (1958). 
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Fic. 1. Schematic drawing of electron-damage cryostat. 








ohm cm, which is then 0.9X10~ at. % or ~1 ppm 
at. conc. 

We previously deduced a value of 1.5X10-* ohm 
cm per atomic percent of radiation-induced defects," 
based on the dependence of the damage production 
rate on the bombarding electron energy. As we shall 
show in a future publication, the reconciliation of this 
number with the present 3.0X10~-® ohm cm/1 at.% 
resolves the discrepancies between theory and experi- 
ment for the production rate of damage by both 
electrons and deuterons, which lends further credence 
to this latter number. 

A schematic diagram of the crystal is shown in Fig. 1, 
The foil was mounted in the pill-box assembly through 
which liquid refrigerant (helium or hydrogen) was 
pumped. The foil was supported only at the non- 
irradiated ends. The irradiated and control samples 
were side by side and the coolant flowed on all sides of 
the samples. 

Although there were two carbon resistance thermom- 
eters and two thermocouples in the coolant stream, the 
temperature dependent resistivity of the control 
sample was used as the primary thermometer. The 
output of the sample-resistance potentiometer was 
fed into a Varian G-11 recorder, which was used to 
monitor and record the control sample resistance 
continuously. The control sample resistance readings 
were converted to a temperature scale in two ways. 
In previous publications we have fitted the temperature- 
dependent resistivity data to the Griineisen theory at 
273°K, 77.4°K and 20.4°K. In the present work we 
have used the resistivity vs temperature data of 
Magnuson ef al.° measured on a copper sample with 
about the same residual resistivity as ours. While we 
feel that this latter temperature scale is more accurate, 
there is no essential difference between the results of 


A. E. Fein, Phys. Rev. 109, 1076 (1958) 
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the recovery analysis (e.g., energetics or kinetics) for 
the two scales. 

The sample temperature was regulated by jointly 
controlling the amount of refrigerant pumped past the 
sample and the power applied to the heaters wound on 
the pillbox and on the refrigerant inlet line. This 
temperature control arrangement was quite versatile. 
It allowed us to make resistivity measurements at the 
refrigerant temperature, thereby ensuring maximum 
sensitivity; to irradiate at a low temperature or a 
high temperature (80°K) ; to carry out recovery studies 
with isothermal or isochronal pulse-annealing schedules ; 
and, finally, to perform combinations of these irradia- 
tions and recovery studies with no intervening high 
temperature (>80°K) annealing. In the isothermal 
experiments the specimen temperature was pulsed to 
the annealing temperature for a series of increasing 
time increments. In the isochronal experiments the 
specimen temperature was pulsed to successively 
higher temperatures for the same length of time—ten 
minutes. It took a maximum of two minutes total 
elapsed time to reach any annealing temperature 
below 80°K. The control sample temperature (resis- 
tance) was continuously recorded during the pulse. 
The rise-time portion of the time-temperature curve 
was numerically integrated using 


of each pulse 


exp(—Q/kT) as a weight function to give the equivalent 
time at temperature. The activation energy initially 


used in the Boltzmann factor was determined by 
analyzing the data without the rise time correction. 
In practice the rise times corresponded to an equivalent 
time at temperature of ~0.3 min. This number is 
sufficiently small that the first correction for rise 
time is accurate enough. The effect of including the 
rise time correction on the calculation of activation 
energy is significant, however, and all the data quoted 
in these papers include this correction unless otherwise 
noted. The maximum temperature fluctuation during 
the annealing at the final temperature was +0.1°K. 
Although in some experiments in this series liquid 
helium was used as the refrigerant, in most of the 
experiments liquid hydrogen was used. In the case of 
our preliminary recovery experiments® liquid helium 
was used, but contrary to what was reported, the 
sample temperature in those measurements was 
probably not always below 12°K. During some of 
those irradiations the sample temperature was ap- 
parently sufficiently high that I, recovery proceeded 
during irradiation, and this recovery was not observed. 
In the present experiments the electron flux was 
lowered until the fractional amount of recovery in I, 
remained constant with decreasing current density. 
Because I, comprises such a small fraction of the 
damage the conclusions made previously® concerning 
the energy dependence of the damage production rate 
and the recovery of the damage, are not vitiated by 
the omission of I4. Measurements of the recovery as a 
function of electron current density during irradiation 


SMITH, 
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with liquid hydrogen refrigerant indicated that none of 
the Ig recovery was taking place during irradiation. 

An experiment was done to ensure that the character 
of Ip, Ic, Ip, and Ig recovery was the same if either 
liquid helium or liquid hydrogen were used as the 
refrigerant. Of course, when liquid hydrogen is used 
I, is not observed However, liquid hydrogen is far 
more convenient for us to use than liquid helium. 
Consequently, most of the detailed measurements 
have been done on Ig, Ic, Ip, and Ig produced by 
irradiating at liquid hydrogen temperature. 

The use of liquid hydrogen as a refrigerant has the 
possible complication that resistivity changes measured 
at the hydrogen boiling point may be due in part to 
changes in the temperature dependent part of the 
resistivity. However, consideration of the data available 
on the change in the temperature dependent resistivity 
due to irradiation®:” shows that for the total defect 
concentrations used in the present work this effect is 
not significant. 

Because of the inherent experimental limitations of 
the apparatus (e.g., sample temperature fluctuation, 
measuring apparatus limitations, etc.) the general 
reproducibility of the recovery data presented in these 
papers is ~+0.3% of initial resistivity increment. 


ANALYSIS 


We shall briefly review the basic concepts of the 
radiation damage process in order to establish a frame 
work for discussing the recovery. We have previously 
shown that a bombarding electron must transmit on the 
average, an energy of ~ 22 ev to a struck atom in order 
to produce a lattice defect. In the case of our 1.4-Mev 
electron irradiations the maximum energy (T7,,) that 
can be imparted to the lattice atom is 115 ev. The 
average energy imparted to the lattice atom, considering 
collisions which impart between 22 and 115 ev, is 39 ev. 
We see then that on the average, the recoiling lattice 
atom does not have the necessary 22 ev to produce 
another defect in a collision with another lattice atom. 
In this case we expect a particularly simple kind of 
damage—an interstitial-vacancy pair, or Frenkel pair. 
Since electron-atom collisions which transfer the 
required 22 ev are relatively rare, the interstitial- 
vacancy pairs will be distributed randomly throughout 
the sample. Further, since the sample thickness is a 
small fraction of range of the bombarding electrons 
the i-v pairs will be distributed homogeneously through 
the sample. 

Since T,, is 115 ev, we might expect some multiple 
defect production to be possible. The theory of defect 
production should be useful in assessing the extent of 
multiple defect production. However, this theory 
predicts values of defect concentration much higher 
than the concentrations deduced from experiment 
using the value of resistivity increment per atomic 


12D. Bowen and G. W. Rodeback, Acta Met. 1, 649 (1953). 
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percent of defects suggested by the measurements of 
the density change.®' The discrepancy is about a 
factor of 2 for electron irradiations and ~6-7 for 
heavy-particle irradiations. As we will discuss in a 
future publication, a simple and reasonable modification 
of the defect production theory helps resolve these 
discrepancies. It sufficies here to observe that this 
modification is in the direction of reducing the number 
of multiple defects to the point that in the electron 
irradiations we may ignore them. In the recovery 
analysis presented in the present papers we will therefore 
assume that all of the defects are produced in the form 
of isolated Frenkel pairs. 

The interstitial-vacancy separation in each of the 
Frenkel pairs can vary, depending on the energy 
transferred in the production collision and the crystal- 
lographic direction of the recoiling interstitial. If the 
interstitial comes to rest near a vacancy, the inter- 
action between the defects can make the activation 
energy to jump in the direction of the vacancy less than 
the energy to jump away. As the temperature of the 
sample is raised these “close pairs” will recombine 
preferentially. If there are several close pair species the 
type with the lowest activation energy will go first, and 
so on. The interstitials which are sufficiently far 
removed from a vacancy will not move until a tempera- 
ture is reached at which free migration through the 
lattice occurs. The freely migrating interstitial performs 
a random-walk motion and recombines with its own 
vacancy or another depending on the distribution of 
the defects in the lattice. The freely migrating inter- 
stitial may partake in a variety of interactions besides 
annihilation, and the description of the recovery 
process becomes quite complicated. In the present 
paper we shall be concerned only with the close pairs. 

Close pair recovery is a purely localized interaction 
and should be quite insensitive to the presence of other 
defects in the crystal. This recovery is described by a 
simple monomolecular rate equation: 


dC/dt= —CA exp(—E», kT), (1) 
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T (°K) 
Fic. 2. Isochronal recovery curve. (Apo) ~2.7X 10° ohm cm, or an 
initial defect concentration of ~1 ppm (see text). 


ELECTRON-IRRADIATED Cu. 





eee 1 ! 
x» 40 50 70 


T (°K) 








DERIVATIVE OF ISOCHRONAL RECOVERY CURVE (%/°K) 


Fic. 3. Numerical derivative of the isochronal recovery 
curve shown in Fig. 2. 


where C is the concentration of close pairs, E,, is the 
activation energy for a jump, and A is termed the 
frequency factor. For a constant temperature, integra- 
tion of Eq. (1) gives 


C/Co=expl—14 exp(—E,,/kT) ]. (2) 


Assuming that the resistivity p is proportional to C, 
a plot of In[[p()/po] vs t should give a straight line. 

If there are several close pair species with differing 
activation energies and values of A, then we shall 
have a sum of equations like Eq. (2). In our case the 
activation energies of the species differ sufficiently 
that we can use the isothermals to resolve the species 
and to evaluate the corresponding activation energy 
and value of A. 

Clearly the test of fitting the recovery curves to 
Eq. (2) requires of the experiment only that the 
precision in resetting to a particular temperature be 
good. Determination of the value of E£,,, however, 
involves precise knowledge of the absolute value of the 
temperature and, in our experiments, is subject to 
more error. 

RESULTS 


General Features of Stage I Recovery 


Figure 2 shows the results of a Stage I isochronal 
annealing experiment in which the defect concentration 
was 9X10~7 at. conc. Figure 3 presents a simple 
numerical derivative with respect to temperature of 
this isochronal. As can be seen there are five distinct 
substages of recovery, or peaks. This peak structure is 
quite reproducible and represents at least five recovery 
processes which differ quantitatively from each other. 
As we shall see there are also qualitative differences 
between these recovery processes. The possibility exists 
that with higher resolution and accuracy further 
substages might be detected, although all our recovery 
data are accounted for by five recovery processes. 

That this structure is a genuine feature of the 
recovery and is not connected with uncertainties in the 
temperature scale can be demonstrated in two ways. 
Firstly, for the structure to represent uncertainties in 
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Fic. 4. Isothermal recovery curves. Each curve represents an independent experiment. All the irradiations for these recovery curves were 
performed at 20.4°K to a total radiation-induced resistivity increment of 2.7X 10~” ohm cm, or ~1 ppm defect concentration (see text). 


the temperature scale would require the temperature 
dependent resistivity to exhibit this structure, which it 
does not. Secondly, and conclusively, we may consider 
the results of a series of independent isothermal 
recovery experiments. For a single recovery process, 
the isothermal recovery rate after, say, ten minutes will 
depend on the temperature at which the isothermal is 
carried out. Clearly, this rate will be zero if the tempera- 
ture is so low no recovery is occurring. The rate at ten 
minutes will also be zero for an isothermal at a tempera- 
ture where the recovery is completed in less than ten 
minutes. For isothermals at intermediate temperatures 
the rate will first increase to a maximum value and 
then decrease. However, if several recovery processes 
are occurring in sequence, we would expect this rate to 


series of isothermals the only requirement of the 
temperature scale is that we can tell if one temperature 
is higher than another. We have performed such a 
series of isothermals for the temperature range of 
20-80°K, regarding the separation of the recovery peak 
at 16°K from that at 27°K as manifestly real. These 
isothermals are shown in Fig. 4 and show saturation 
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Fic. 5. Isochronal recovery curve for I4 recovery. 


levels corresponding to the isochronal structure. Indeed 
it is possible analytically to predict the isochronal 
curves from the energetics and kinetics information 
obtained from the isothermals. 

We shall designate the recovery substages as Iy, 
--+Ip in order of increasing temperature: I4, 14-24°K; 
Ip, 24-28.5°K; Ic, 28.5-33°K; Ip, 33-48°K and Iz, 
48-65°K. In present case (1.4-Mev bombarding 
electron energy) these substages contain the following 
percentages of the fotal recovery: 14—2.5%, Ip—13.1%, 
Ie—10.0%, In—48.8% and Ig—12.8%; (II+HI+I1V 
+V)—12.8%, all percentages being to within 3%. In 
the following paper we shall show that both Ip and Iz 
recovery are associated with free interstitial migration. 
In the present paper we shall discuss only I4, Ig, and 
Ic recovery. 

The results of two isochronal annealing experiments 
on I, recovery are shown in Fig. 5. These two experi- 
ments were performed with bombarding electron fluxes 
differing by a factor of five. The fact that the same 
amount of I, recovery is observed in both experiments 
demonstrates that the beam heating was not sufficient 
to cause any I, recovery during irradiation. Although 
the defect concentration was slightly different in these 
runs, we do not regard this as conclusive proof of 
concentration independence of this recovery. Because 
I, recovery is so small and because it requires liquid 
helium as a refrigerant we have not made detailed 
studies of this substage. Rather, the nature of I, 
recovery is inferred from the nature of Ig and Ic. 
Consequently, we shall defer further discussion of I, 
until Iz and I¢ have been discussed. 

In Fig. 6 are shown the results of three isochronal 
annealing experiments performed on Ig and Ic recovery 
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at different defect concentrations: 1.0 10~®, 6.0 10-6, 
and 1.8X10-> atomic conc. We see that Ig and I¢ 
recovery are concentration independent. 

The isothermal annealing experiments performed on 
Ix and I¢ recovery are shown in Fig. 7. In comparing 
the resistivity values to Eq. (2) it is necessary to 
ascertain the amount of recovery to be ascribed to 
the various substages; that is, to subtract the resis- 
tivity at which the next stage becomes operative. 
The value to be subtracted was found by trial and error 
in order to give the best fit to Eq. (2). Of course, the 
same value was subtracted for all the isothermals of a 
given substage. 

Substage I, 


The results of the analysis of the I, isothermals are 
presented in Fig. 8. The activation energy which is 


0-30xi0"!° OHM CM 
0-1.8X10"9 OHM CM 
4-5.4X10°? OHM CM 


T (°K) 

Fic. 6. Concentration dependence of the isochronal annealing 
of Ig and Ic¢ recovery. The recovery is normalized at 20.4°K. 
As discussed in the text, the initial defect concentrations corre- 
sponding to these curves are 1.0 10~®, 6.0 1078, and 1.8 10~, 
respectively. 


obtained is Eg=0.085+0.01 ev. The value of the 
frequency factor A is 8X10" sec to within a factor 
of five. To arrive at a theoretical value of A would 
involve detailed knowledge of the defect configuration, 
which we do not yet possess. We may estimate A, 
however, by neglecting the entropy contributions to 
the kinetics and saying® A~kT/h, from which we 
obtain A~6X10" sec~!. We consider this agreement 
quite satisfactory. 
Substage I, 

The results of the analysis of the I¢ isothermals are 
presented in Fig. 9. The activation energy is Ec=0.095 
+0.01 ev. The value of A is again 8X10" sec" to 
within a factor of five. 


13See Glasstone, Laidler, and Eyring, The Theory of Rate 
Processes (McGraw-Hill Book Company, New York, 1941). 
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Fic. 7. Ig and I¢ isothermal recovery curves. These curves 
are normalized at 20°K, and were all performed with an initial 
defect concentration ~9X 1077. 


As can be seen from the figures the Ig and I¢ recovery 
obey Eq. (2) quite satisfactorily with a reasonable 
frequency factor. These pieces of evidence form the 
basis for assigning Iz, Ic, and by inference, I4 recovery 
to “close pairs.” 


Substage I, 


We assume that I, recovery involves the same 
frequency factor as I, and I¢. The ratio of the activation 
energy to the temperature at which one-half the 
recovery of the substage is completed, is then a con- 
venient scale factor for estimating the activation 
energy of the I, recovery. In this manner we arrive at 
E,=0.05+0.01 ev. 
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Fic. 8. Iz isothermal recovery curves on a first order plot. 
The data are those shown in Fig. 7. 
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Fic. 9. I¢ isothermal recovery curves on a first order plot. 


The data are those shown in Fig. 7. 


DISCUSSION 


Although the data show all the features expected of 
close pair recovery and are so interpreted, there remains 
the possibility that the results can be accounted for in a 
different way. Specifically, if the interstitials were 
freely moving they could be trapped at defects in the 
crystal other than the radiation-induced vacancies. 
If the concentration of trapping sites greatly exceeded 
the concentration of vacancies we would again expect, 
as has been shown by Waite," an equation like Eqs. (2). 
Different species of trapping sites with different binding 
energies could give discrete stages in the recovery. 
However, in order to account for the results the 
concentration of such trapping sites would have to be 
greatly in excess of either the number of chemical 
impurities or dislocation sites expected in this pure, 
annealed material. Further, in the next paper we show 
directly that trapping sites do not dominate the 
recovery in substage I¢. The trapping sites would 
therefore have to have low binding energies exclusively. 

Perhaps the strongest evidence, however, that these 
peaks are intrinsic and hence due to close pairs is to 
be found in the comparison of the present experiments 
with those previously reported using deuterons. 
Magnuson, Palmer, and Koehler® have presented the 
results of an experiment which consisted of a series of 
sequential isothermal annealing experiments on Stage I 
recovery produced by bombarding copper with 10-Mev 
deuterons. Analyzing their data, they obtain four 
discrete recovery stages for Stage I recovery. Well 
within the experimental limits of both experiments 


4T.R. Waite, Phys. Rev. 107, 463, 471 (1957), 
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their first three stages correspond, in both activation 
energy and frequency factor, to the stages we have 
labeled I4, Ip, and Ic. Their fourth stage corresponds 
to our Ip plus Iz, as discussed in the next paper. 
They assigned their first three stages to close pair 
recovery, basing their argument on the fact that the 
calculated number of jumps to annihilation is small. 
Further, their experiment was performed with the 
radiation-induced defect concentration ~2X10~ at. 
conc., which was higher than expected impurity 
concentration thereby ruling out impurity effects. 

It is interesting to note that the relative population 
of the various substages of Stage I in the deuteron 
results is almost the same as in the electron recovery. 
In a subsequent publication we shall discuss the 
behavior of the recovery as a function of incident 
electron energy. We simply observe here that there is a 
small shift in the populations of the various substages 
with decreasing electron energy. This is what one would 
anticipate for close pairs but not for impurity effects. 

In toto then, we believe these facts show that the 
discrete recovery spectrum is intrinsic and that I4, Iz, 
and I¢ are due to the recovery of different close-pair 
species. 

We now consider the problem of identifying the 
specific configurations of interstitial and vacancy 
responsible for the substages I4, In, and Ic. Figure 10 
shows the face-centered cubic copper lattice with an 
interstitial assumed to reside in the body-centered 
position. We have shown only atoms which are crystal- 
lographically nonequivalent and have labeled them 
with increasing distance from the interstitial. In Table I 
we present the direction cosines, distances, and occupa- 
tion numbers for a number of possible vacancy positions. 


TaBLE I. Direction cosines, distances, and occupation numbers 
for a number of possible vacancy positions. N designates the 
number of the lattice site, labeled with increasing distance from 
the interstitial site (see Fig. 10). r is the distance of the lattice 
site from the interstitial expressed in units of one half the lattice 
parameter. S is the number of equivalent sites. /, m, n are the 
direction cosines with respect to the cubic axes of the vector 
connecting the interstitial and the lattice site. A permutation of 
the direction cosines in the table will delineate the lattice sites 
shown in Fig. 10. ! =0.400—2 (2m?+- m?n?+-n?P). 
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The only calculation we are aware of that has sought 
to calculate the stability of close i-v pairs has been 
performed by Tewordt.!® He concluded that the 
configuration with a vacancy in site 3 is unstable. No 
conclusions were reached for any of the other configura- 
tions. Since a vacancy in site 1 is certainly unstable, 
this leaves sites 2, 4, --- as possible stable vacancy 
positions. Theoretically® it is not certain that the stable 
interstitial position is as assumed above and certainly 
more detailed calculations need to be performed on 
this whole problem. 

In the absence of any detailed calculation we now 
inquire what elasticity theory can say on the matter. 
Eshelby'® has treated the elastic interaction between 
point defects with cubic symmetry and gives for the 
interaction energy between a pair of defects which 
produce volume changes in the medium of AV, and 
AV», respectively, the expression , 


15d i 
Fin= —— AV ,AV.—. (3) 
Sry” rs 


d is a function of the elastic constants and is negative 
for metals; y=3(1—¢)/(1+0¢) with o= Poisson’s ratio; 
T'=0.400— 2 (/?m?+-m?n?+-n7/?) with 1, m, n the direction 
cosines with respect to the cubic axes of the vector 
connecting the defects; and r is the distance between 
the defects. Since the sign of AV int is opposite to that of 
AVyac, we have Einex« —T/r’. Now 1(100)=0.40, 
(110) = —0.10, and I'(111) = —0.27, so we see there 
is a cone about the [100] direction in which Ejnt is 
attractive. Values of I'/r’ are tabulated in Table II. 
Using the 10°K values for the elastic constants of 
copper and the limiting estimates of Tewordt for the 
volume change appropriate to the interstitial and the 
vacancy, we have evaluated the interaction energy 
in Eq. (3). Subtracting the interaction energy from 
the migration energy of the free interstitial (0.12 ev) 
which we obtain in the following paper, gives the energy 
of recombination Eye. These results are given in 
Table II. Using the Eyee values to order the substages, 
and assuming that I, is the first stable close pair, i.e., 
there are not close-pair peaks below 14°K, we associate 


TABLE II. Interaction energy and energy of recombination. 
N designates the lattice site. ! and r are taken from Table I. 
Eint is the interaction energy calculated from Eq. (3). Erec=0.12 
— Eint. The Exec (obs.) are the text E4, En, Ec values. All energies 
are expressed in electron volts. 


Exee (obs) 


(I'/r') Eint Exec 


= 


0.05 
0.085 
0.095 


—0.01 

+ 0.084 
+0.0920 
+0.099 
+0.104 
+0.111 
+0.118 


0.13 
0.0305 
0.028 
0.021 
0.016 
0.009 
0.002 


1.48 10 
4.1510" 
3.20X 10 
2.36X 10° 
1.84 10 
1.04 10-8 
1.87X10~4 


— pms — 
COnruons 


me he 


18. Tewordt, Phys. Rev. 109, 61 (1958). 
16 J. D. Eshelby, Acta Met. 3, 487 (1955). 
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Fic. 10. The face-centered cubic copper lattice with a body 
centered interstitial (dark atom) in lower left unit cell. The 
atom sites are numbered with increasing distance from the 
interstitial. Only crystallographically nonequivalent atoms are 
shown. 


site 4 with I4, site 7A with I, and site 10A with Ic. 
Clearly this treatment is not adequate. 

Certainly the use of elasticity theory at these close 
spacings is not justified, and the marked preference for 
vacancies sites in a [100] direction is probably un- 
realistic. Further, important factors, such as the change 
in the electronic energy, have been omitted. If we 
neglect theory completely and look for a natural group 
of three sites to correspond to the observed three 
substages, we note that there is a distinct gap in 
distance between the sites 4, 5, 6 and the sites 7, 8, 9. 
Possibly then I,4 corresponds to 4, Ig to 5, and I¢ to 6 
with the vacancy at site 7 sufficiently removed to be 
essentially free. An alternative approach would be to 
assume that the amount of recovery associated with a 
given recovery peak is proportional to the number of 
equivalent vacancy sites of the corresponding close 
pair species. This is the same as assuming that the 
partitioning among the close pair species was governed 
by a random process. From this approach, we would 
conclude that I, is associated with site 2, Ig with site 
4 and I¢ with site 5. 

Clearly at this point we must conclude that a final 
decision on the question of the defect configuration 
corresponding to the substages must await further 
calculation and experiment. 
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Several experiments are presented dealing with substages Ip and Ix of Stage I (14°K-65°K) recovery in 
electron-irradiated pure copper. It is concluded that both Ip and Ix represent the recovery due to the free 
diffusion of a defect, presumably an interstitial atom, with an activation energy for motion £,, =0.12+0.005 
ev. Ip is the result of correlated recovery (the interstitial returns to the vacancy from which it came) while 
Ix is the result of uncorrelated recovery (the interstitial travels to a distant sink). The migrating interstitial 
is shown to interact with vacancies, traps, and other interstitials leading respectively to annihilation, 
trapping, and cluster formation. The interaction between two interstitials leading to cluster formation is 
found to be comparable with the annihilation interaction between an interstitial and a vacancy. Clusters 
containing more than two interstitials are also formed. Previous work in copper is discussed, and it is con 
cluded that this previous work is consistent with the above description of Stage I recovery. The relationship 
of the present work to the general problem of assigning defect processes to the higher temperature recovery 


states in copper is also discussed. 


INTRODUCTION 


HE general introduction to the subject matter and 

experimental apparatus has been given in the 
preceding paper.’ In that paper it was shown that the 
recovery of electron-irradiated copper between 14° and 
65°K consisted of five distinct substages. Only the first 
three (I4, Ip, and Ic) were discussed. In this paper we 
describe several experiments which deal with the re- 
maining two recovery sub-stages (Ip and Ig). Con- 
sideration of these experiments leads to the following 
model for the recovery processes : 


1. Low-temperature radiation damage produces inter- 
stitials and vacancies, in pairs. 

2. Upon heating, recovery proceeds by the following 
stages: I4, Iz, Ic: three stages of close-pair recombina- 
tion, each with a characteristic activation energy, each 
corresponding to a different close-pair configuration. 
Ip, Ig: two stages of recombination associated with the 
free diffusion of interstitials, one the result of correlated 
recovery (the interstitial returns to the vacancy from 
which it came), and the other the result of uncorrelated 
recovery (the interstitial travels to a distant sink), both 
with the same activation energy. 

3. Free diffusion of an interstitial ceases when it 
meets a vacancy (annihilation), when it meets an im- 
purity (trapping), or when it meets another interstitial 
(cluster formation). In pure copper, as many as half of 
the interstitials participating in stage Ig form stable 
clusters that persist to at least 80°K. 

The evidence for this description of the recovery 
processes is as follows: 


1. The evidence for close-pair recombination associ- 
ated with stages I4, Ip, Ic has been given in the 
preceding paper. 

2. The evidence for free diffusion in stage Ig is as 
follows: 

* Now at Hanford Laboratory Operations, Hanford Atomic 
Products Operations, Richland, Washington. 


1 Corbett, Smith, and Walker, preceding paper [Phys. Rev. 
114, 1452 (1959) } 


a. Concentration-dependence. Stage I proceeds more 
rapidly when the damage is greater, as there are more 
sinks for interstitials. The shift agrees with that pre- 
dicted for a bimolecular process using the activation 
energy determined from isothermal experiments. 

b. Radiation doping. Prior radiation damage at 80°K 
(producing a large density of radiation sinks) enhances 
the rate of stage Ig recovery from subsequent low- 
temperature damage. 


3. The evidence for free diffusion in stage Ip is as 
follows: 


a. Stage Ip has the same activation energy as stage 
Iz, which has been shown to be free diffusion. 

b. A diffusion analysis of the recombination of inter- 
stitials and vacancies, along the lines proposed by 
Waite,’ shows that a correlated recombination stage and 
an uncorrelated recombination stage are to be expected. 
The analysis gives good agreement with the Ip and Ix 
recovery stages (in spite of the fact that it considers only 
annihilation and neglects cluster formation). 


4 
Fic. 1. Concentration dependence of the Ip and I, isochronal 
recovery. The standard dose (J) corresponds to ~1 ppm initial 
defect concentration. The subscript 20°K refers to the irradiation 
temperature. 


2 T. R. Waite, Phys. Rev. 107, 463, 471 (1957). 
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Fic. 2. Numerical derivative of the concentration dependence Ip 
and I isochronal recovery curves shown in Fig. 1. 


4. The evidence for clustering of interstitials is as 
follows: 


a. Persistent damage. Irrespective of the radiation 
dose given to clean copper at low temperatures, a con- 
stant fraction (about half) of the damage remaining 
after stage Ip persists through stage Iz. Thus when free 
diffusion is over, some interstitials and vacancies remain 
uncombined. 

b. Radiation doping. Not only does prior doping at 
80°K enhance the rate of stage I~ recovery from subse- 
quent low-temperature damage, but it markedly en- 
hances the amount of recovery. This evidence suggests 
that newly introduced interstitials are largely elimi- 
nated through recombination with residual vacancies in 
radiation-doped copper, in contrast to their behavior in 
pure copper where about half of them form clusters and 
remain unrecombined. 


In the following section we present a qualitative but 
fairly detailed discussion of the experimental evidence 
which leads to the previously outlined recovery model. 
In the section which follows this qualitative discussion, 
the data are analyzed in more detail in terms of a specific 
analysis which incorporates the general features of the 
recovery model. In the final section of this paper the 
relationship of these results to previous work and to the 
general problem of assigning defect processes to higher 
temperature recovery states is discussed. 


GENERAL FEATURES OF THE 
RECOVERY PROCESSES 


In this section we present a qualitative discussion of 
some of the experimental results. We wish to show that 
these experiments lead to some general conclusions con- 
cerning the nature of the recovery processes. 


Demonstration of Free Migration of Defects 


As indicated in the previous paper, the fractional rate 
of recovery for local recombination processes is inde- 
pendent of total concentration. This is not in general 
true of recovery processes which involve free migration 
of defects. If the interstitial is performing a random 
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walk through the lattice, the probability that it en- 
counters a defect with which it can interact, e.g., a 
vacancy, will depend on the concentration of these de- 
fects. Hence, the fractunal rate of recovery will increase 
with increasing defect concentration. In the case where 
the initial distribution of defects is random and only 
annihilation of wandering interstitials at fixed vacancy 
sites is occurring, the process is described by the simple 
bimolecular equation 


dC/dt =—C*Ae- Em(/k T ( 1 


where C is the instantaneous concentration of inter- 
stitials, A is the frequency factor, and £,, is the activa- 
tion energy of motion. 

Figure 1 shows the results of several different isochro- 
nal recovery experiments on Ip and Ig recovery with 
different initial defect concentrations. Figure 2 gives the 
same data plotted as a numerical derivative curve. In 
Fig. 3 the isothermal recovery at 52.7°K (Ig) is shown 
for initial concentrations differing by a factor of six. It 
can be seen from both the isochronal and isothermal ex- 
periments that substage I¢ is markedly affected by the 
change in initial defect concentration. In the isochronal 
experiments, the maximum rate of recovery is shifted to 
lower temperatures. The measured shift agrees with 
that predicted for a bimolecular process using the 
activation energy determined from isothermal experi- 
ments. The fact that the production curve is accurately 
linear at the bombarding temperature up to the highest 
concentration of defects suggests that the same type of 
damage is introduced initially, independent of concen- 
tration. The observed concentration effect, therefore, is 
due to a difference in the recovery processes during an- 
nealing and is not due to differences in the character of 
the induced damage at the bombarding temperature. 
This conclusion is substantiated by the fact that the 
recovery curve is quite independent of concentration for 
the lower temperature substages. The very low concen- 
tration of defects makes it difficult to ascribe the ob- 
served effect to any static long range interaction be- 
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Fic. 3. Concentration dependence of the 52.7°K (Ig) isothermal 
recovery. The solid lines are dimer formation theory, normalized at 
one point as discussed later in the text. The subscript 20°K refers 
to the irradiation temperature. 
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Fic. 4. The effect of 80°K radiation doping on the 52.7°K (Iz) 
isothermal recovery. The subscript 20°K refers to the irradiation 
temperature for the isothermal experiments. 


tween defects. The simplest interpretation of the 
observed concentration dependence is to ascribe it to the 
free migration of interstitial atoms. 

A perhaps more striking'demonstration of the exist- 
ence of a migrating defect is the existence of the “‘radia- 
tion doping effect.”” We find that the isothermal recovery 
in substage Ig of a standard irradiation is markedly 
affected by radiation defects which have been intro- 
duced by prior bombardment at 80°K. Consider the 
results shown in Fig. 4. The top curve shows the 
isothermal recovery at 52.7° (Ix) for three different runs 
with identical initial defect concentrations of ~ 1X 10~®. 
The sample was annealed at ~410°K between each of 
these runs. The middle curve shows what happens when 
the fully annealed sample is first bombarded at 80°K, 
allowed to remain at this temperature until no recovery 
is occurring (this happens almost immediately), and is 
then subjected to the same low-temperature bombard- 
ment and annealing as in the three runs of the top curve. 
The presence of the defects introduced by the prior 
80°K bombardment enhances both the rate and final 
amounts of recovery for the standard irradiation. The 
bottom curve in Fig. 4 shows the same type of experi- 
ment with a larger amount of prior irradiation at 80°K. 
That this effect is due to a difference in the recovery 
processes after warmup and is not due to a difference in 
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Fic. 5. The effect of 80°K radiation doping on the 40.7°K (Ip) 
isothermal recovery. The horizontal lines indicate the extent of the 
recovery after the annealing 10 minutes at 80°K of the two ex- 
periments shown in the figure. The subscript 20°K refers to the 
irradiation temperature. Rise-time correction is not included. 
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the nature of the initial damage introduced at the bom- 
barding temperature can be seen in two ways. In the 
first place, the production rate at the bombarding tem- 
perature is the same whether or not the sample has been 
previously doped with radiation defects. Secondly, the 
low-temperature recovery states are relatively un- 
affected by the radiation doping and reproduce the 
standard recovery curves. This is shown in Fig. 5. The 
triangle points are for the 1 ppm standard isothermal at 
40.7°K (Ip) taken with no prior irradiation. The circle 
points show an identical isothermal with the exception 
that the sample in this case had received a prior ir- 
radiation at 80°K toa defect concentration of ~ 710-7. 
There is only a slight difference in the two curves. 
However, when the experiments are carried through the 
Iz recovery, a marked difference shows up. As can be 
seen in Fig. 5, referring to the final recovery values after 
annealing at 80°K, the radiation doping was fully 
effective in enhancing the Ig recovery even though it 
left the Ip recovery virtually unaffected. 
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Fic. 6. The effect of 20°K irradiation—80°K annealing doping 
on the 52.7°K (Ig) isothermal recovery. The subscript 20°K refers 
to the irradiation temperature. 


The simplest interpretation of this radiation-doping 
effect is that interstitial atoms can move long distances 
in substage Iz and annihilate at vacancy sites which 
have been introduced by the prior irradiation. If we 
make the assumption that a defect can affect at most 
100 atoms, the existence of this effect at defect concen- 
trations of ~1X10~6 in both the standard irradiation 
and the doping radiation implies a migrating defect 
which makes at least 10* jumps in order to recover. 

The radiation doping can also be introduced by first 
irradiating at 20°K and then annealing at 80°K. The 
results of isothermal experiments at 52.7° (Iz) with 
various amounts of doping added in this manner are 
shown in Fig. 6. It is found in this case that a given 
amount of doping resistivity is not quite as effective in 
modifying the recovery of the standard irradiation as is 
the doping resistivity added by bombardment at 80°K. 
It is therefore clear that these two methods of intro- 
ducing doping result in different microscopic configura- 
tions of defects. Clearly these experiments also have a 
great deal to say on the nature of the radiation-induced 
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resistivity which does not recover at 80°K. Both types 
of radiation doping are considered later in more detail. 


Interaction of the Moving Defects 


The foregoing experiments indicate that in the sub- 
stage Iz the predominant process is the free migration 
of an interstitial. In spite of this, complete recovery does 
not occur in stage I. Figure 7 shows the recovery above 
80°K of resistivity which was added partly by bom- 
bardment directly at 80°K and partly by bombarding at 
20°K and then annealing to 80°K. Only about 1.8% of 
the equivalent total resistivity added at 20°K recovers 
between 80°K and 250°K (stage II). Most of the re- 
maining 10.2% of the initial resistivity increment 
recovers between 250°K and 350°K (stage III). This is 
similar to the observations of Meechan and Brinkman® 
on the recovery of samples bombarded at 80°K, with the 
difference that stage II is less pronounced and stage III 
more pronounced in the present experiments. The 
residual 0.1% which remains after annealing at ~ 410°K 
has no apparent effect on the recovery of a subsequent 
low-temperature irradiation. 

The question arises as to what defects are responsible 
for the fraction which does not recover until stages II 
and III. At least three possibilities exist : 


(a) Moving interstitials are trapped at other than 
radiation induced lattice defects. The resistivity left 
after stage I is then due to these trapped interstitials 
and a corresponding number of isolated vacancies. 

(b) Moving interstitials interact with each other to 
form clusters. The residual resistivity is then composed 
of interstitial clusters and isolated vacancies. 

(c) The radiation produces another lattice defect 
(perhaps a different type of interstitial) which does not 
interact with the migrating defect. The residual re- 
sistivity in this case is due then to this different species 
of lattice defect. 


Of these three possibilities, only the second, which 
postulates interstitial clustering, is consistent with our 
experimental results on the zone-refined copper. We 
shall demonstrate that the first possibility mentioned 
the trapping of interstitials by impurities—can occur, 
but is not important for the purest samples. 

The evidence for interstitial clustering derives mainly 
from the observation that the total fractional recovery 
in stage I is very nearly independent of initial defect 
concentration. The data are shown in the top curve of 
Fig. 8 which plots the amount of the radiation-induced 
resistivity which is left after annealing at 80°K as a 
function of the initial resistivity added at 20°K. Al- 
though the rate of recovery is strongly dependent on 
concentration, the final fractional recovery is the same 
within +0.5% for defect concentrations ranging from 
<1X10~-* to ~2X10-°. We shall show explicitly later 


3C. J. Meechan and J. A. Brinkman, Phys. Rev. 103, 1193 
(1956). 
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Fic. 7. Stage II and stage III recovery of defects introduced 
partly by irradiation at 80°K and partly by irradiating at 20°K. 
The recovery is normalized at the 80°K value. 


in the paper that this is the behavior one would expect 
if the defects were both annihilating and forming 
clusters. 

Impurity trapping of interstitials could also lead to 
the observed constancy of the total fractional recovery 
but can be ruled out by the following argument. At a 
defect concentration of 110~-*, the radiation defects 
must be interacting frequently with each other and not 
exclusively with other lattice defects. This is shown both 
by the radiation-doping effect and by the marked con- 
centration dependence of the recovery rate. We would 
therefore expect that when the radiation defect concen- 
tration was twenty times higher or ~ 2X 10~', the effect 
of other than radiation-induced defects would be negli- 
gible. The fact that virtually the same fractional re- 
covery is observed for this heavy concentration run 
shows that the fraction which remains cannot be due 
solely to interaction of the radiation defects with other 
lattice defects such as impurities. 

The third alternative proposed to explain the re- 
sistivity which is left after stage I recovery was the 
possibility that two types of interstitials are formed in 
the initial damage. One of these was presumed to be 
mobile in stage I and the other immobile until a later 
recovery stage. This possibility would explain the ob- 
served constant fractional recovery since all the mobile 
interstitials would annihilate leaving behind a constant 
fraction of immobile interstitials and their vacancies. 


© - IRRADIATION AT 20°K WITH 
SUBSEQUENT ANNEAL AT 60°% 
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Fic. 8. Comparison of the resistivity change obtained by bom 
barding directly at 80°K with that obtained by irradiating at 20°K 
and then annealing at 80°K. Each point in this latter curve corre- 
sponds to an independent experiment. 
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However, consideration of another experiment shows 
that this cannot be the case. Also included in Fig. 8 is 
the result of an irradiation on the same high-purity 
copper sample, carried out directly at 80°K. The re- 
sistivity increment corresponding to a given electron 
dose is considerably less in this case than the resistivity 
that remains when the sample is bombarded at 20°K to 
the same total dose and then annealed at 80°K. The 
two-interstitial model would predict the same straight 
line for the two experiments. If anything, we would 
expect the curve for the direct bombardment at 80°K to 
lie higher than the other curve since in this case the 
probability of impurity trapping is enhanced by the low 
instantaneous concentration of interstitials. 

The results shown in Fig. 8 can also be used inde- 
pendently to show the importance of cluster formation 
in the case of the standard irradiations performed at 20° 
and subsequently annealed at 80°K. The low instan- 
taneous concentration of interstitials in the direct 80°K 
irradiation would inhibit cluster formation and favor 
the trapping of interstitials by impurities. We would 
therefore expect that if impurity trapping were domi- 
nant the resistivities for this irradiation would be the 
same as or higher than in the case of a 20°K irradiation 
with subsequent anneal at 80°K. Since the opposite is 
true, we may conclude that impurity trapping is not 
dominant for the standard 20°-80°K experiment. Also, 
since the relative concentration of vacancies to im- 
purities is higher in this latter case, the resulting higher 
resistivities show the importance of interstitial cluster 
formation. The nonlinear shape of the 80°K exposure 
curve is caused by the increasing probability of inter- 
stitial annihilation at the ever increasing number of 
vacancies left behind by trapped interstitials. 

Since the cluster hypothesis satisfactorily explains the 
above experiments while the alternative hypotheses do 
not, we conclude that cluster formation is an important 
process. 

We have also performed an experiment on the stage I 
recovery of a 1X 10~ initial defect concentration irradia- 
tion on a sample of American Smelting and Refining 
copper which has a nominal impurity content of 1X 10~-°. 
In this case essentially none of the Iz recovery took 
place. The radiation-induced defects were apparently 
retained in the sample by being trapped by the im- 
purities. This is in agreement with the observations of 
Blewitt, Coltman, Klabunde, and Noggle,* who found 
that stage I recovery could be completely suppressed, by 
the addition of suitable chemical impurities. 


Relationship of I» to I, 

Although substage Ip is apparently only slightly 
affected by the changing concentration, it is not a 
simple monomolecular process. A cursory inspection of 
the isothermal annealing data shown in Fig. 9 shows 
that in Ip these isothermals are not simple exponentials 


4 Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
639 (1957). 
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Fic. 9. Independent Ip and Ig isothermal recovery curves. The 
arrows indicate that some of the recovery curves were measured 
to times longer than could be conveniently shown. The subscript 
20°K refers to the irradiation temperature. 


in time. Using these isothermals we will show that Ip 
and Iz recovery are characterized by one activation 
energy. Since Ip and Ig recovery spans a wide tempera- 
ture range, the recovery kinetics must be such that some 
recovery can take place after a very few interstitial 
jumps, and yet some recovery does not take place until 
~ 10° interstitial jumps. Substages Ip and Ig can be 
accounted for in the following way.’ Initially the defects 
are produced as interstitial-vacancy pairs with a range 
of (i-v) separations. Those pairs within some critical 
distance interact sufficiently strongly to make recombi- 
nation almost certain and are defined as ‘‘close pairs.” 
These “‘close pairs” give rise to substages I4, Iz, and Ic. 
Those :pairs with separations larger than the critical 
distance interact sufficiently weakly so that the inter- 
stitial is essentially equally likely to jump in any 
direction as it begins to move. However, because of its 
proximity to its own vacancy it will, in a random walk 
process, much more frequently recombine with its own 
vacancy than with other vacancies. Fletcher and 
Brown,*® and more recently Waite,” have considered this 
problem of diffusion-limited recovery in detail. Waite 
showed that as time goes on there is a transition from 
the initially correlated recovery which is independent of 
total concentration, to a random recovery describable 
by Eq. (1). In the next section we shall show that de- 
tailed application of Waite’s analysis gives reasonable 
agreement with the Ip and Ig recovery data. Stages Ip 
and Ix are therefore interpreted as representing the 
same fundamental process—free interstitial migration— 
with the separation between the substages arising in the 
transition from the correlated to the random recovery of 
the interstitials. 


“cc 


§ Prior to our completion of the activation energy analysis, 
Professor J. S. Koehler of the University of Illinois suggested ex- 
plicitly this possible explanation of Ip and Ig recovery. Using the 
activation energy previously determined for the fourth peak ob- 
served in the Illinois deuteron work, he showed that the calculated 
number of jumps for each of these peaks was consistent with this 
hypothesis. 

®R.C. Fletcher and W. L. Brown, Phys. Rev. 92, 585 (1953). 
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DETAILED ANALYSIS OF THE 
RECOVERY PROCESSES 


In this section the recovery processes are considered 
in more detail. We wish to show here that the model 
previously outlined is capable of quantitatively ac- 
counting for the data. 


Transition from Correlated to 
Random Interactions 


Waite’ has treated the question of diffusion-limited 
recovery in detail. We shall employ Waite’s analysis to 
treat the recovery which remains after the close pair 
recovery has taken place. In this analysis the problem 
of the recombination of freely migrating interstitials 
with immobile vacancies, when the initial distribution of 
the interstitials with respect to the vacancies is not 
random, is treated as a continuum diffusion problem 
with the vacancies considered as spherical sinks with a 
fixed capture radius. In order to obtain an analytic ex- 
pression for the recovery process, Waite assumed a 
specific expression for the initial distribution of inter- 
stitials with respect to vacancies. In particular, the 
explicit recovery relations were derived under the 
following assumptions: 

(a) When a freely migrating interstitial comes within 
a critical radius, 79, of a vacancy, annihilation takes 
place immediately. This radius will include the close 
pair sites. 

(b) The probability that an interstitial-vacancy pair 
have an initial separation r is given by 

P(r)dr=N exp[—(r/Aro)? J4ar°dr, (2) 


where A is the parameter which characterizes the radial 
distribution function, and N is a normalization constant 
defined by the condition 


f P(r)dr=1. (3) 
r0 


The expression which describes the kinetics of the 
recovery is given by Waite®’: 
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7 This expression differs slightly from Eq. (22) of Waite’s paper 
but follows directly from his Eq. (14). [Note: Waite has used erf to 
indicate what is conventionally designated erfc (see Whittaker and 
Watson). We have used erfc and in the numerical calculations have 
appropriately conformed Waite’s erf to the definition of the 
tabulated function. ] 
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where C» is the initial concentration of defects, and C 
is the concentration at time ¢. The other symbols are 
defined below: 


o= (Co—C)/Co, 


2 2D} En\} 2D¢3(t’)! 
Z=—(Dt)'= [:e0(-=)] =———.._ (6) 


To To kT To 


1 
fi= serio] —+- oe | (7) 
To (Dt)! 
D is the diffusion coefficient for the interstitial, Do the 
frequency factor, and £,, the activation energy for 
motion. The exponential involving the integral of f;; is 
equal to unity for the calculation of interest here. 

Equation (4) has several important features. In the 
first place the recovery is a function only of the parame- 
ter Z which is proportional to an equivalent time /’ 
defined in Eq. (6). This expresses the fact, recognized 
many times in the literature, that a given level of re- 
covery corresponds to the same microscopic configura- 
tion of defects regardless of the time-temperature 
schedule used to achieve the recovery—provided only 
one activation energy is involved. The difference in 
arriving at the same recovery by annealing at two differ- 
ent temperatures is simply in the times involved, and 
these are related by the Boltzmann factor. 

Physically the parameter Z is simply a measure of the 
number of jumps a defect makes. When the defects have 
made the same number of jumps, regardless of the rate 
of jumping, the same amount of recovery has taken 
place. A crucial test to see whether a set of isothermal 
recovery data represent a process with a single activa- 
tion energy is to inquire wl.zther the recovery can be 
expressed as a unique function of Z, or (’. 

Figure 9 shows the results of a set of isothermal ex- 
periments which overlap the same recovery values. The 
sample was fully annealed at ~410°K between each of 
these runs, and the standard initial radiation dose (~1 
ppm defect concentration) was given at the bombard- 
ment temperature of 20°K. Each curve, therefore, has 
the same initial configuration of defects, and the differ- 
ence in the recovery curves arises only because of the 
different annealing temperatures. In Fig. 10 we plot the 
same recovery data as a function of /’. Also included are 
the results of the standard dose isochronal shown in 
Fig. 1. For the isochronal, ¢,’, is taken as 


te >> exp{—E,,/kT}, (8) 


i=l 


where ¢, is the constant time 10 min. spent at each tem- 
perature. We find that an E£,, value of 0.12 ev gives the 
best superposition of data from the different experi- 
ments onto a single universal curve. Assumed £,, values 
of 0.11 and 0.13 ev definitely do not superpose the data, 
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Fic. 10. Ip and Iy standard dose isothermal and isochronal recovery curves expressed as a function of equivalent time é’ for E,,=0.12 ev. 
The equivalent time scale corresponds to measured minutes multiplied by the Boltzmann factor with the appropriate constants. 


and we feel that £,, is probably determined in this 
manner to about 0.005 ev. 

Another important feature of Eq. (4) is that it con- 
sists of two terms, one of which is not dependent on the 
initial concentration and the other which is. The concen- 
tration-independent term dominates at low Z (low 
number of jumps) while the concentration-dependent 
term becomes dominant at high Z (higher number of 
jumps). The concentration-independent term corre- 
sponds to the correlated recovery of an interstitial with 
its own vacancy. For high Z where the correlated re- 
covery term is no longer important, the other term has 
the simple form of the bimolecular rate process of Eq. 
(1) and corresponds to the recovery of a random distri- 
bution of interstitials and vacancies. At sufficiently low 
concentrations the total recovery curve calculated from 
Eq. (4) is clearly divided into two regions, which 
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Fic. 11. The derived fractional recovery ¢’ corresponding to the 
isothermal recovery curve shown in Fig. 10, plotted as a function 
of the square root of the equivalent time ¢’, and compared with 
theory. 


correspond to the two types of recovery processes. The 
experimental recovery in Figs. 9 and 10 show this 
division into two distinct regions corresponding to the 
substages Ip and Ig. 

Equation (4) takes into account only recombination 
processes and does not include the possibility of cluster- 
ing of interstitials. The theory therefore predicts total 
recovery while the experiment indicates a constant 
fraction left after annealing. Rather than modify Eq. 
(4) to include clustering within the framework of 
Waite’s theory, we have taken the following simplified 
approach. In region Ip we assume that the only process 
is the annihilation of interstitials at their own vacancies. 
In region Ig we assume that the interstitials have be- 
come completely randomized and undergo both annihi- 
lation and clustering. In region Ig, therefore, the meas- 
ured recovery reflects a true decay of interstitials due to 
annihilation plus a buildup of interstitial clusters which 
are assumed to result in no net resistivity change. The 
measured recovery, ¢, is corrected to a derived value, 
¢’, which measures the true removal rate of free 
interstitials in both processes by assuming a linear re- 
lationship between the annihilation and clustering 
processes. The relationship between ¢ and ¢’ is given by 
the following expression : 


¢'=¢n+¢2/(1—A), 


where the @’s are the measured fractional recoveries in 
the various substages (excluding the close pair peaks 
from consideration) and A is a normalization parameter 


(9) 
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which is adjusted to make ¢’=1 when ¢ has reached its 
saturation value. 

We then assume that Waite’s theory describes ap- 
proximately the process of removal of interstitials in the 
two different ways and hence compare the ¢’ vs /’ curves 
with the prediction of Eq. (4). This is a fairly crude 
method of comparing theory to experiment and cannot, 
of course, be taken as proof of clustering. The evidence 
for clustering has already been given. What we wish to 
show here is that the existence of the two substages Ip 
and Ix can be quite satisfactorily explained by the 
transition from correlated to random motion of a freely 
migrating interstitial. 

The extent of agreement between theory and experi- 
ment is shown in Figs. 11 and 12. In Fig. 11, values of ¢’ 
calculated from values of the universal experimental 
curve of Fig. 10 are plotted against (¢’)* and compared 
with values of ¢ vs Z' calculated by numerical integra- 
tion of Eq. (4). The values of the parameters obtained 
are A=1.25, r9=12.5 A, and Do=1.2XK10-. Figure 12 
shows the value of ¢’ vs (¢’)! computed for two of the 
three different concentration isochronal recovery curves 
shown in Fig. 1. In this case the best fit is obtained with 
A=1.25, ro=13 A, and Do=1X10~. In the highest 
concentration run, which is not plotted, it is not very 
meaningful to separate the recovery into two separate 
stages, since at this concentration the two processes 
merge to give a quite smooth recovery curve. Conse- 
quently, application of Eq. (9) using the value of dp 
used for the lower concentration curves does not give 
very good agreement. However, in this case if we arbi- 
trarily increase somewhat the amount of Ig recovery 
relative to Ip recovery, excellent agreement can be 
obtained with experiment. The initial radial distribu- 
tion function describing the separation of interstitials 
from vacancies is shown in Fig. 13 for the observed value 
A= 1.25. 

The fact that one activation energy characterizes 
both Ip and Ig and that agreement is obtained with the 
Waite theory forms the basis for the conclusion that 
substages Ip and Ig represent respectively the corre- 
lated and random interactions of the freely diffusing 
interstitial. The specific values of the parameters A, ro, 
and Dy depend upon the assumptions made in applying 
the analysis to the data. The values of these parameters 
are not required for the discussion in the succeeding 
sections of this paper. 


Recovery Equations for Substage I, 


As is required qualitatively by the data and is seen 
quantitatively by the agreement with Waite’s theory, 
Iz recovery represents the uncorrelated interaction of 
the migrating interstitial. In treating Iz recovery ana- 
lytically, a considerable simplification is introduced if 
we forget the origins of this randomization and consider 
Iz recovery to represent the interactions of initially 
randomly distributed defects. While this procedure is 


ELECTRON-IRRADIATED Cu. 


S... 


= 


= 


SOLID LINES ARE THEORY 


= 


© = Bpg * 3.00 210° ohm -cm 


2 ~ Apy *18-33 110°"? ohm cm 


bw 


DERIVED FRACTIONAL RECOVERY - ¢° 


1 
oe 4 ors 


(0°) ce wnt ’ 


2 








Fic. 12. The derived fractional recovery ¢’ corresponding to two 
of the concentration dependence experiments in Fig. 1, plotted as a 
function of the square root of the equivalent time ¢’ and compared 
with theory. 


lacking in rigor, it is not without some justification. The 
effect of time, or interstitial migration, on the initial 
radial distribution function shown in Fig. 13 is to make 
the distribution function uniform out to large distances. 
To be sure, in the course of this smoothing, some re- 
covery is taking place as well—Ip recovery. As we have 
seen, for low defect concentrations at least, the division 
between Ip and Ig recovery is rather marked. Our 
procedure then is to make an arbitrary separation be- 
tween Ip and Ig recovery, which separation we shall 
consider valid over a range of defect concentrations 
sufficiently broad that we can examine the concentration 
dependence of Ig recovery. 

With the distribution of migrating defects in substage 
I, random, it is possible to write down the differential 
equations which govern the recovery, including the 
possibility of annihilation, clustering, and trapping. We 
assume that all interstitial clusters are immobile and 
stable and that the only migrating entity is the single 
interstitial. Only clusters up to a total of three inter- 
stitials are considered. We also assume that any traps 
which are present are of the “unsaturable” type which 
do not change either in cross section or concentration 
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Fic. 13. Radial distribution function for the initial distribution 
of free interstitials around vacancies, corresponding to \= 1.25 in 
Eq. (2) of the text. ro is the vacancy capture radius for a freely 
migrating interstitial. The distribution of interstitials bound in 
close pairs is not included in this figure, These interstitials will 
occupy sites within ro, 
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Fic. 14. Numerical solutions to Eqs. (10) for ¢;;;=0 and various 
assumptions concerning the other interaction probabilities. 


when an interstitial atom is added. With these restric- 
tions the equations which govern the recovery become 


(a) dC,/dt=—Ko,CC,—2Ko CC? 
—Ko; CCi—Ko LiL, 
(b) dC,/dt=—Ko,C,C;, 
(c) dC;,/dt=KoC?—Ko;CCi:, 
(d) dC,,;;/dt=Ko;C Ci, 
(e) dC,y,/dt=KoC Ci, 


where the C’s represent the instantaneous concentrations 
of the different entities, K is the average jump constant 
for a single interstitial, and the subscripts 2, 7, 77, 777, and 
t refer respectively to vacancies, single interstitials, 
dimers (clusters of two interstitials), trimers (clusters of 
three interstitials), and traps. The o’s are the corre- 
sponding cross sections for interaction with a single 
interstitial; e.g., 0; is the cross section for the process 
where an interstitial combines with another interstitial 
to form a dimer. Since no aggregates higher than trimers 
are considered, o;;; and higher cross sections are zero. 

Experimentally we measure the resistivity given by 


Ap(t)=C ;Ap;+C,Ap,+C ; Api; 
+C Api tCiApit. (11) 
A considerable simplification is introduced if we assume 
(a) $Apiii=F4pii= Api, 


(b) Apit= Api. 


(12) 


Equation (11) then becomes 


Ap(t)=C,Ap,+ Ap {C +2C 4+3Cii:+Ciej. (13) 


Since we initially start with the same number of inter- 
stitials and vacancies and since all the interstitials must 
be accounted for, we have 


Cy=C +20 5: 4+-3C iss +Cit. (14) 


Equation (13) therefore reduces to 


Ap(t)=C,(t)[Ap,+ Ap, ] 
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and since 
Ap(0)=C;(0)Ap:+C, (0)Ap,=C, (0) Ap. + Api J, 
we have finally for the measured fractional recovery : 


Ap(t)/Apo=C,(t)/C,(0). (17) 


(16) 


Equations (10) need therefore only be solved for C,. The 
justification for assumption (12b) derives from the 
observation that all of stage Iz is suppressed in an 
experiment on a less pure sample of copper. W. Harrison® 
has calculated the effects of clustering and concludes 
that (12a) is approximately correct. Bross and Seeger® 
have reached a similar conclusion for the resistivity of a 
di-vacancy. 

Equations (10) in general do not have simple analytic 
solutions and must be solved numerically. Figure 14 
shows the results of such a solution for different assumed 
interaction probabilities for the clustering process with 
trapping neglected. In order to make the subsequent 
analysis tractable, we shall sometimes introduce as- 
sumptions which permit analytic solutions. 


Radiation Doping Experiments 


In attempting to analyze the results of experiments in 
substage Ix, it is important to assess the various cross 
sections appearing in Eqs. (10). In Fig. 14 we show that 
for ¢;=0, (dimer formation cross section equal to that 
for annihilation) various assumptions for o;; (cross 
section for an interstitial interacting with a dimer to 
form a trimer) give Ap(x)/Ap(0)~}. From the iso- 
thermal recovery curves we estimate that region Ix 
starts when about 27% of the total resistivity remains. 
Since the saturation value in region Ig is about half of 
this value, we see immediately that the assumption that 
o;=0, is going to give fair agreement with theory. How- 
ever, the dividing line between Ip and Iz is sufficiently 
uncertain that it is not possible on this basis alone to 
decide on a reasonable value for o ;;. 

The experiment which bears most directly on the 
question of the relative importance of trimer formation 
is the radiation-doping experiment where the doping is 
done by first irradiating at 20°K and then annealing to 
80°K. If the amount of doping radiation is large, then in 
the subsequent irradiation the migrating interstitial will 
interact predominantly with the products of the doping 
treatment. Since this doping treatment results primarily 
in vacancies and dimers, the annealing characteristics of 
the subsequent irradiation will reflect the extent of 
interaction of the migrating interstitials with the dimers. 

We describe this situation with the following ap- 
proximate model. The recovery of the doping radiation 
is analyzed using Eqs. (10), neglecting traps and as- 
suming that ¢;=¢,. For various assumed values of oj; 
we can then by numerical integration tabulate the 
number of vacancies, dimers, and trimers. In the re- 


8 W. A. Harrison (private communication). 
°H, Bross and A, Seegar, J. Phys. Chem, Solids 6, 324 (1958), 
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covery of the second irradiation, however, we neglect 
the direct formation of trimers by the aggregation of 
three interstitials introduced in this second irradiation. 
The dominant cluster formation processes are (a) the 
interaction of single interstitials to form dimers and (b) 
the interaction of interstitials produced in the second 
irradiation with dimers and trimers produced in the 
doping radiation. This latter process is accounted for by 
considering the previously introduced dimers and trimers 
as trapping sites of the unsaturable type. The additional 
vacancies added by the doping radiation are taken into 
account by suitably modifying the initial conditions in 
the solution of Eqs. (10). This description of the second 
irradiation is adopted because Eqs. (10) have simple 
analytic solutions for the case including dimer forma- 
tion, annihilation, trapping, but excluding trimer for- 
mation. The error involved in neglecting direct trimer 
formation in the second irradiation should be very 
small. Figure 14 shows that even if o;; were equal to 2¢,, 
the error is only at most ~7% of the total resistivity 
added at the bombarding temperature. In the presence 
of a large doping radiation, the direct trimer formation 
will, of course, be much reduced. Further, the final 
result indicates that ¢;;=0.30; and hence direct trimer 
formation is not too important. The error made in 
considering the dimers and trimers found in the doping 
irradiation as effective trapping sites of the unsaturable 
type is more serious, but the over-all conclusions should 
still be valid. 

We shall only attempt to calculate the final reduction 
in the fraction which remains when stage I is complete. 
This corresponds to the saturation values of the curves 
in Figs. 4 and 6, and we assume here that the slight 
differences in these saturation values and the values at 
80°K is due to the advent of some stage II recovery be- 
tween 52.7°K and 80°K. The saturation value of the 
recovery of the second irradiation, assuming dimer 
formation and the presence of vacancies and traps 
(clusters) introduced by the prior bombardment, is 
given by the solution of the following equation: 


[ee a x ) 
(1+)? C;(0) 
eC x ) C,(0) 
C0) 7 2€,(0) 
In this equation C,(*) refers to the final value of the 
vacancy concentration including the doping vacancies, 
C (0) to the initial concentration of interstitials due to 


the second irradiation, and C,(0) to the traps (clusters) 
which are present. The symbol & is defined as 


(18) 


Cop = App 


App 
=—, (19) 
{Apo 


_ 


C,(0) Apo 


where C,.p is the concentration of vacancies introduced 
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by the doping radiation, App the measured doping 
resistivity, Apo the resistivity increment corresponding 
to Ig recovery in the second irradiation, Apo’, is the 
total resistivity increment in the second irradiation, and 
f the fraction of the total recovery in substage Ig. The 
final saturation value after recovery for those vacancies 
added in the second irradiation, C,’(~ ), is given by 


C,'(% )=C,(%)—Cyp. (20) 
From Eq. (17), therefore, the saturation fractional re- 
covery of resistivity for the second irradiation expressed 
as a fraction of the total recovery for all substages is 


Ap(~) C,’(%) /C,(%) 
” -( -*). (21) 
fApo’ C,(0) C,(0) 


The evaluation of an equivalent C,(0) for the dimers 
and trimers produced in the doping radiation proceeds 
as follows. From the numerical integration of Eqs. (10) 
including trimers but no traps, we can express the 
concentration of dimers and trimers in the doping re- 
sistivity in terms of C,p. If we let Ciin/Cyp=a, and 
Ciiip/Cyp= 42, then 


Ciiv/C (0) = a,Cyp/C (0) = ak, (22) 


and 


Civ C,(0)=aXC.p C (0) = aok. (23) 


We now define C,(0) as 


C (0) =k[Lay+az |, (24) 


where the term in brackets is a function of the various 
interaction cross sections. 

For zero doping, the predicted fractional recovery for 
the second irradiation should be the same as the 
fractional recovery predicted for the doping radiation. 
However, since different models are used for the first 
and second irradiations, this will not be the case. We 
have corrected for this by using a slightly different / 
value in Eq. (21) (26%) than in Eq. (19) (25.5%) to 
normalize predictions for the case of zero doping. This is 
a small correction. 

The above expressions were used to calculate the 
saturation fractional resistivity for the second irradia- 
tion as a function of doping resistivity for various as- 
sumed values of ¢;; and o;;;. Certainly, on;<no; for if 
oni=No;, no radiation-doping effect would exist since 
the relative probabilities of clustering and annihilation 
would be the same as in the absence of doping. The 
upper curve of Fig. 15 is drawn assuming o;;=0.30,. 
The agreement with the (20°K irradiation-80°K an- 
nealing) doping experiments is satisfactory. The lower 
curve assumes ¢;;=0 and lies appreciably below these 
experimental points. The results therefore indicate that 
some clusters larger than dimers are formed. To be sure 
this conclusion is somewhat contingent upon the as- 
sumptions made in the analysis. However, a model in 
which only dimer formation and annihilation are allowed 
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Fic. 15. The effect of the two kinds of doping resistivity on the 
saturation value of the 52.7°K isothermal recovery. The solid 
lines are theoretical. 


(i.e., o4:=0%.=0) does not adequately fit the upper 
curve in Fig. 15 for any values of Ap;/Ap, and Ap;i/ Api. 
Consequently, we believe the requirement for formation 
of some clusters larger than dimers to be quite general. 

When the doping resistivity is added by direct bom- 
bardment at 80°K, the effect on the second irradiation 
is more pronounced. The instantaneous concentration of 
migrating interstitials during such a high-temperature 
bombardment is very low and as a consequence the 
probability of interstitial clustering is greatly reduced. 
If we assume in this case that the interstitials are 
trapped at a fixed concentration of trapping sites which 
change neither their cross section nor number as a result 
of the trapping process, then the previous equations 
apply with o;;=0. The bottom curves of Fig. 15 show 
the predictions based on this assumption. The agree- 
ment with the 80°K irradiation-doping experiments is 
seen to be satisfactory. 

An estimate of the number of trapping sites necessary 
to suppress clustering can be formed as follows. If we 
approximate the recovery as a simple bimolecular 
process, then equilibrium between the decay and pro- 
duction of defects is reached at a concentration given by 


Cr=(K2/K;)', (25) 


where K, is the rate constant of Eq. (1) and A, is the 
constant production rate. Using a value of K, deter- 
mined from the isothermal recovery curves we find at 
80°K that Ce~1X10-*. A trap concentration of 
~5X10~* would therefore serve to suppress cluster 
formation. Such a trap concentration is certainly reason- 
able and would not sensibly effect the recovery of the 
standard-dose irradiations performed at 20°K. 


Concentration Dependence of Isothermal 
Recovery in Substage I, 


From Fig. 14 we can see that the difference between 
isothermal recovery curves for ¢;;=0 and for ¢;;=0.30, 
will be very slight. We have therefore analyzed the 
isothermal recovery using the simple analytic expression 
which results for ¢;;=0. When only dimer formation is 
included and no doping or traps are present, Eqs. (10) 
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have the following solution: 
C,(0) 

)-2 in( 2 
C.(2) 
In comparing with experiment, the constant Ko is de- 
termined by normalizing at one point on the lowest dose 
isothermal. The predictions for the rest of this iso- 
thermal and for the higher dose isothermals are then 
calculated from Eq. (26). The agreement between 
theory and experiment is shown in Fig. 3. The value of f 
chosen here is 26%. 

Equation (26) differs only in the logarithmic term 
from the equation for a bimolecular process. Equally 
good agreement between theory and experiment for 
these isothermals can be obtained with the assumption 
that the only process which occurs in Ig is vacancy- 
interstitial annihilation—the fraction left after recovery 
being ascribed to an inert defect which simply does not 
partipitate. The rejection of this possible process there- 
fore must rest with other experiments as we have out- 
lined in the initial qualitative discussion of the data. 


C,(0) 
_ . (26 
C,(0) ) “ 


[KoC,(0) = ( 1~ 


DISCUSSION 


In the previous sections of this paper we have dis- 
cussed the qualitative and quantitative aspects of Ip 
and I, recovery. We shall briefly summarize our con- 
clusions here. Both Ip and Ig recovery represent the 
recovery due to the migration of interstitials with an 
activation energy for motion £,,=0.12+0.005 ev. The 
separation into Ip and I¢ substages results from a 
change in the character of the recovery from a correlated 
to a random recovery. The interstitial can interact with 
vacancies, chemical or physical trapping sites, and with 
other interstitials to form clusters. Using these recovery 
features, we are able to account quantitatively for all 
the Ip and Ig recovery data. As a result of the quanti- 
tative analysis, we conclude that the cross section for 
the interaction between two interstitials leading to 
cluster formation is comparable with that for the 
annihilation interaction between an interstitial and a 
vacancy. It is further necessary to conclude that some 
larger interstitial clusters are formed. In this connection, 
however, the cross section for the interaction between an 
interstitial and a eluster of two interstitials, is found to 
be less than that for the interaction between two single 
interstitials. In the course of the quantitative analysis 
we made certain simplifying assumptions in order to 
facilitate calculations. We do not believe that these 
assumptions, or the parameters which we deduced as a 
result of these assumptions, are necessarily unique. For 
example, if we relax the assumption that the resistivity 
of a cluster of m interstitials is m times the resistivity of a 
single interstitial, the relative interaction cross sections 
for the cluster and annihilation processes have to be 
changed accordingly. However, we feel that the as- 
sumptions we have made are sufficiently valid so that 
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the conclusions concerning cross sections outlined above 
are essentially correct. 

Although our results and analysis give a consistent 
model for stage I recovery, two questions arise con- 
cerning the validity of the interpretation. In the first 
place, it is necessary to inquire whether or not it is 
theoretically possible for interstitials to behave as we 
conclude they do, and secondly to inquire whether such 
a model for stage I recovery is consistent with the 
observations which have been made at higher tempera- 
tures—particularly those experiments which have been 
advanced as proof that interstitial migration does not 
occur until room temperature. 

In connection with the first question, Magnuson, 
Palmer, and Koehler” have also suggested that inter- 
stitials could interact to form stable clusters. Their 
paper discusses the stage I recovery of deuteron- 
irradiated copper. They observed an activation energy 
spectrum for the recovery consisting of four peaks. 
Their experiment did not allow them to establish the 
kinetics of the peaks, but they suggested that the first 
three peaks corresponded to close-pair recovery and the 
last peak to free migration of the interstitial. As we 
discussed in the preceding paper, their first three peaks 
correspond to I4, Ig, and I¢ recovery. The activation 
energy for their fourth peak and the energy we have 
determined of Ip and Ig recovery agree within the limits 
of the analysis. They saw only one recovery peak 
corresponding to both Ip and Ig because their experi- 
ment was performed at such a high defect concentration 
that the dose-dependent Ig merges with Ip. We con- 
clude therefore that their assignment of the stage I 
recovery processes is correct. Further, they suggested 
cluster formation as the explanation for the fact that 
only ~ 60% recovery is observed in the stage I recovery 
of deuteron-irradiated copper. In this connection they 
showed that the anisotropic elastic interaction between 
defects calculated following Eshelby" was capable of 
giving rise to stable interstitial pairs. It should be noted, 
however, that the magnitude of the binding energy 
calculated from Eshelby’s formula is only ~0.1 ev, and 
if this were correct we would not expect the damage to 
persist with only minor change until stage I[I—as is 
experimentally observed. However, this calculation is 
probably a poor approximation to the interaction energy 
of two interstitials. As far as we know, no detailed 
calculations on such interactions have as yet been 
performed. Clearly, such calculations should be done. 

We now consider the experiments which have been 
advanced to show that interstitial migration occurs in 
stage III. The proponents of this point of view have 
taken two different approaches. One approach has been 
to advance evidence that stage IV recovery was asso- 
ciated with vacancies and by elimination to assign stage 
IIT to interstitials. Since in our model the di-interstitial 


Magnuson, Palmer, and Koehler, Phys. Rev. 109, 1990 (1958). 
J. D. Eshelby, Acta Met. 3, 487 (1955). 
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has been added as a defect which is present in stage IIT 
and could conceivably migrate in this temperature 
range, assignment of vacancies to stage IV does not 
preclude interstitial motion in stage I. Since we are also 
not persuaded that vacancies do not move in stage III, 
we shall not expand this approach further. 

The second approach has been to show directly that 
stage III must be due to interstitial motion. An argu- 
ment due to Seeger” suggests that since the ratio of 
changes in length," lattice parameter," and resistivity’ 
remains constant through stages I, II, and ITI, the same 
basic process—namely, interstitial-vacancy annihila- 
tion—must be occurring in all three stages. He then 
argues that if interstitials had moved in stage I, there 
would be none left to participate in the observed inter- 
stitial-vacancy annihilation in stage III. If, however, as 
indicated by our experiments, interstitial clusters are 
formed in stage I, their subsequent annihilation in stage 
III would satisfactorily explain the observed results. 
There remains the question, however, of the lattice 
parameter to be associated with di-interstitials. Detailed 
examination of this question may shed light on the 
nature of the damage production mechanism in deuteron 
irradiations. 

Brinkman and Meechan’ also assign interstitial mo- 
tion to stage III. The primary experimental observa- 
tions which led them to this point of view are the shape 
of the damage production curve at ~80°K and the fact 
that the recovery kinetics in stage III are closely second 
order. Consider first the damage production curve. 
They observed that after an initial curved portion the 
production curve becomes quite linear at high electron 
doses. Since pure close-pair recovery in stage I would 
give rise to such a linear dependence, they attribute all. 
of stage I recovery to close pairs. They pointed out that 
the magnitude of the initial curved portion varied from 
sample to sample. Hence the curved portion was at- 
tributed to the effect of impurities on the initial damage 
production process. We have performed an 80°K ir- 
radiation which has this same sort of curvature (see 
Fig. 8). However, the damage production curve for an 
irradiation on the same sample performed at 20°K is 
accurately linear up to the same total flux of electrons, 
and hence the curvature at 80°K is not due to the effect 
of impurities on the damage production rate. A natural 
explanation of the difference in the shape of production 
curves at 20°K and 80°K is to say that free migration of 
interstitials takes place in stage I, in which case the 
80°K production rate will indeed reflect the impurity 
content of the sample.'® 


2A, Seegar, Proceedings of the Second United Nations Inter 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1959), paper No. 998. 

13 R, W. Vook and C. A. Wert, Phys. Rev. 109, 1529 (1958). 

14 R.O. Simmons and R. W. Ballufhi, Phys. Rev. 109, 335 (1958). 

16 Tn this regard, Mercereau and Simmons observed that the 
production rate for deuteron irradiation at 80°K was also impurity 
dependent. See F. Seitz and J. S. Koehler, Solid State Physics 
(Academic Press, Inc., New York, 1956), Vol. 2, p. 402. 
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The problem remains to explain the linear damage 
production rate at 80°K for high total fluxes. One 
explanation is to assume that as a result of the early 
part of the irradiation there are isolated vacancies and 
a fixed number of interstitial aggregates—perhaps nu- 
cleated at impurity sites. If now the cross section for the 
interaction of a migrating interstitial with one of these 
clusters increases linearly with the number of inter- 
stitials in a cluster, then the relative probability that a 
newly introduced interstitial go to a cluster or annihilate 
will be constant. The production rate will then become 
linear. Doubtless other models can be constructed to 
explain the linear behavior at high total fluxes. 

The second piece of evidence that led Meechan and 
Brinkman to conclude that interstitial motion occurred 
in stage III was the observation that the recovery 
kinetics in stage III was second order. The process of 
interstitial migration in stage I leading to either trapped 
or clustered interstitials does not preclude second order 
kinetics in stage III. If either the di-interstitial or the 
vacancy became mobile in stage III, then the number of 
annihilation sites would be directly proportional to the 
number of migrating defects—thus satisfying the prime 
requisite for the bi-molecular kinetics. Under certain 
assumptions such a process could be precisely bi-mo- 
lecular. We therefore feel that the observations of 
Meechan and Brinkman are not incompatible with 
interstitial migration in stage I. 

The final conclusion that interstitial migration and 
clustering occur in stage I is therefore based on two lines 
of reasoning: 


(A) The results and analysis of the electron experi- 
ments reported here are in quantitative agreement with 
this point of view. 

(B) The results of other experiments which have been 
performed on this and other stages of recovery also seem 
to require this interpretation or at worst are not incon- 
sistent with it. 


Although we can say very little about the detailed 
nature of the interstitial, the data are more consistent 
with a defect which migrates fully in three dimensions 
than with one which is constrained to move in a line 
such as the crowdion.*!® Lomer and Cottrell!” invoked 
the crowdion to explain what appeared to be an anoma- 
lous number of jumps to annihilation in what we call 
stage II recovery. They showed that the mean number 
of jumps to annihilation 7 will be of the order of (aZC)~' 
for a three-dimensional random walk, while in a one- 
dimensional random walk i~ (aZC)~ where C is the 
concentration of the defects and aZ is the number of 
new sites the defect can interact with each time it 
jumps. We assume = (t)vy exp(—E,,/kT), where (é) is 
the time for 50% of the recovery to occur. Using v= 10", 
Em=0.12 ev, T=52.7°K, and (t)=10 min, we calculate 

16 J. Frenkel and T. Kontorova, J. Phys. USSR 1, 138 (1937); 
H. Paneth, Phys. Rev. 80, 708 (1950). 

'7W.M. Lomer and A. H. Cottrell, Phil. Mag. 46, 711 (1953). 
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aZ~ 250 for the three-dimensional case and aZ~3X 104 
for the one-dimensional case. Clearly, the three-dimen- 
sional case is preferred. However, conclusions based on 
calculations of numbers of jumps are not particularly 
reliable, and we do not consider this argument as definite 
proof that the crowdion does not exist. 

Having decided on the features of stage I recovery, 
there remains the problem of assigning defects and re- 
covery processes to the higher recovery stages. The 
small amount of stage II recovery we observe could 
certainly be due to the release of interstitials from 
chemical traps. Some of the stage II recovery observed 
by other investigators can probably be similarly ex- 
plained. In some types of irradiations, multiple defects 
such as divacancies may be formed. Such defects may 
explain some of the stage II recovery, since they are 
believed to have activation energies'’ such that they 
would move in this temperature range. 

It is attractive to assign stage III recovery to vacancy 
migration since this could explain many of the observed 
features. However, this would leave stage IV unex- 
plained. (Stage V is generally agreed to be associated 
with recrystallization.) At this point we feel that we 
cannot make any definite assignments and .must con- 
sider the problem still open to further experiment. 

In conclusion we would like to interject a word of 
caution concerning the convention of labeling recovery 
stages according to the temperature region in which it 
occurs. In the first place, it must be kept in mind that 
the appellations stage I, etc., do not refer directly to the 
microscopic recovery processes. The recovery occurring 
ina given temperature range following different methods | 
of introducing defects into a sample may be due to quite 
different processes. Secondly, as we have seen, the same 
fundamental diffusion process may give rise to macro- 
scopic recovery in quite different temperature regions. 
Thirdly, the complications inherent in intrinsic processes 
can be compounded considerably when trapping proc- 
esses also become involved. And fourthly, as we have | 
also seen, the results of a low-temperature irradiation- 
high-temperature anneal are not, in general, the same as 
a high-temperature irradiation. Clearly, care must be 
taken to ascertain what defect processes are operative in” 
each experiment. 
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The crystalline field splitting of the ground state spin triplet of divalent nickel in the fluosilicate, 
NiSiFs-6 HO, has been measured at room temperature as a function of hydrostatic pressure to 10 000 
kg/cm? and uniaxial stress to 150 kg/cm?. The anisotropic compressibility and thermal expansion of this 
trigonal crystal have also been determined. Combining these data with the known variation of the splitting 
with temperature, its dependence on isothermal unit cell geometry and on temperature at constant unit 
cell dimensions is calculated. The splitting is found to be independent of volume within experimental 
error but proves to be quite sensitive to unit cell shape. The deduced explicit temperature dependence is 
three times larger than that measured at atmospheric pressure. The magnitude and geometrical variation 
of the crystalline field splitting may be qualitatively understood using a static, ionic model of the 
(Ni-6H,O)?* octahedral complex. A rather general analysis of the explicit temperature dependence in- 
dicates, however, that low-frequency lattice vibrations play a dominant role in determining the observed 
value of the splitting. 

The resonance line widths are observed to increase monotonically and quite nonlinearly with increasing 
pressure. This broadening is discussed in terms of isotropic and anisotropic exchange interactions. In 
agreement with earlier conclusions of Ollom and Van Vleck it is inferred that the two mechanisms are of 
comparable importance in this paramagnetic salt. 


INTRODUCTION tion was limited, though the explicit effect of lattice 
vibrations as well as sample geometry was noted. 

To our knowledge the only previous paramagnetic 
resonance (PMR) experiment involving other than 
thermal effects was performed by Van Wieringen‘ 
who observed the pressure-induced wurzite-to-blende 
polymorphic transition of ZnS containing Mn** as an 
impurity. Changes in the manganese spectrum after 
successive compressions in a separate press could be 
seen since this transition is metastable at room 
temperature. 

We have used the PMR technique to study the small 
crystalline field splitting, D, of the ground state of 
Ni** in nickel fluosilicate as a function of hydrostatic 
pressure to 10000 kg/cm? and uniaxial stress to 150 
kg/cm? at room temperature.®* These are apparently 
the first electron spin resonance experiments performed 
under such conditions.’ 

In order to relate the stress and temperature’? 
dependences of the splitting to the geometry of the 
lattice the highly anisotropic equation of state was 
also measured. A thermodynamic analysis indicates 
how D varies with isothermal unit cell volume and 


HE energy level separations of ions in the solid 
state, which may be studied by absorption 
spectroscopy, give detailed information concerning the 
symmetry and strength of the local crystalline potential. 
Since this potential depends directly on the relative 
positions of the various electric charges it is a function 
of the stress to which the crystal is subject and of the 
lattice temperature. 

This has been most clearly demonstrated in the case 
of nuclear quadrupole resonance experiments performed 
as a function of hydrostatic pressure and temperature 
by Kushida, Benedek, and Bloembergen.' Using the 
equation of state of the crystal the quadrupole resonance 
frequency variations were analyzed to separate the 
explicit effects of sample geometry and lattice vibra- 
tions. These dependences of the crystalline field gradient 
were then compared with appropriate theoretical 
models. Shulman, Wyluda, and Anderson? have 
investigated the effect of uniaxial stress on the nuclear 
magnetic resonance of In! in InSb. 

The temperature and hydrostatic pressure depend- 
ences of the sharp-line optical absorption spectrum of 
Eu*+ in europium zinc double nitrate single crystals shape and with the temperature explicitly, ie., at 
have been studied by Hellwege and Schréck-Veitor.* constant average geometry. It is interesting to note 
Unfortunately the detailed equation of state of this that the temperature dependence of crystalline field 
complex crystal was not known so that the interpreta- splittings in paramagnetic salts has been ascribed to 


* Supported by a Joint Services contract. ‘J. S. Van Wieringen, Physica 19, 397 (1953). 
t Based on part of a thesis presented to the Department of 5 W. M. Walsh, Jr., and N. Bloembergen, Phys. Rev. 107, 904 
Physics, Harvard University, May, 1958 in partial fulfillment of (1957). 
the requirements for the degree of Doctor of Philosophy. 6 W. M. Walsh, Jr., Bull. Am. Phys. Soc. Ser. II, 3, 178 (1958). 
t General Electric Company Predoctoral Fellow (1956-1958). 7 The hydrostatic pressure dependence of the PMR spectra of 
'Kushida, Benedek, and Bloembergen, Phys. Rev. 104, 1099 two dilute chromium salts is reported in the following paper. 
(1956). 8R. P. Penrose and K. W. H. Stevens, Proc. Phys. Soc. (Lon 
2 Shulman, Wyluda, and Anderson, Phys. Rev. 107, 953 (1957). don) A63, 29 (1950). 
5K. H. Hellwege and W. Schrick-Vietor, Z. Physik 143, 451 9J. W. Meyer, thesis, University of Wisconsin, 1955 
(1955). (unpublished). 
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thermal expansion alone” whereas in nuclear quadru- 
pole resonance only the explicit temperature depend- 
ence was considered until pressure experiments were 
used to distinguish between the two mechanisma. 

A qualitative understanding of the magnitude of the 
fluosilicate splitting and of its isothermal geometrical 
dependence is obtained using a static, ionic model of 
the (Ni-6H,O)** complex. However, a crude analysis 
of the strong explicit temperature dependence of D 
in terms of low-frequency lattice vibrations cannot, 
apparently, be reconciled with the static model. 

Line width measurements as a function of hydro- 
static pressure show an increase of over 100% while 
interionic distances decrease by less than 2%. This 
effect is attributed to increasing exchange interactions 
between neighboring ions via intervening atomic 
orbitals and is discussed in terms of isotropic and 
anisotropic exchange mechanisms which have pre- 
viously been proposed for this salt."'- 


I. THE CRYSTALLINE FIELD AND THE SPIN 
HAMILTONIAN 


The crystal structure of nickel fluosilicate, NiSiFs 
-6H,0, is inferred from that of the isomorph, nickel 
chlorostannate, NiSnClg-6H.O, which has been in- 
vestigated in detail by Pauling.” There is one molecule 
per unit cell, the crystal being made up of (Ni-6H,O)?* 
(SnCl¢)?- complexes arranged on a slightly distorted 
bee lattice. The deformation corresponds to a com- 
pression along a body diagonal whence the symmetry 
is trigonal or rhombohedral. The individual complexes 
form apparently regular octahedra with the metallic 
ions as centers. The Ni-Ni distance in the fluosilicate 
is 6.27A and the rhombohedral angle is 96°5’." 

It is evident that the Ni** ion is exposed to a pre- 
dominantly cubic electric field with a weaker trigonal 
component superposed. The free ion, having eight 3d 
electrons, is in a *F ground state. The spin, S=1, may 
be considered to arise from two holes in the 3d shell 
whose spins are aligned. The octahedral cubic electric 
field due to the water molecules leaves an orbital 
singlet several thousands of wave numbers below two 
orbital triplets.'* The ground state remains triply spin 
degenerate in a purely cubic electric field as has recently 
been experimentally verified by Low.'® The trigonal 
crystalline field component and the spin-orbit inter- 
action split the spin triplet into a doublet and a singlet," 
doublet the fluosilicate.” The 


the being lowest in 


 Bagguley, Bleaney, Griffiths, Penrose, and Plumpton, Proc. 
Phys. Soc. (London) 61, 551 (1948). 

J. F. Ollom and J. H. Van Vleck, Physica 17, 205 (1951). 

2 Ishiguro, Kambe, and Usui, Physica 17, 310 (1951). 

8. Pauling, Z. Krist. 72, 482 (1930). 

4 R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1951), Vol. III. 

‘6H. A. Bethe, Ann. Physik 3, 133 (1929); Splitting of Terms 
in Crystals (Consultants Bureau, New York, 1958). 

16 W. Low. Phys. Rev. 109, 247 (1958). 

‘7 J. Becquerel and W. Opechowski, Physica 6, 1039 (1939). 
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behavior of this ground spin triplet in a magnetic field 
may be described by the spin Hamiltonian" 


K=6Lg.HS.+¢:(H,S:+H,S,) ]+D(S?—3). (1) 


The 2 axis is the trigonal axis of the crystal, the orthogo- 
nal # and @ axes being taken arbitrarily in the plane 
perpendicular to the symmetry axis. 

Previous PMR investigations of this salt**!* show 
£u-~gi~2.30 and D= —0.52 cm at room temperature. 
The splitting, D, decreases nonlinearly in magnitude 
with decreasing temperature to a constant value of 
—0.12 cm“ below 20°K. It is this strongly temperature- 
dependent splitting which makes nickel fluosilicate 
attractive for our purposes. 


II. THE SPLITTING AND THE EQUATION OF STATE 


In principle both the deviation of the g-value from 
that of the free electron, Ag=g—2.0023, and the 
crystalline field splitting, D, should be treated as 
functions of the stress and temperature state of the 
crystal. Since, however, Ag does not prove to be a 
sensitive parameter in these experiments it will be 
sufficient to focus our attention on D. The detailed 
relation between the splitting of the spin energy levels 
and the local crystalline field will be considered in 
Sec. V. At present it is only necessary to note that the 
crystalline potential involves the position coordinates 
of the contributing charges. These coordinates are 
functions of time due to thermal vibrations whence 
the observed value of D is a time average, (D), which 
depends not only on the average value of the source 
coordinates (purely geometrical dependence) but also 
on the detailed character of the vibrations (explicit 
temperature dependence). 

The latter point may be easily seen if we consider 
the particular case of an ionic lattice subject to purely 
harmonic vibrations. Each ion’s contribution to the 
various symmetry components of the electric potential 
depends on various powers of the ion’s position co- 
ordinates with respect to the point of observation. If, 
for example, a distance is harmonically modulated, i.e., 
d(t)=do(1+€ cosw/), the time average value of d” is 
(d"),=do"[1+n(n¥1)é/4], n20. This does, in general, 
affect the average value of the crystalline potential, 
yet the average geometry of the lattice is not changed. 

Formally we should treat D as a function of all those 
coordinates, X;(i=1,---,8 for the fluosilicate structure 
assuming water molecules may be considered to be 
rigid bodies), required to specify the average geometry 
of the unit cell and of the normal modes, £;(j7=1,---, 
3N—3 where N is the number of atoms in the crystal), 
required to specify the thermal vibrations of the ions 
about their average positions. The X; and &; are all 
functions of temperature and of the stress applied to 
the crystal. 


8B, Bleaney and K. W. H. Stevens, Repts. Progr. in Phys. 16, 
108 (1953). 
1 Holden, Kittel, and Yager, Phys. Rev. 75, 1443 (1949). 
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Unfortunately only the external dimensions of the 
unit cell could be specified experimentally. Thus D will 
be regarded as a function of the unit cell volume 
X,=V=Gi,l2, the unit cell “shape,” X2=o0=GI,,/l,, 
and the temperature, JT. The symbols, /,; and /,, refer 
to the crystal lengths parallel and perpendicular to the 
trigonal axis, respectively; G and G’ are geometrical 
scaling factors which will be eliminated through the 
use of logarithmic derivatives. 

In order to evaluate (0D/d InV),,7, (0D/d Ino)y,7, 
and (dD/dT)y,, three independent PMR experiments 
must be performed. We have measured D as a function 
of (1) temperature at constant (atmospheric) pressure 
(this merely confirms the earlier measurements), (2) 
hydrostatic pressure, P, at constant (room) tempera- 
ture, and (3) uniaxial compressive stress, U, directed 
along the symmetry axis at constant (room) tempera- 
ture. The relationships between the measured and 
desired quantities are 


(~-) (—) (—) 
eT/> \ainv/.r\ aT Jp 
oD 0 Ing aD 
teh Car hp 
0 Ino V.T oT P oT Vio 
(—) (—) (—) 
oP aire 0 InV o,T oP T 
aD 0 Ine 
eH oa 
0 Ino V.T oP T 
(—) ( oD ) 0 lnV 
au), \ainv ( au 
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are required to complete the evaluation of the theoreti- 
cally interesting quantities (0D/d InV),,7, etc. This 
corresponds to measuring the equation of state of the 
crystal for the stress and temperature range covered 
in the PMR experiments. 

It should be noted that Eqs. (2)—(4) mask the basic 
complexity of D in that only the observed variables 
are used: D=D(V,c,T), whereas D= D(V,o,X3---Xs, 
&---&3v_3) from the analytical point of view. Thus the 
derivatives of D with respect to volume, shape and 
temperature obtainable from equations (2)-(4) really 
involve the undertermined, internal coordinates of the 
unit cell as well as the normal modes of vibration: 


aD s oD 0X; 3N—3 OD /0&; 
(2),-22), E20), » 
OT/y,< i=38OX;\ OT Sy, int O€;\OT/y,. 
oD OD 8 dD sOX, 
C0) mcm 
OV 67 OV i=3 OX, OV 6,T 
3N—3 OD / 0&; ; 
+o —(—) . © 
i=l 0&;\ OV om 
OD 8 AD so0X; 
Pane) 
0a VT Og i=3 OX, Oo V,T 


3nN—3 OD 0&; 
+z —(—) . (7) 
j=!1 0&; 0a V.T 


Unbracketed partial derivatives imply that all the 
other independent variables are fixed. 


III. EXPERIMENTAL TECHNIQUES 


The PMR spectrometer is indicated in Fig. 1. 
Audio-frequency modulation of the magnetic field and 
phase-sensitive detection were used, i.e., dX’’/dH 
versus H was recorded. Sensitivity on narrow lines was 
~10°Ad spins for unity signal-to-noise ratio at room 
temperature. An AFC circuit locked the 2K25 klystron 
to the sample cavity frequency. This frequency (8500 
9500 Mc/sec) was measured using a cavity wavemeter 
calibrated against a frequency marker system. The 
current-stabilized magnet was rotatable for alignment 
with sample axes and the field was measured using a 
Pound-Watkins nuclear resonance spectrometer and a 
mineral oil sample. 

The microwave coupling into the BeCu high pressure 
bomb and the coaxial cavity have been described and 
illustrated in a preliminary communication.’ Hydro- 
static pressures up to 10000 kg/cm? were generated 
and measured by standard techniques.”” 

Uniaxial compressive stress was applied parallel to 
the symmetry axis of single crystal samples with the 
arrangement shown in Fig. 2. Lead weights drove a 

2” P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, London, 1952), 
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Fic. 2. Apparatus for the uniaxial stress experiment. 


().25-in. diameter Dural piston into a TEjo2 mode 
rectangular brass cavity. The crystal was placed in a 
cylindrical hole milled in the polystyrene cavity filler 
piece. Microwave coupling via a coaxial cable with an 
electric dipole termination was used. The cavity and 
piston assembly was supported in the magnet by a 
brass stand. Initially we planned to drive the piston 
with the pressure generating press but this proved un- 
necessary since the samples cracked with a loading 
greater than ~150 kg/cm? so that only 20 kg of lead 
weights were required to cover the useable range of 
stress. 

As indicated in the previous section, the resonance 
experiments may be interpreted only if the crystal 
dimensions are determined under the same experimental 
conditions as is the crystalline field splitting. In 
principle a complete x-ray investigation of the sample 
as a function of stress and temperature would give the 
required information about the internal (X;---Xs) as 
well as the external (V,c) coordinates and even some 
data on the lattice vibration spectrum. As a practical 
compromise Type SR-4 A-7, Baldwin-Lima-Hamilton 
Corporation resistance strain gauges were used to 
measure percentage changes of external crystal dimen- 
sions. Two gauges, R;, and R,, were cemented parallel 
and perpendicular, respectively, to the trigonal axis 
of a single crystal fluosilicate sample. A third control 
gauge, R., was placed near the sample but was not 
bonded to it. The requisite electrical leads were brought 
through a multiterminal high pressure plug to a switch- 
ing box and Wheatstone bridge. To determine linear 
compressibilities the plug was inserted in a_ high 
pressure bomb and the variations of (R,,—R.), 
(R,—R,), and (R;,—R,) were measured as a function 
of applied pressure. The corresponding sample dimen- 
sion changes were easily computed using the gauge 
factor, G=(65R/R)/(6l/l), provided with the gauges. 
To measure thermal dependences the sample and plug 
assembly was placed in a brass can which in turn was 
placed in a temperature-regulated water bath covering 
the 0° to 50°C range. Several attempts to measure the 
deformation of the crystal subject to uniaxial compres- 
sion gave inconsistent, unreproducible results. It was 


finally decided to estimate this part of the equation of 
state on the basis of the linear hydrostatic compressi- 
bilities as will be discussed in the next section. 

The accuracy of this strain gauge technique is rather 
poor due to the unknown perfection of the gauge-to- 
crystal bond. Using Duco cement the fluosilicate 
measurements are reproducible to within 5%. It is 
important to cure the bonds at 100°C or higher for 
several days in order to remove all possible solvent 
from the cement; otherwise hysteresis is observed 
upon cycling pressure or temperature. It is probably 
wisest to consider the measured dimension changes as 
lower limits since bond slippage is certainly the major 
source of error. 

Large single crystals of nickel fluosilicate may easily 
be grown from water solution by slow evaporation. 
However, crystals grown at room temperature usually 
contain pockets of the mother liquor and show a “shell” 
structure indicative of periodic variations in the rate 
of deposition on the seed probably due to temperature 
fluctuations. Unsuccessful attempts were made to grow 
better samples at a higher, regulated temperature 
(~45°C) while slowly moving the seed crystal in the 
mother liquor. Homogeneous, unstrained crystals were 
finally obtained by evaporation of the solution in a 
refrigerator at ~5°C using material obtained from the 
City Chemical Corporation, New York City. 

For the hydrostatic pressure PMR_ experiments 
fluosilicate crystals were prepared in the form of tori 
(0.25 in. O.D.X0.10 in. I.D.X0.10 in. thickness) by 
dissolving away the unwanted material. The trigonal 
axis lay in the plane of the torus. The uniaxial stress 
samples had to be carefully prepared as homogeneous 
strain was desired. Disks (0.20 in. O.D.X0.07 in. 
thickness) with the trigonal axis perpendicular to the 
plane of the disk were initially shaped by the dissolution 
technique and the final few thousandths of an inch 
were removed on a milling machine using a very sharp 
tool. To ensure homogeneous deformation care was 
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Fic. 3. Temperature dependence of the crystalline 
field splitting at atmospheric pressure. 
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taken to have the faces of the disks parallel and the 
sides accurately perpendicular to the faces. These 
samples were coated with silicone grease before inserting 
in the microwave cavity in order to permit free radial 
expansion as the uniaxial loading increased. Despite 
these precautions compressive stresses greater than 
150 kg/cm? invariably resulted in fracture of the 
samples. 


IV. EXPERIMENTAL RESULTS 
A. Paramagnetic Resonance 


The temperature dependence of D measured by 
Penrose and Stevens* and Meyer’ is shown in Fig. 3. 
We have checked the slope of this curve near room 
temperature and find (@D/dT)p= —19.5X 10 cem7!/°C 
in good agreement with the earlier results. 

The hydrostatic pressure experiments were performed 
with the applied field along the trigonal axis of the 
crystal. In this case the eigenvalues of the spin- 
Hamiltonian, Eq. (1), diverge linearly and may be 
accurately labeled by S,=1, 0 and —1: Wyi=D/3 
+g8H, Wy»=—2D/3. Two allowed magnetic dipole 
transitions (AS,= +1), observed at constant frequency, 
occur at H,=—(D+hv)/g8 and H.=(hvy—D)/g8 for 
D<-—hvas is the case at room temperature and pressure. 
This situation is illustrated in Fig. 4. 

When pressure is applied the resonance lines move 
about in magnetic field as schematically indicated in 
Fig. 5, where both the line centers and peak derivative 
points are shown. The actual data are complicated by 
a shift of the microwave cavity frequency to lower 
frequencies as pressure is increased due to increased 
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Fic. 4. Energy level diagram and derivative of the absorption 
spectrum of Ni*+ in the fluosilicate when the field is applied 
parallel to the trigonal axis and D< — hy. 
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Fic. 5. Pressure dependence of line centers and peak derivative 
points corrected to constant microwave frequency (v=9000 
Mc/sec). Broken lines indicate regions of excessive overlap of the 
two resonances. 


dielectric filling of the cavity. This shift amounts to 
800 Mc over a range of 10 000 kg/cm? when a Teflon 
cavity filler piece is used.® In Fig. 5 the data have been 
corrected to a constant frequency of 9000 Mc for clarity. 

The strong pressure dependence of the crystalline 
field splitting, D, is shown in Fig. 6. Since D varies 
over a range of more than 2/y and the absorption lines 
are 1000 gauss or more from peak to peak it is necessary 
to compute D in different ways at different pressures. 
Below 1000 kg/cm? the two transitions (1— 0), 
centered at H;, and (0-1), centered at H., are 
clearly resolved whence D and g may both be calculated. 
When the magnitude of the splitting becomes approxi- 
mately equal to the microwave quantum, as occurs for 
pressures around 2650 kg/cm?, only the higher field 
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Fic. 7. Pressure dependence of peak-to-peak line widths. 


transition, centered at H», is unambiguously defined. 
The low field line, H;, which corresponds to the transi- 
tion (1—+0) at lower pressures now becomes mixed 
with the (—1— 0) transition. Thus when D=—h/yv 
we see one resonance line centered at zero field which 
has twice the intensity of the high field resonance. For 
higher pressure, i.e., D>—hyv, the low field line again 
becomes ill defined as the (1— 0) transition is sup- 
pressed and the (—1— 0) transition moves to higher 
field values. Since g does not vary appreciably with 
presssure the average value 2.307! is used to calculate 
D from the values of H2 in this pressure range where 
D~—hyv. A check is provided when D= —hy as then 
the apparent half-width, AH,’/2, of the double intensity, 
zero field line, H,, passes through a minimum indicating 
that the two transitions (1—0) and (—1—0) are 
exactly superposed. As the pressure is raised above 
2650 kg/cm? the high field line, H2, continues to move 
to lower field values whereas the low field line, H,, 
which is now the (—1— 0) transition, moves to higher 
fields. Near 4000 kg/cm? the two resonance lines over- 
lap to such an extent that no data may be taken. Near 
6200 kg/cm? one composite line is observed whose 
width, AHj2, passes through a minimum corresponding 
to exact superposition of the (0— 1) and (—1— 0) 
transitions, i.e., D=0. At still higher pressures the two 
lines separate again, H, moving to higher fields and H2 
to lower fields. Since the lines now have almost twice 
their original widths it is only as D— hv near 9750 
kg/cm? that H, becomes sufficiently resolved to permit 
calculation of D, assuming g to be constant as before. 
Again a consistency check is provided when D=hy as 
then the half-width, AH,’/2, of the low field resonance 
H, [now of double intensity since the (0— 1) and 
(0— —1) transitions are superposed at zero field] 
passes through a minimum. The resultant plot of D 


versus pressure, Fig. 6, shows that these various deter- 


21 Tn an earlier communication® a constant g-value of 2.34+-0.02 
was quoted. Additional data indicate that g=2.30+0.04 is a 
more trustworthy value. The pressure dependence of D is essenti- 
- ally unchanged by this small revision of g. 


IR; 


minations are consistent. The slope of the straight line 
is (@D/dP)r=0.834X 10 cm /kg/cm?. 

The various line width data (peak-to-peak derivative) 
are plotted in Fig. 7. Only the minima of AH)’, AH)», 
and AH,’ are meaningful as is evident from Fig. 5 and 
the preceding description. The solid curve drawn in 
Fig. 7 is considered to adequately represent the available 
data save for the initial values of AH; which are about 
20% less than the values of AH2 in this range. The 
minimum in AH’, however, agrees very well with AH», 
at the same pressure. 

The uniaxial compression data were taken with the 
magnetic field applied perpendicular to the crystal’s 
symmetry axis due to practical geometrical considera- 
tions. In this orientation the eigenvalues of the spin 
Hamiltonian are not linear functions of H but are 
given by W4i1= —D/6+[D?/4+4 (g8H)*}!, Wo=D/3. 
Only one transition is observable with hy~0.3 cm at 
room temperature: H;=hv(1—D/hyv)*/g8. Since the 
cavity frequency changes by only 3 Mc/sec out of 
9247 Mc/sec in the course of this experiment the 
variation of H; directly measures the stress dependence 
of D. Figure 8 shows the dependence of H; on sample 
loading, U, (mass/sample face area). The resultant 
slope of D versus U is (€D/dU)r=—1.66K10~ 
cm~/kg/cm?. 

Each point of Fig. 8 is the average of five slow 
magnetic field sweeps through the line in both directions. 
The resultant line center is defined to within 10 gauss 
despite the peak-to-peak line width of 840 gauss in this 
orientation. It is necessary to monitor the temperature 
carefully in the course of this experiment as (0H3/dT)p 
~14 gauss/°C, which is quite appreciable when the 
total shift is only 60 gauss and data are taken over 
several hours. 
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Fic. 8. Uniaxial compressive stress dependence of the resonance 
line center with the magnetic field perpendicular to the trigonal 
axis. 
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TABLE I. Results of paramagnetic resonance and strain measurements. 


At T =25°C and P =1 kg/cm? D = —0,52 cm™ and g =2.30 


Observed 


(a) Temperature dependence (0-25°C) 


8 Inly 
(=) =0.50X 10-4 (°C) 
T . 


é Inly 
(—)- = —0.095X 10-4 (°C) 


6D 
(- — } =—19.5X10-4 cm4/°C 
oT 


(b) Hydrostatic pressure dependence (T= 25°C) 


(ar 
> a 


—0.90X 10-§ (kg/cm?)~! 


d Inly 
10-6 (kg/cm?) 


=) =0.834X 10-4 cm7?/ (kg/cm?) 
7 


(c) Uniaxial stress dependence (T=25°C) 


i Indi; 


= —2.0X10~° (kg/cm?)~! * 
55X 10-6 (kg/cn?)“ * 


— 1.66X 10~* cm™/ (kg/cm?) 


(d) Explicit dependences on temperature, volume, 
and shape evaluated at T=25°C, P=1 kg/cm? 


® Estimated values 


It is believed that the strain produced in this experi- 
ment was truly elastic as the value of D measured upon 
removal of the maximum stress agreed with the initially 
unstrained value within the experimental error. The 
degree of homogeneity may be only crudely inferred 
from the absence of any measurable line-broadening in 
the course of the experiment. Fracture of samples for 
U>150 kg/cm? is clear evidence that the strain must 
be inhomogeneous though the low shear strength of 
this 


may be quite small even at fracture. 


material implies that the degree of inhomogeneity 


Deduced 


oT 


ding 
(—) =0.60 10 (°C)! 
oT /p 


d lnV 
| =(0.3110-¢ (°C) 
Pp 


= —5.3X10~* (kg/cm*)"! 


0 Ino 
—— ) =1.3X10~ (kg/cm?) 
OP /1 


(° InV 
ou 


) = —0.90X 10~* (kg/cm?*)™ 
ne 


—2.5X 10-6 (kg/cm?)~ 


(- ~) 
au - 


— (58+5)K 107 cm™?!/°C 


(=) - 

oT 
dInD 

(—) =-0342 
OlnV /.,7 


0 InD 
—- = —125+10 
Olno /y,7r 


B. Linear Strain Measurements 

Using the strain gauge technique described in Sec. II 
it is relatively easy to measure linear strains parallel 
and perpendicular to the trigonal axis as a function of 
hydrostatic pressure or temperature changes. Thermal 
strain data were taken in the range 0° to 50°C at 
atmospheric pressure. Hydrostatic compressibilities 
were measured from 1 to 1500 kg/cm? at room tempera- 
ture. The numerical results are given in Table I. A 
high degree of anisotropy is found, particularly in the 


thermal distortion of the crystal: upon heating it 
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expands along the trigonal axis and contracts perpendicu- 
lar to it. 

As mentioned earlier we were unable to obtain 
trustworthy experimental values for the strains pro- 
duced by uniaxial compression. In order to proceed 
with the thermodynamic analysis of the PMR data an 
‘‘educated guess” was based on elasticity considerations. 
Using the condensed notation 1=xx, 2=yy, 3=22, 
4=yz, 5=cx, and 6=-y, the elastic constant matrix 
for a trigonal crystal without a plane of reflection 
symmetry perpendicular to the threefold (z) axis is 
given by” 


Su S12 S13 si 
S12 Sit 513 —S14 
‘ Sig S13, S38 0 
sa —S14 0 S44 
— So5 S25 0 0 { S14 
0 0 0 $25 S14 (S11—-S12) 


When hydrostatic pressure, P, is applied, the stress 
components are XY;=X.=X;=—P, Xy=X,s=Xe6=0. 
The resultant nonvanishing strains are 4;=%2=— (si 
+5yo+533)P and x3= —(S33+25,3)P. Normalizing to 
unit pressure we have 


0 Inl,, 
( aio ‘) = — ($33 +2513), (9) 
OP Jr 


é Ini, 
( se “) kiatena tial. 
OP Jr 


When uniaxial compressive stress, U’, is applied along 
the trigonal axis X¥3;= —U, X,;=X2=X4=X5=X6=0, 
assuming the sample is free to expand in the xy plane. 
The strains are 7;=2#2= —5,3U and x3= —533U/ or 


0 Inl;, 
( ~~) an 
OU sr 
( ) a= = 353. 
i Pe 


Experimentally we have evaluated (9) and (10): 
(s33+2513)=0.90X 10-®(kg/cm*)-! and (sy: +512+513) 
= 2.2 10-*(kg/cm?)~'. These are insufficient to deter- 
mine s;3 and s33 but allow reasonable estimates to be 
made: 5;3~%—0.55X 10-®(kg/cm?) and s33~2.0 10-° 
(kg/cm?). 

The various deduced values of the geometrical and 
explicit temperature derivatives of the crystalline field 
splitting based on Eqs. (2), (3), and (4) are given in 
Table I. Of the two geometrical parameters the unit 
cell shape is by far the most important: (0 InD/d Ino), 7 
=—125+10, whereas the volume dependence is zero 
within experimental error: (0 InD/d InV),,7r= —0.3+2. 


2 W. A. Wooster, A Textbook on Crystal Physics (Cambridge 
University Press, Cambridge, 1938). 
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(12) 
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The most striking conclusion is that D depends even 
more strongly on temperature after geometrical 
corrections are made: (0D/dT)y,,=—(58+5)X10™ 
cm/°C as opposed to (0D/dT)p=—19.5X10~ 
cm—/°C. The factor of 3 difference is due to the 
shape-dependent contribution to the variation of D 
caused by temperature change at constant pressure. 
It is 3 as large as the explicit temperature dependence 
and of opposite sign. 


V. DISCUSSION OF RESULTS 


A. Isothermal Geometrical Effects 


As indicated in Eqs. (6) and (7), the measured 
derivatives of D with respect to volume and shape of 
the unit cell, (@D/dV),,7 and (dD/dc)y,r, depend not 
only on V and o but also on the internal degrees of 
freedom and the geometrical dependence of the lattice 
vibrations. Though the latter point is not @ priori 
negligible (the strong explicit temperature dependence 
of D would, in fact, lead to the opposite conclusion) it 
must be ignored due to insufficient data.* 

The six internal coordinates, X3---Xs, are the 
“volumes” and “shapes” of the (Ni-6H,.O)?* and 
(SiFs)*- octahedra and their azimuthal orientations 
relative to the unit rhombohedron. For simplicity an 
idealized, ionic model of the (Ni-6H,O)?* complex 
alone will be used as a basis for discussing the experi- 
mental results. 

The positions of the six water molecules relative to 
the Ni*+ ion may be defined by the radial distance, d, 
and the polar angle, a, made by the radius vectors with 
the trigonal axis as sketched in Fig. 9. The electrostatic 
potential, @(r), seen by the nickel ions is considered to 
be produced by the electric dipole moments, yj, of 
chese water molecules. Assuming that the d-orbitals of 
the ion do not overlap with the nearest-neighbor 
oxygen atoms the potential, 


(13) 


may be expanded in spherical harmonics, V »”(6,@). 
Only terms with n=2 or 4 need be retained when 
operating on d orbitals!* and only terms with m=0, +3 
are allowed due to the threefold rotational symmetry 
of the structure. The reduced expansion is usually 
written in the form 


'(r)=Q[(10)'(Ve—Va*)— (7)! V9 J+aV2+b¥%’, 
(14) 


where the terms in a and 6 drop out in purely cubic 
symmetry. 

The perturbation of the *F ground state of Ni*+ by 
the potential (14) plus the spin-orbit interaction, 


*8In principle, at least, measurements of D as a function of 
geometry over a wide range of temperature would permit evalua- 
tion of such a dependence (see reference 1 for examples). 
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Fic. 9. Idealized model of an ion surrounded by six electric 
dipoles forming an octahedron ‘“‘styetched” along the trigonal 
axis (a<54° 44’). ; 


AL-S, has been treated in detail by Becquerel and 
Opechowski!’ and extended by Penrose and Stevens.* 
It is assumed that the cubic crystalline field is the 
dominant perturbation, i.e., Q>>a,b,A. In the process 
of evaluating matrix elements the parameters Q, a, and 
b are averaged over the radial part, f(r), of the 3d 
wave function and new parameters Q, G, and 6 are 
defined : 


(15a) 


(15c) 


where (r")w=(f|r"|f). Evaluating these parameters for 
the potential due to the six water dipoles arranged as 
shown in Fig. 9 we find 

5 


= —ep-—— sin*a cosa, 


2v2_ «sd 


(16a) 


(1—3 cos’a), (16b) 


+7v2 sin*a cosa). 
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Since the trigonal distortion of the water octahedron is 
small it is convenient to expand these expressions to 
first order in (a—ao) where ap=54° 44’ is the polar 
angle for the regular configuration 


sie (7) wv (a—ao) 
Q~ a [14 | 
9 dé f 
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(17a) 


18V2 (r°)w | 
eu—— (a—apo), 
35 d' 


(= 


(17b) 


15v2 (ny 
—— eu——(a—ar). 
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(17c) 


The expressions for the spin-Hamiltonian parameters 
taken to first order in d@ and 6 from the papers of 
Becquerel and Opechowski"’ and Penrose and Stevens‘ 


[ 4) 
£u= Zo - 


are 


(18) 
(19) 


(20) 


Due to lack of resolution we were unable to measure 
the anisotropic part of the deviation of the g-tensor 
from the free electron value, go= 2.0023, but may at 
least specify the isotropic part: 


4 go 
— =().30. 
15Q 


Ag=g-—g0=—- (21) 


The free-ion value of the spin-orbit coupling constant 
for Ni?+ is A=335 cm ™ which implies Q~600 cm~. 
However, direct optical measurements of the cubic 
field splittings of Ni?+ in MgO'® and other data'* 
indicate that A is closer to — 250 cm~ in ionic crystals.”° 
The cubic electric field parameter, Q, is, therefore, 
likely to be ~430 cm. 

To calculate Q, @, and 6 numerical values of (r?). 
and (r*), are required. Using the Hartree-Fock radial 
3d wave function computed for Cu*+ by Hartree and 
Hartree”® these numbers have been estimated to be 


(9?) wo~0.36X 107'6 cm?, 
(14) wo~0.38 X 10-? cm. 


Since the ionic radius of Cut+ is 0.97 A and that of Ni** 
is only 0.70 A these values of (7?) and (74), are too 


240, Laporte, Z. Physik 47, 761 (1928). 
_* The cubic field parameter Dg used by Low'® and others is 
3Q/2 in our notation which is that of Becquerel and Opechowski."” 
26D). R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A157, 490 (1936). 
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large, as is the ratio (7*)x/(r?)«. The numerical value 
of the water molecule electric dipole moment is found 


to be 
u=4,.0X10—* esu, 


by a calculation similar to that described by Polder®’ 
in connection with the energy levels of Cu** in 
CuSO,-5H,O. Using these values of (r*), and uw and 
taking a=a,y and d=2 A" Eq. (17a) yields 


Q=320 cm. 


The 30% discrepancy between our estimate and the 
probable experimental value does not seem unreasonable 
since we have neglected the contributions to Q from 
the rest of the lattice. We have also ignored the possible 
effects of lattice vibrations on Q as Ag does not appear 
to be appreciably temperature dependent.® 
Combining Eqs. (17), (20), and (21) the expression 
for the crystalline field splitting may be written 
5v2 


D=- 
16 


5 (98) ny 
eu(a)( -————.- 


7 dé 


Substituting the appropriate numerical values Eq. (22) 
yields 
D=—50.4(a—ao) cm“. 


The room temperature value, D= —0.52 cm“, implies 
(a—ao)=0.6° which is considerably less than the 
deviation from cubic symmetry to be expected if the 
polar angle, a, characteristic of the water octahedron, 
were to be identical with the polar angle, 8, made by a 
rhombohedral axis with the trigonal axis. The rhombo- 
hedral angle of nickel fluosilicate is "96°, which leads 
to B~59° or (8B—ao)—™4°. It is, however, probable that 
the water octahedron is indeed more regular than is 
the over-all unit cell.” It is even possible that the 
water octahedron is exactly regular and that the 
trigonal component of the crystalline field results 
entirely from the distorted cube of (SiFs)*~ groups 
which are the next-nearest neighbors of the nickel ion. 
Unfortunately the calculation becomes very unwieldy 
if the model is extended to include the entire unit cell. 
It should also be noted that lattice vibrations do affect 
D strongly so that the static model cannot be expected 
to give more than the correct order of magnitude at 
best. 

Despite the apparent limitations it is interesting to 
estimate the sensitivity of the splitting to volume and 
shape changes of the simple octahedral model. The 
volume dependence is not precisely determined since 
a and 6 both contribute significantly to D, yet vary as 
d~ and d-‘, respectively. (The term in 6 is usually 
neglected in calculations of this sort!’**.* for a variety 
of reasons which do not appear to be valid.) Since, 


27D. Polder, Physica 9, 709 (1942). 
2%. J. F. Broer, Physica 9, 547 (1942). 
” P. R. Weiss, Phys. Rev. 73, 470 (1948). 
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however, d~—46 Eqs. (17) and (20) imply that 


0 InD 8 
(a0) 55 
d\lnD o,T 3 
The observed value, (@ InD/d InV),,7= —0.3+2, is not 
excessively inconsistent with +8/3 if we consider that 
the water octahedron may be less compressible than 
the unit cell whose deformation is observed. 

It might at first appear surprising that the magnitude 
of D should be expected to increase as volume increases 
since this weakens the trigonal electric field component. 
However, the cubic field strength, Q, also decreases, 
thus making the electronic charge cloud more polariza- 
ble. It is the latter effect which should dominate. 

The shape parameter, ¢, may be expressed in terms 
of the polar angle, a, normalized to unity for a=a» and 
expanded to first order in (a—ao) : 


3 
o=1——(a—ap). (23) 
V 
Combining Eqs. (22) and (23) the logarithmic shape 
derivative may be written 
dinD oa 
—_=—., (24) 
ding o-—1 
Volume is not conserved as a alone is varied but, since 
the volume dependence of the splitting is weak, the 
distinction between d1lnD/d\no and (0 InD/d Ino)y,7 
may be ignored. Experimentally we found (0 InD/ 
0 Ino)y, r= —125+10 which implies (a—ao)=0.2° using 
Eqs. (23) and (24). This appears to be in reasonable 
agreement with the value (a—ay)=0.6° inferred from 
the magnitude of D. Unfortunately the agreement is 
probably illusory as we measure external shape changes 
of the unit cell whereas our model deals only with 
internal changes which are not likely to be as large 
since (a—ap) is evidently much smaller than (6—£o). 
It is now quite clear that experiments of this type are 
difficult to interpret quantitatively unless the crystal 
structure is sufficiently simple that measurements of 
compressibility, etc., specify the positions of all atoms 
in the unit cell as a function of the experimental 
environment. 


B. The Explicit Temperature Dependence 


One of the more interesting experimental conclusions 
is that the temperature dependence of the crystalline 
field splitting is not solely due to thermally induced 
changes of the average unit cell geometry. The measured 
explicit temperature dependence, (0D/dT)y,c, as shown 
in Eq. (5), arises from vibrations of the sources of the 
crystalline field and, perhaps, to changes in the average 
internal geometry of the unit cell which we. must 
ignore due to lack of relevant information. 
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The ionic model of the (Ni-6H.O)?+ octahedron 
could be extended to include dynamic effects by 
calculating the normal modes of the system as has 
been done by Van Vleck in treating the Jahn-Teller 
problem® and spin-lattice relaxation.** A somewhat 
less detailed approach has been used in analyzing the 
temperature variations of nuclear quadrupole resonance 
frequencies.” It essentially consists in expanding 
the time dependence of the variable of interest in terms 
of the (usually unknown) normal modes of vibration of 
lattice, £:=£,0 cos2mvi. Thus the crystalline field 
splitting is written as 


D(th=DoA+>d Ati td Bits; +---). 


P| 


(25) 


The parameter, Do, is the splitting in the absence of all 
vibrations, i.e., Do is the splitting predicted by a truly 
static model. The coupling constants, A; and B,;, as 
well as the &,° and »; depend on sample geometry in 
principle. If it may be assumed that the important 
vibration frequencies, v;, are greater than the observa- 
tion frequency, vop,~10" cps, then the observed value 
of D will be a simple time average of (25): 


Bit 
Dad 1+E _ ). 
’ )? 


(26) 


The assumption, v;>v.»s, appears to be reasonable as 
the line width of the undiluted nickel fluosilicate is 
not markedly temperature-dependent™ and the most 
important modes are likely to be vibrations within the 
(Ni-6H,O)?+ groups. Experimental data on such 
complexes in solution indicate characteristic frequencies 
vi~10" cps.** 

The lattice temperature is explicitly introduced by 
equating the energy of a normal mode to that of a 
Planck oscillator of the same frequency : 


1 
2(nbn)'= (3+ — 2 ‘), 


which leads to 


Rk. By 1 
p= 1+ = (1+ )| (28) 
igs ity errilkT _ | 


a 


This dependence on JT qualitatively resembles that 
shown in Fig. 3. These data were taken at atmospheric 
pressure, however, and include not only the explicit 
temperature effect but also the temperature-dependent 
geometrical effects. The distinction is an important 
one in this case as (0D/0T)y, <~3(0D/0T)p. 


%0 J. H. Van Vleck, J. Chem. Phys. 7, 72 (1939). 

31 J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 

8H. Bayer, Z. Physik 130, 227 (1951). 

3% T, Kushida, J. Sci. Hiroshima University, A19, 327 (1955). 

4 Preliminary experiments indicate anomalously large, tem- 
perature dependent line widths in the dilute (Ni,Zn) fluosilicate, 
however, so that the possibility of lower frequency vibrations 
(v;~¥Vobs) Cannot be ruled out. 

© R. Lafont, Compt. rend. 244, 1481 (1957). 
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Since the D versus T at constant pressure curve is 
fairly linear near room temperature, (28) may be 
approximated on the assumption that hv;<kT or 
v;<10" cps at room temperature : 


1 1 
j+—~., 
e—1 «x 


xh. 29) 


Equation (28), taken only to the linear term in T, 
becomes 
(30) 


D=~D (1+ BT), 
where 


(31) 


To evaluate B we use the logarithmic derivative 


‘8 InD B 
( aT yp 1+BT 


The experimental value (0 InD/dT)= (112410) 10 
(°C)“ implies BY—47X 10 (°C), Dom1.2 cm". 

The positive sign of Do is most surprising as the static 
model predicted Do<0 for the ‘‘squashed” cubic con- 
figuration which is known to exist in the fluosilicate. 
Equation (30) implies that D is observed to be negative 
only because the lattice vibration contribution to D is 
opposite in sign and larger in magnitude than the 
static geometrical contribution. 

In view of this dilemma a closer examination of the 
temperature law (28) is desirable. The method has 
been successfully used to explain the relatively weak 
temperature dependences observed in nuclear quadru- 
pole resonance. It is usually found that the coupling 
constants, B;;, which have the dimensions (mass 
X distance’), may be directly related to the inverse 
of the moments of inertia of a few torsional vibration 
modes involving atoms neighboring the observed 
nuclei.! We may analogously consider the moment of 
inertia, 7, of a water molecule performing a torsional 
oscillation relative to the Ni** ion: 


(32) 


I= Mu.od?™1.2X 10-8 gm cm?. 


While the infrared experiments indicate vibration 
frequencies v;~10" cps in solution the linear behavior 
of D versus T at room temperature implies v< 10" cps. 
If n modes of frequency »;~10" cps are effective and 
B,,=I~ then Eq. (31) yields B~3X10-‘n whereas 
the experimental number is ~5X10-*. The required 
number of modes, n~16, is not unreasonable since 
there are twelve degrees of torsional freedom available 
within the octahedron. 

The relatively low vibration frequency also brings 
to mind the characteristic relaxation time, 7, of water 
molecules in the liquid (r~10~" sec).** The extreme 


36 Collie, Hasted, and Ritson, Proc. Phys. Soc. (London) 60, 
145 (1948) 
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dielectric loss of hydrated crystals at microwave 
frequencies may indicate that “reorientation” of water 
molecules also occurs to some extent in the solid state. 
However, we were unable to find any evidence for 
motional narrowing” of the proton nuclear magnetic 
resonance in nickel fluosilicate at room temperature. 

Another possible mode of effective, low-frequency vi- 
brations might be hindered rotation of the (Ni-6H,O)?* 
complex as a whole within the unit rhombohedron. 
Such a highly correlated motion seems unlikely but 
might be potent as the relative orientations of the cubic 
crystalline field components due to the octahedron and 
the rhombohedron would be modulated. In general a 
superposition of two or more cubic fields gives rise to 
a cubic and an axial component lying along the axis of 
relative rotation. In the trigonal fluosilicate the net 
axial field due to this mechanism would be along the 
trigonal axis. 

Many other conjectures as to the origin of the strong 
explicit temperature dependence of D may be made 
but a mechanism particular to this specific salt appears 
to be required in that the rapid variation is not a general 
property of hydrated, paramagnetic crystals.** It seems 
likely that x-ray analysis of the highly anisotropic 
thermal expansion would provide a starting point for 
such a detailed study. 


C. Line Width Variation 


The rapid, nonlinear increase of the peak-to-peak 
line width, AH, with hydrostatic pressure is shown in 


Fig. 7. Since magnetic dipole-dipole broadening 
depends on interspin distance to the inverse third 
power a linear increase of AH of about 5% to 10000 
kg/cm? would be expected due to volume reduction. 
It is not surprising, however, that this mechanism 
proves inadequate as previous investigations have 
shown exchange interactions to outweigh the dipolar 
mechanism in this salt. 

While analyzing the low temperature magnetic 
susceptibility and specific heat measurements of Benzie 
and Cook, Ollom and Van Vleck" were led to suggest 
that both isotropic and anisotropic or pseudo-dipolar 
exchange mechanisms” are present. The magnetic 
specific heat is attributed to (1) magnetic dipole inter- 
actions which may be computed knowing the interspin 
distance and the g-value; (2) the crystalline field 
splitting determined from PMR measurements; (3) 
isotropic exchange which may be determined from the 
susceptibility and magneto-optical rotation data®; and 
(4) anistropic exchange. When the first three contribu- 


37 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

38K. D. Bowers and J. Owen, Repts. Progr. in Phys. 18, 304 
(1955). 

9% R. J. Benzie and A. W. Cooke, Proc. Phys. Soc. (London) 
A63, 213 (1950). 

J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 

41Qne could also consider dipole-quadrupole and quadrupole- 
qudrupole interactions as Ni?*+ has S=1. 

® J. Becquerel and J. Van den Handel, Physica 6, 1034 (1939), 
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tions are evaluated as indicated above and subtracted 
from the total magnetic specific heat the residual 
contribution, presumably due to anisotropic exchange, 
is found to be comparable to that due to isotropic 
exchange. Though this relative magnitude is quite 
implausible from the theoretical viewpoint® it is 
qualitatively confirmed by the following considerations. 

Ishiguro, Kambe, and Usui” and Ollom* have 
approximately analyzed the second moments of the 
resonance curves published by Holden, Kittel, and 
Yager,’ assuming only isotropic exchange and normal 
magnetic dipole interactions to be effective. The 
deduced values of the exchange constant are roughly 
50% larger than those calculated from the susceptibility 
and magneto-optical rotation experiments. If the 
anisotropic exchange mechanism were to be included, 
this descrepancy should be considerably reduced. 

Our line width versus pressure data also indicate that 
isotropic exchange cannot be the dominant source of 
line width. If this were the case we should observe 
pronounced exchange narrowing“ at 6200 kg/cm? 
where the splitting goes to zero since exchange would 
then occur between equivalent nickel spins. A careful 
search in this pressure region revealed no line width as 
narrow as those observed at lower pressures. This is 
compatible with the presence of comparable amounts 
of isotropic and anisotropic exchange since as D goes 
to zero the isotropic mechanism will tend to narrow 
the lines whereas the broadening due to anisotropic 
exchange will be enhanced as the precession frequencies 
of all spins become equal.“ The monotonic pressure 
dependence of AH implies that neither of these effects 
clearly dominates, which agrees with the original 
conclusions of Ollom and Van Vleck. 

The very nonlinear character of the pressure depend- 
ence is reasonable in that both exchange interactions 
may be expected to vary almost exponentially with 
interionic distance. Since the nickel ions are well 
separated in the fluosilicate lattice the exchange path 
must involve intervening orbitals.** This appears to be 
consistent with the reduced spin-orbit coupling parame- 
ter of Ni** in the solid state which results if the magnetic 
electrons spend an appreciable part of the time on the 
nominally diamagnetic ions due to partially covalent 
bonding.*6-47 

CONCLUSIONS 

By combining the results of paramagnetic resonance 
and crystal strain measurements as a function of 
hydrostatic pressure, uniaxial stress and temperature, 
it has been possible to determine the geometrical and 
explicit thermal dependences of the crystalline field 
splitting in nickel! fluosilicate. There is some ambiguity 
in the interpretation due to the possibility of non- 

4 J. F. Ollom, thesis, Harvard University, 1952 (unpublished), 

4 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

46 P. W. Anderson, Phys. Rev. 79, 350 (1950). 


46K. W. H. Stevens, Proc. Roy. Soc. (London) A219, 542 (1953). 
47 J. Owen, Proc. Roy. Soc. A227, 183 (1955). 
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homogeneous deformation within the unit cell which 
cannot be measured by the strain gauge technique. 
While the analysis based on a rigid ionic model of the 
(Ni-6H,O)?* complex gives rough agreement between 
the magnitude and isothermal geometrical dependence 
of the splitting this static model should not be taken 
too seriously since the explicit temperature dependence 
indicates that the splitting is primarily determined by 
thermal vibrations. The magnitude of the explicit 
temperature dependence is consistent with torsional 
vibrations of the nearest-neighbor water molecules at 
a frequency close to 10” cps. Since the elastic and 
thermal properties of this material are markedly 
anisotropic a more detailed analysis based on a dynamic 
model of the entire unit cell appears to be required if 
the splitting variations are to be understood in detail. 

The monotonic, nonlinear variation of the PMR line 
widths with hydrostatic pressure provides qualitative 
evidence for the presence of appreciable indirect ex- 


PHYSICAL REVIEW VOLUME 


RESONANCE 


14, NUMBER 6 JUNE #5 


SPECTRUM 1485 
change coupling between the nickel spins in the fluo- 
silicate. It appears that both isotropic and anisotropic 
exchange mechanisms make comparable contributions 
to the line widths. Though theoretically implausible 
this is consistent with earlier conclusions drawn from a 
variety of experimental data. 
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of Two Dilute Chromium Salts*} 
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The pressure dependences of the spin-Hamiltonian parameters 
of trivalent chromium in ammonium aluminum alum and po- 
tassium cobalticyanide have been measured up to 10 000 kg/cm? 
near room temperature. In the case of the alum, runs have been 
made at 0, 24 and 50°C. The g-value remains unchanged while 
the crystalline field splitting, 5, increases by ~30%, (06/AP)r 
decreasing with rising temperature and pressure. 

Using an empirically determined equation of state the crystalline 
field splitting variations are converted to isothermal volume and 
explicit temperature dependences. These are discussed in terms 
of static and dynamic crystalline fields but are not satisfactorily 


I. INTRODUCTION 


Is order to distinguish between geometrical and 


explicit thermal contributions to the average 

crystalline electric field seen by paramagnetic ions it is 

necessary to measure the spin-Hamiltonian parameters 

over an appreciable range of stress and temperature. 

These results must then be combined with the equation 
| 

of state of the particular crystal. In the preceding paper 

* Supported by a Joint Services contract. 

t Based on part of a thesis presented to the Department of 
Physics, Harvard University, May, 1958, in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy. 

t General Electric Company Predoctoral Fellow (1956-1958). 

§ Note added in proof.—In the original abstract of this paper 
[Phys. Rev. Letters 2, 519 (1959) ] the thermal expansion coeffi- 
cient of ammonium aluminum alum was reported to be negative. 
This anomalous result is incorrect. The author is indebted to Dr. 
G. Burns of the IBM Research Center for bringing this error to 
his attention and for providing a reference to the thermal expan 
sion of several alums. 


explained. This failure is attributed to inhomogeneous internal 
deformation of the unit cell as a function of stress and temperature. 

A room temperature run on the covalent chromicyanide shows 
the g-value as well as the principal splitting parameter, D, to be 
nonmonotonic functions of pressure. The rhombic splitting 
parameter, E, increases quadratically with pressure. Since no 
attempt was made to determine the crystalline equation of state 
the resonance data are only qualitatively discussed. It is difficult 
to reconcile the results with the equivalent crystalline field model 
of the chromicyanide complex. 


we have reported the results of such an analysis of the 
crystalline field splitting of the paramagnetic resonance 
(PMR) spectrum of divalent nickel in the concentrated 
fluosilicate. Due to the trigonal symmetry of that crystal 
it was necessary to determine the effect of both volume 
and shape changes of the unit cell. In an effort to reduce 
the complexity of the problem we have examined the 
PMR spectrum of trivalent chromium in the cubic 
crystal, ammonium chromium alum diluted with 
diamagnetic ammonium aluminum alum, as a function 
of hydrostatic pressure and temperature. 

In both the fluosilicate and the alum the magnetic 
ion is considered to form a primarily ionic complex 
with the six nearest-neighbor water molecules. It was, 
therefore, thought to be of interest to examine the 
covalent complex [Cr(CN)»5 *- in potassium chromi- 
cyanide diluted with diamagnetic potassium cobalti- 
cyanide. 
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1. Experimental Techniques 


The spectrometer and pressure apparatus have been 
described previously.'? A water bath was inserted in 
the magnet gap for the alum runs and the bath tem- 
perature controlled to +1°C. 

Single crystal samples of the alum, NH,(Alo.99Cro.o1) 
(SO4)2-12H,O and the cyanide, K3(Coo .9Cro.o1)(CN)s 
were grown by slow evaporation of water solutions at 
room temperature by S. Shapiro of this Laboratory. 
Clear, homogeneous crystals with dimensions of roughly 
1 cm may be obtained without special precautions 
though larger samples often show internal strain 
patterns. The diluted salts were used in order to obtain 
good resolution in the PMR experiments due to the 
absence of appreciable dipole-dipole or exchange 
interactions, Line widths in the alum were on the order 
of 10 to 20 gauss and 1 to 5 gauss in the cyanide. 


II. Ammonium Chromium—Aluminum Alum 


A. Experimental Results 


In a recent paper Davis and Strandberg’ have dis- 
cussed the PMR spectrum of this salt in detail. Earlier 
references to various chrome alums may be found in 
the review article of Bowers and Owen.‘ The structure 
of this class of hydrated double sulphates has been the 
subject of x-ray® and neutron diffraction® analysis. The 


cubic unit cell contains four molecules. The trivalent 
metallic sites of interest lie on the four body diagonals 
and are surrounded by a slightly distorted octahedron 
of water molecules. The local crystalline potential thus 
has predominantly cubic symmetry with a much 
weaker trigonal component along the [111] axis. The 
octahedral cubic electric field breaks up the ‘F ground 
term of the free Cr** ion, leaving an orbital singlet well 
below two triplets. The ground spin quartet then acts 
as a free spin, S= 3, save for a small orbital contribution 
to the magnetic moment due to spin-orbit interaction 
with the higher orbital states. The trigonal electric field 
component and the spin-orbit coupling split the ground 
quartet into two Kramers doublets. The lowest energy 
levels may be described by the spin Hamiltonian 


KH = Bl g),HS.+¢:(4,S.+H,S,) + D(S2—5/4), (1) 


where the g-axis is the [111] axis on which the Cr** ion 
of interest lies. The eigenvalue problem is most easily 
solved when the magnetic field is applied along this axis, 


1W. M. Walsh, Jr., preceeding paper [Phys. Rev. 114, 1473 
(1959) ]. This paper will henceforth be referred to as I. 

2 W. M. Walsh, Jr., and N. Bloembergen, Phys. Rev. 107, 904 
(1957). 

3C. F. Davis and M. W. P. Strandberg, Phys. Rev. 105, 447 
(1957). 

*K. D. Bowers and J. Owen, Repts. Progr. in Phys. 18, 304 
(1955). 

°H. Lipson and C. A. Beevers, Proc. Roy. Soc. (London) 148, 
664 (1935); H. Lipson, Proc. Roy. Soc. (London) 151, 347 (1935). 

6G. E. Bacon and W. E. Gardener, Proc. Roy. Soc. (London) 
A246, 78 (1958). 
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Fic. 1. Pressure dependence of the crystalline field splitting of Cr+ 
in NH,Al(SO,4)2-12H20 at 0, 24, and 50°C. 


ie., a body diagonal of the cube. The energy 
levels then vary linearly with the applied field: 
Wsi= +32) 8H-—D, Ws,;=+%¢,8H+D. Three first- 
order magnetic dipole transitions are observed and 
used to compute g;, and D. Another spectrum is also 
seen due to the other three types of ions whose trigonal 
axes make equal angles of ~ 70° with the applied field. 

Previous PMR investigations have shown the g-tensor 
to be isotropic within experimental error. D is found 
to be positive and to decrease with temperature. In the 
undiluted alum the crystalline field splitting, 6=2D, 
decreases linearly to zero at 90°K where a phase 
transition occurs, indicated by a sudden increase of 6 
to roughly twice its room temperature value.’ 

In the course of the pressure experiments the g-value 
remains constant within experimental error: g 
= 1.976+0.002. The crystalline field splitting increases 
rapidly with rising pressure and temperature as illus- 
trated in Fig. 1. No hysteresis was observed upon 
raising and lowering the pressure. 

Bridgman has determined the compressibility of 
ammonium aluminum alum up to 12 000 kg/cm? at 30 
and 75°C.§ The original numbers must be slightly 
corrected in view of a later recalibration of the com- 
pressibility of iron which was used as a standard.’ The 

7B. Bleaney and R. P. Penrose, Proc. Phys. Soc. (London) 60, 
395 (1948). 

8 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 64, 51 (1929). 


®P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, London, 1952). 
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corrected fractional volume changes are 
AV/Vo= —6.351X10-*P 
+ 100.7 10-2P?, 
AV/V\'=—6.195 X 10-*P 
+98.2 10-27%, 


where Vo and Vo’ are the initial volumes at 30 and 
75°C, respectively and pressure is measured in kg/cm’. 
Bridgman noted that the 2.5°7 decrease in the initial 
compressibility for a temperature increase of 45°C is 
quite anomalous. 

X-ray diffraction measurements of the lattice con- 
stants of several alums from 20 to 50°C have been 
reported by Klug and Alexander.!° The volume thermal 
expansion coefficient of ammonium aluminum alum 
deduced from their data is 


(0 InV/0T) p= 2.85 10-°(°C)—. (3) 


The experimental equation of state of the ammonium 
aluminum alum may be expressed as 


V (T,P) = V0(24°C, kg/cm?) {14+2.85X 10-*(T— 24) 
—(6.372—0.00347 (T— 24) |x 10-*( P—1) 
+[101.0—0.0556(T— 24) ]X10-"(P—1)*}. (4) 


Using Eq. (4) the data of Fig. 1 may be replotted 
versus relative volume and temperature. The result is 
shown in Fig. 2 where the points are computed at 
1000 kg/cm? intervals from the smooth curves of Fig. 1. 
It may be seen in Fig. 2 that 6 increases quite linearly 
for isothermal volume reductions of 2 to 3% and that 
this volume dependence decreases as the temperature 
is raised. The weak positive curvature of the 6 versus 
V/V. isotherms observable in the 0 and 24°C plots is 
probably spurious since the experimental determi- 
nation of (6°V/dP?)7 is not very precise. The negative 
curvature of 6 versus volume as the splitting reaches its 
largest values (~0.14 cm™') is genuine, however. 

It is evident from Fig. 2 that 6 is an explicit and fairly 
linear function of temperature at constant unit cell 
volume. In fact the temperature dependence of the 
splitting observed at atmospheric pressure, (06/07) p 
=5.4X10-* cm-/°C is almost entirely due to the 


TaBLE I. Explicit volume and temperature dependences of 
the crystalline field splitting of Cr+ in ammonium aluminum 
alum. 


1.976 +0.002 for 0< T< 50°C and 1< P< 9000 kg/cm? 
0.0974+0.0001 cm~ for T =24°C, P =1 kg/cm’, V=Vo 
(06/8 InV)r (08/8T)v cm™ 
em V/Vo «104/°C 
—0.66 1.00 5.6 
—0.70 0.99 ' 
—0.80 0.98 5. 
0.97 
0.96 


1H. P. Klug and L. Alexander, J. Am. Chem, Soc, 64, 1819 
(1942), 
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Fic. 2. Volume dependence of the crystalline field splitting of Cr 
in NH,A1(SO,)2:12H20 at 0, 24, and 50°C. 


explicit, temperature effect, (06/07) vo=5.6K 10“ 
cm™/°C. The latter is markedly sensitive to volume as 
indicated in Table I which lists various numerical 
results. 

B. Discussion 


Divalent nickel and trivalent chromium behave very 
similarly under the influence of the crystalline electric 
field"; therefore much of the discussion of the nickel 
fluosilicate results qualitatively applies to the chrome 
alum. Broer® and Weiss" have obtained formulas for 
the g-value and the crystalline field splitting of Cr* 
in distorted octahedral surroundings which closely 
resemble the corresponding expression for Ni?*+ due to 
Becquerel and Opechowski" [Eqs. (18) and (20) of 1] 
though the fourth-order axial potential has been 
neglected in the chromium calculations. Certain 
differences between the two cases are to be expected 
because of the different ionic spins, spin-orbit couplings 
and radii. These numerical details are not important, 
however, since the qualitative arguments concerning 
the geometrical dependences of the spin-Hamiltonian 
parameters which have been made for (Ni-6H,O)?* in 
I apply equally well to (Cr-6H,O)**. 

The orbital contribution to the magnetic moment of 
Cr**+ is inversely proportional to the cubic component 
of the electric potential at the chromium site. This 
potential is predominantly due to the electric dipole 


4 J. H. Van Vleck, Phys. Rev. 41, 208 (1932) 

21. J. F. Broer, Physica 9, 547 (1942). 

13 P, R. Weiss, Phys. Rev. 73, 470 (1948). 

14 J. Becquerel and W. Opechowski, Physica 6, 1039 (1939). 
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moments of the nearest-neighbor water molecules. On 
this basis one would expect Ag=g—2.0023= —0.026 
+0.002 to vary as V? [see Eqs. (17a) and (21) of I]. 
Since the alum volume is reduced ~5% by application 
of 9000 kg/cm* we should hope to observe a decrease 
of Ag of ~10%. Unfortunately the experimental 
uncertainty is roughly +8% of the g-shift so that the 
lack of a measurable pressure dependence is not sur- 
prising. It is also quite conceivable that the (Cr-6H»O)** 
complex is significantly less compressible than is the 
unit cell as a whole in which case the estimated pressure 
dependence of Ag is too large. 

The crystal field splitting, 6, is proportional to the 
square of the g-shift and to the axial component of the 
crystalline potential. If lattice vibration effects are 
ignored for the moment and it is assumed that all 
interionic distances vary simply as V! (homogeneous 
deformation within the unit cell) then we may expect 
é«V" where n<8/3 (see Sec. V.A. of I). Over an 
appreciable range, however, the observed isothermal 
volume dependence is of the form éa(1—KV), where 
K is a function of temperature. It is quite evident that 
the simple geometrical model cannot be used to explain 
even the isothermal data. 

The explicit temperature dependence of 6 and the 
inadequacy of the static model suggest that the effect 
of lattice vibrations must be taken into account. A 
general method of expanding the splitting in terms of 
normal modes of vibration has been outlined in I and is 
discussed more fully in the literature for the case of 
nuclear quadrupole resonance.’®!€ It is, of course, 
formally possible to fit the linear portions of the data 
of Fig. 2 to an equation of the form 6=69(1+BT7) 
where 69 and B are functions of volume only and to 
formally assign some physical meaning to these param- 
eters [see Eq. (30) of I]. The strong volume dependence 
of (05/8T)y displayed in Table I implies, however, that 
69 and B vary implausibly rapidly with volume so that 
the representation cannot be considered acceptable. 

The major weakness of the attempted analysis 
probably lies in the assumption that the internal 
dimensions of the unit cell scale homogeneously with 
volume, i.e., that the internal coordinates vary as V}. 
Unfortunately the alum structure is sufficiently com- 
plex that many atomic positions are not uniquely 
specified by the unit cell volume. For example, the water 
octahedron surrounding the chromium ion is required 
to have trigonal symmetry about the [111] axis but 
no other restrictions are imposed by the space group of 
the alum lattice. As the stress state or temperature of 
the lattice changes it is possible that “shape” changes 
of this octahedron occur which account to a large 
extent for the observed variations of 6. 

It is thus apparent that the uncertainty as to the 
internal coordinates nullifies the: presumed advantage 


16 T, Kushida, J. Sci. Hiroshima University Al9, 327 (1955). 
16 Kushida, Benedek, and Bloembergen, Phys. Rev. 104, 1099 
(1956). 
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of the cubic alum over the trigonal fluosilicate as a 
suitable crystal in which to study the effect of stress 
and temperature on the paramagnetic resonance 
spectrum. A somewhat better understanding could be 
obtained in the case of the fluosilicate, despite the 
relatively lower macroscopic symmetry, because it has 
but one molecule per unit cell. Experiments now in 
progress with iron group impurities in the much simpler 
MgO and ZnS lattices may prove more amenable to 
interpretation. 

Despite the difficulties of detailed interpretation an 
interesting corollary experiment may be performed with 
the alum. The quadrupole splitting of the Al?’ nuclear 
magnetic resonance in ammonium aluminum alum 
(the host lattice in the present PMR experiments) may 
be determined as a function of temperature and pressure 
and compared with the crystalline field splitting results. 
If we neglect the contribution of the fourth-order axial 
potential to the splitting, 6, as discussed in I, then both 
6 and the nuclear quadrupole splitting are proportional 
to the gradient of the crystalline electric field. The 
main distinction lies in the polarizability of the para- 
magnetic charge cloud. The nuclear quadrupole 
moment is a permanent property of the given nucleus 
which cannot be significantly deformed by crystalline 
electric fields!” whereas the paramagnetic ion is deformed 
or polarized by the cubic and axial electric field com- 
ponents. This is reflected in the dependence of 6 on the 
inverse square of the strength of the cubic field com- 
ponent. Segleken and Torrey'® have found the ratio of 
the quadrupole splittings in the ammonium aluminum 
and potassium aluminum alums to be equal to the ratio 
of the crystalline field splittings in the corresponding 
undiluted chrome alums as determined by Bagguley 
and Griffiths. These data, as well as the invariance of 
Ag in our experiments, indicate that the time average 
cubic electric field strength at the trivalent metallic 
sites is quite constant in these alums; therefore the 
variations of the Al?’ nuclear quadrupole splitting and 
the Cr** crystalline field splitting should be directly 
comparable. If this proves to be the case the T and P 
dependences of the Al*’ splitting would, to our knowl- 
edge, be much larger than any previously measured in 
nuclear magnetic resonance.” 


III. Potassium Chromi-Cobalticyanide 
A. Experimental Results 


The iron group cyanides differ from the hydrated 
ionic complexes in that the magnetic ion is covalently 


17 The possibility of stress or temperature-induced changes in 
the antishielding factor of an ion is presumed negligible for present 
purposes. 

18 W. G. Segleken and H. C. Torrey, Phys. Rev. 98, 1537 (1955). 

1D. M. S. Bagguley and J. H. E. Griffiths, Proc. Roy. Soc. 
(London) A204, 188 (1950). 

In a private communication Professor T. Kushida indicates 
- this suggested experiment will be performed at Hiroshima 

Jniversity. 
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TABLE II. Comparison of room temperature and low tempera- 
ture values of the spin Hamiltonian parameters of dilute potassium 
chromicyanide. 


T =20°K* 


T 297°K 


1.991 +0.001 
0.0831+0.001 
0.0108+0.001 


1.9826 +0.0005 
0.0824 +0.0005 
0.00765+0.0005 


* From reference 24. 


bonded to six (CN)~ groups. This compact octahedron 
may be considered to produce a particularly strong 
cubic electric field with weaker components of lower 
symmetry if the structure is not regular. The magnetic 
behavior of the complexes can be explained by assuming 
that the effective crystalline field interaction is stronger 
than the Russel-Saunders coupling of the magnetic 
electrons of the free ion. A modification of Hund’s 
rule is then required in order to predict the ground 
state of the ion. In the particular case of Cr** the 
“strong crystalline field” ground state is equivalent 
to that in the ionic case: S=$, L=0. The crystal 
investigated, K3(Cro.o1Coo.99)(CN)s, has a monoclinic 
unit cell containing four [Cr(CN)¢. *- complexes which 
are equivalent in pairs as is discussed in more detail 
by Baker et al.” and Bowers and Owen.‘ The spin 
Hamiltonian required to describe the PMR spectrum 
of each pair of equivalent complexes includes a rhombic 
as well as an axially symmetric splitting term: 


3C=B(g:H,S.+2,H,S,+2-H-S:) 

+D(S?—5/4)+E(S2—-S,?). (5) 
The spectrum is particularly simple when the magnetic 
field is applied along the crystalline c-axis which 
coincides with the # spin-Hamiltonian axes of both types 
of magnetic complex. The somewhat involved eigen- 
value expressions are given by Bowers and Owen.‘ 
Using the three first-order transitions the parameters 
g,, D and E may be evaluated. The crystalline field 
splitting, 6, of the two Kramers doublets is not exactly 
2D due to the rhombic component of the effective 
crystalline field; instead 6= 2(D°+3£E?)!. 

The results of a hydrostatic pressure run to 10000 
kg/cm* at room temperature are plotted in Fig. 3. 
The slight hysteresis is within the experimental error. 
The atmospheric pressure values of the parameters 
differ somewhat from those found by Baker, Bleaney, 
and Bowers™ at 20°K as shown in Table II. It is of 
interest to note that the orbital moment contribution 
changes by almost 100% (Ag=—0.020 at 297°K, 
—0,011 at 20°K) over this temperature range though 
the parameters D and E vary relatively little. This 
sensitivity of Ag is also observed in the pressure data: 
|Ag| increases by 17% to 7300 kg/cm? then decreases, 

21 J. H. Van Vleck, J. Chem. Phys. 3, 807 (1935). 


2 Baker, Bleaney, and Bowers, Proc. Phys. Soc. (London) 
B69, 1205 (1956). 


PARAMAGNETIC RESONANCE 1489 


.9630—-—— “"T —-——— ToT) 0.019 


1.982 0.020 


~A 

1.981 0.021 9 

Yy 
1.980-- 0.022 


1.979-- 0.023 


4 INCREASING PRESSUR 


DECREASING PRESSURE 








44 





: ee 
| € 


oS 
4 8 9 10 
PRE RE (kg/cm? x 1079) 
Fic. 3. Pressure dependence of the spin-Hamiltonian parameters 
of Cr+ in K3;Co(CN). at room temperature. 


whereas the maximum variations of D and EF are 3% 
and 5°7, respectively. Within experimental error the 
data of Fig. 3 could be represented by quadratic 
functions of pressure but no evident correlation exists 
between the expressions nor is there any obvious 
physical significance in such a representation. 

No attempt has been made to measure the (probably 
anisotropic) compressibility or thermal expansion 
coefficients of this crystal due to its complexity. These 
quantities are expected to be somewhat smaller in 
magnitude than those of the fluosilicate or the alum. 
The covalent cyanide complex itself is probably 
relatively incompressible whence inhomogeneous de- 
formation within the unit cell may be expected. 


B. Discussion 


In analyzing the data of Baker e/ al.” Bleaney and 
O’Brien® found that the functional dependences of the 
parameters Ag, D, and E on the effective crystalline 
field components in the cyanide complex are identical 
to those in ionic surroundings. The spin-orbit coupling 


3B. Bleaney and M. C. M. O’Brien, Proc. Phys. Soc. (London) 
B69, 1216 (1956). 
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is expected to be reduced relative to the ionic case due 
to charge transfer from the Cr** ion to x bonds with the 
neighboring cyanide groups.*** Since the effective 
cubic electric field component is larger in the cyanide 
and the spin-orbit coupling reduced | Ag! is expected to 
be appreciably smaller for [Cr(CN)«/- than for 
(Cr-6H,O)*+. This difference is indeed observed, the 
g-shift for the chromicyanide at 20°K being only 
~40°% of that found in the dilute alum. The distinction 
is less manifest in our room temperature cyanide data, 
however, where | Ag| is about 80% of the alum value. 
The percentage variations of the cyanide g-shift 
with pressure and temperature are considerably larger 
than would be expected from simple ionic volume 
dependence of the cubic crystalline field component. 
This suggests that the spin-orbit coupling may vary 
quite rapidly with volume. However, a decrease of 
Ag| upon volume reduction should result from either 
of these mechanisms whereas the opposite effect is 
observed up to 7300 kg/cm’. A qualitative explanation 
of this anomaly may be that the cyanide octahedron is 
relatively incompressible but ‘intermolecular hybridi- 
zation” or bond sharing increases with decreasing 
volume due to the decreasing distance between the 
chromium and its next-nearest neighbors. This would 
tend to make the Cr** ion see more isotropic surround- 
ings, i.e., reduce the effective cubic electric field. 
Nuclear quadrupole resonance experiments indicate 
just such an effect in the case of the covalent C—C| 
bond in para-dichlorobenzene.'* The decrease of | Ag! 


*“K. W. H. Stevens, Proc. Roy. Soc. (London) A219, 542 
(1953). 

**It should be noticed that spin-orbit interaction is quite 
strongly reduced in nominally ionic iron-group complexes relative 
to free ion values (see Sec. V.A of I). While such an effect might 
be attributed to partially covalent bonding detailed considera- 
tions indicate that this cannot be the case in iron group oxides, for 
example. A theoretical treatment of the problem will be given in a 
paper to be published by Dr. W. Marshall. 


PHYSICAL REVIEW VOLUME 


WALSH, JR. 

with volume above 7300 kg/cm? could be attributed to 
reduced spin-orbit coupling since this interaction might 
vary sufficiently rapidly with interatomic distance to 
eventually dominate the bond sharing mechanism. 

It is surprising that the pressure and temperature 
variations of D and E are markedly smaller than the 
corresponding changes of Ag since both D and E are 
proportional to (Ag)? in the equivalent crystalline field 
model. Since D and E are also proportional to the axial 
and rhombic electric field components, respectively, it 
appears that changes in these components roughly 
compensate for the variations of (Ag)?. Such a high 
degree of correlation is unlikely, though not impossible, 
and suggests that the equivalent crystalline electric field 
representation of the [Cr(CN)« - complex may not 
be valid. 

CONCLUSION 


The PMR experiments on dilute ammonium chrome 
alum demonstrate that the crystalline field splitting is a 
sensitive probe for determining variations of the average 
electric field at the Cr** sites. Detailed interpretation 
of the results is difficult, however, since the equation of 
state does not provide sufficient information concerning 
the positions of all ions within the unit cell. 

The chromicyanide results show that the orbital 
contribution to the magnetic moment is a more sensitive 
function of stress and temperature than are the crystal- 
line field splitting parameters. It is difficult to reconcile 
such behavior with the equivalent crystalline field 
model of the covalently bonded cyanide complex. 
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Some Selection Rules for Band-Band Transitions in Wurtzite Structure 
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Optical selection rules at k= (0,0,0) in the wurtzite structure are discussed. These rules suggest an 
interpretation of recently reported work on CdS by Dutton and Lempicki on reflection spectra, and the 
excitation spectrum of edge emission in polarized light. Assuming band-band transitions at k= (0, 0, 0) are 
involved, a valence band spin-orbit splitting of 0.0167 ev and crystal field splitting of about 0.070 ev (at 
liquid Nz temperature) are obtained for CdS. Other predictions of the model and other possible interpreta- 


tions of the data are discussed. 


ITH the increasing attention being given to 
optical and other properties of compounds with 
wurtzite structure, e.g., ZnO, ZnS, CdS, it is of im- 
portance to have available the proper optical’selection 
rules for this structure. These rules may help in the 


identification of the levels involved in optical transitions 
in the pure, or activated materials. A recently pub- 
lished paper! correctly drew attention to the importance 


1G. Dresselhaus, Phys. Rev. 105, 135 (1957). 
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TABLE I. Base functions* for certain irreducible 
representations of Coy. 








Function 


as|a)+bz|a) 
as |8)-+bz|8) 


Representation 








x|a) 
x|B) 
y|a) 
y|B) 


as |8)+bz|B)+4c(x+4y) | a) 
as|a)+bz|a)+$c(—x+7y) |B) 


4 (x—iy) |a) 
—4}(x+iy) |B) 








* These are LCAO “‘s” and “p”’ functions which transform according to 
the indicated irreducible representations of Ce the group of k =(0, 0, 0) in 
wurtzite. (Note that the base functions for '7 mix spin up and spin down 
functions.) To obtain a crystal LCAO function from these, which are to be 
understood as centered on one site, a sum over the four base sites is 
required. In the functions, a, b, c are constants. 


of the crystal anisotropy in giving rise to anisotropy of 
optical absorption. However, in certain important de- 
tails, the application of the theory was not correct 
giving rise to an error in the results so that these do 
not apply to the wurtzite structure. This has been 
independently recognized by Casella,? while a number 
of other workers* have (also independently) studied the 
group theory of the wurtzite structure and from their 
work one could also have obtained the correct results. 
In this note we shall give the correct k = (0, 0, 0) selec- 
tion rules for the wurtzite structure and list the appro- 
priate spinor wave functions which may be useful in 
discussions of the cyclotron resonance experiments (our 
emphasis is on compounds with “s’- and ‘“p”-like 
valence and conduction bands), and propose an identifi- 
cation of the absorption and reflection lines in CdS. 
Some other consequences of the proposed identification 
will be pointed out, as well as some alternate explana- 
tions of the experiments. 

At k=(0,0,0) in wurtzite (space group C6.*) the 
wave functions transform irreducibly under the point 
group Cs,, the group of the wave vector. When spin- 
orbit effect is included, one must use the double group 
representation.* To obtain the character table for the 
double group of C,, from the table already published® 
(which applies to the isomorphic group Ds) one makes 


2R. C. Casella, this issue [Phys. Rev. 114, 1514 (1959) ]. Iam 
indebted to Dr. Casella for a preprint of his work. 
3W. J. O'Sullivan, J. Chem. Phys. 30, 379 (1959); M. L. 
Glasser, J. Phys. Chem. Solids (to be published) ; R. Parmenter 
(private communication) ; F. W. Quelle, Jr., Quarterly Progress 
Report, Solid State and Molecular Theory Group, Massachusetts 
Institute of Technology, Cambridge, Massachusetts, July 15, 
1958 (unpublished), p. 28. 
_ *R. J. Elliott, Phys. Rev. 96, 280 (1954); W. Opechowski, 
Physica 7, 556 (1940). 
5 See reference 1, Table I. 
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WURTZITE STRUCTURE 


the following class substitutions® 


for C2’ substitute oq; 
for C2"’ substitute o>. 

Of most importance is the new assignment of z, which 
in Cs, transforms like I"; while (x,y) transform like I's. 
Aside from these changes, Tables I and II of reference 1 
may be taken over. [In particular one may verify the 
fact that each of oa, o,, and C2= (C¢)? is in one class in 
the double group, from the general theory. }* Hence for 
the band-band selection rules in the wurtzite structure 
which would apply at k= (0, 0, 0) to “s”- and “p’”-type 
compounds, we find 

(a) no spin-orbit effect : 

E(\|c): ri,oT, 
F(Le): Tors; 

(b) including spin-orbit effect : 

E(\Ic): I’; +> I';, 
| 


rT; 


Et te}: | 


In Table I of this paper we list spinor wave functions 
which transform like I, I's, '7, and Ty at k= (0, 0, 0), 
in the Jones or energy zone.’ The function centered 
around one site is listed; in order to obtain the full 
LCAO. (linear combination of atomic orbitals) type 
function it is necessary to sum over the four sites in 
the base’ [since we are at k= (0, 0, 0) no phase factor 
will arise in the sum]. By inspecting these functions 
we can gain insight into why the selection rules change 
when spin-orbit effect is included. Thus when I, be- 
comes I’; the effect of the spin-orbit perturbation is to 
mix x and y orbital parts into what was previously only 
s and z, allowing a transition to another I’; for (Lc), 
where this was previously forbidden. Similarly, for the 
I’, derived from I's, s and z orbital functions have been 
mixed into what previously was only «x, y, thus allowing 
a transition to I’; for E(|\c), where this was previously 
forbidden. While we thus naively expect that the I; 
derived from I’; will be predominantly x, y, and the T; 
derived from T;, predominantly s+<, only the solution 
of the appropriate secular equation would give valid 
values for the coefficients of the terms in the wave 
function of each state. In Fig. 1 we give the corre- 
spondence and order of states which were recently 
illustrated, in a somewhat different connection,*® and 
were obtained using a combination of “simplified 


6H. Margenau and G. M. Murphy, Mathematics of Physics and 
enw? (Van Nostrand and Company, New York, 1943), p. 558, 
Table 7. 

7J. L. Birman, Phys. Rev. (to be published). In the energy 
zone, the points k= (0,0,0) and k= (0,0,2/c) (c is the repeat dis- 
tance along the z axis) are considered as distinct, so that no phase 
factor will arise, in summing over the base sites. 

8 J. L. Birman, Phys. Rev. Letters 2, 157 (1959), J. Phys. Chem. 
Solids 8, 35 (1959). 
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Fic. 1. Selection rules at k= (0, 0, 0) in wurtzite (W) structures, 
assuming a normal order of states in valence and conduction 
bands. Corresponding zinc blende (ZB) states are shown at the 
left side of the figure. Crystal and spin orbit splittings are defined 
in the text. We have indicated the k= (0, 0,0) gap in wurtzite 
structure to be greater than in the zinc blende, as seems true for 
ZnS, and SiC. Also indicated are polarization rules for optical 
transitions in wurtzite structure, with and without inclusion of 
spin-orbit effect. 


LCAO” theory and preliminary numerical results for 
ZnS. We expect at k= (0, 0, 0) in a “‘normal’’ wurtzite 
material (listing the states in order of increasing binding 
energy) including spin-orbit effect, a IT’; conduction 
band (derived from I’;) followed by, in order (the energy 
gap and then) I'y valence band, an upper I’; valence 
band (derived from I's) and a lower I’; valence band 
(derived from I°;). Again speaking naively, we expect 
the I'y-upper I’; valence band separation to be mainly 
due to spin orbit splitting while the I'y—lower I’; valence 
band separation would be mainly due to symmetry, or 
crystal field splitting. The actual situation must be more 
complicated, of course, since the two I’; valence levels 
will repel one another so that what is needed is, as 
before, the solution of the appropriate secular determi- 
nant. This order of states then allows us to predict that 
for optical transitions at k= (0,0, 0) there should be 
three characteristic wavelengths: 


Ai >A2>As, 


where A; is for the ly + T; transition and appears only 
for (Lc); d2 and d; are I’; —T; transitions and appear 
for E( Lc) and E(\\c). 

The CdS edge emission excitation spectrum of 
Dutton,’ may be interpreted by assuming we are dealing 
with band-band transitions and assigning \;=4874 A, 
A» =4844 A, and similarly for the 90°K reflection spec- 
trum measured by him.'’ Lempicki’s recent measure- 
ment indicates a third reflection anomaly in CdS and 

*D. Dutton, J. Phys. Chem. Solids 6, 101 (1958). 

1). Dutton, Phys. Rev. 112, 785 (1958). 
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using his values'! under the assumption that we 
are dealing with band-band transitions, we obtain 
1 =4877 A, \2=4845 A, \3=4731 A. Hence, we are led 
to assign 0.0167 ev as the (liquid N» temperature) spin- 
orbit splitting: A,.o. (see Fig. 1). If we define the crystal 
splitting: Acryst (see Fig. 1) as the downward displace- 
ment of the lower I’; level from the mean of the I’y and 
upper T; [i.e., Acryst =3(I'7—T'y)+ (';—T'7) ], we obtain 
about 0.070 ev as the estimated crystal splitting in CdS. 
These values seem reasonable, although small. This 
“spin-orbit splitting” of 0.0167 ev may be compared 
with the 0.0227 ev separation of the two edge emission 
sequences at 4°K measured by Furlong.” 

If these assignments are correct, the model predicts 
the existence of certain polarized infrared absorption 
lines, during simultaneous band edge irradiation. Thus, 
if holes are produced in the I’y valence band by 4877 A 
irradiation, these can be promoted (down) to the upper 
I’; valence band by 7.75 uw infrared and to the lower I; 
valence band by ~17.7y infrared, both for E(Lc) 
The polarization of edge or 6200A center emission 
should diminish, with the optical depletion of the Ty 
hole population. A similar infrared absorption should 
occur during simultaneous 4845 A irradiation. Note also 
that the reported quenching of 4877 A absorption by 
pre-irradiation of a CdS sample with red or infrared 
light (Gross"*) is consistent with our model. Thus, red 
or infrared light produces free holes (by emptying 
shallow hole traps) which congregate in the Ty level, 
and quench the absorption from this level to the con- 
duction band. 

The assignment of transitions in CdS as k= (0, 0, 0) 
band-band transitions based on obedience to band-band 
selection rules does not, of course, rule out other possi- 
bilities. For example, exciton transitions may be playing 
a role particularly in view of the reported low-tempera- 
ture complexity of the absorption."* Another possibility 
for \2 and ); is that the I’; conduction band has [at 
k= (0, 0,0) (0,0, %,)] subsidiary minima, and/or 
the I'y valence band subsidiary maxima [k= (0, 0, 0), 
k= (0,0, k.) ], and some interband transitions involve 
only these two surfaces ; perpendicular polarization may 
arise, also, along I-A, at K, and at M, depending on 
whether or not spin orbit effect is included.? Hence the 
assignments made are equivocal, although in accord 
with available data on CdS. 
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The effect of steady-state hydrostatic pressure on the properties of luminescent systems, with particular 
reference to the phosphorescence of NaI(T]), is examined. It is shown that readily observable changes in 
decay mean life may be produced by very modest pressures. An interpretation of these effect is developed 
from a configurational coordinate model and also from thermodynamic considerations. Experimental 
results are in good agreement with these theoretical expectations. For a 0.66-ev trap in NaI(T1), the change 
in center volume at the point of transition from metastable to emitting state is found to be +17.5X 10 cm. 
Assuming a specific model for the center allows computation of the sign and magnitude of the critical 
displacement of ions required for trap collapse—in this case +0.19 A. The force constant for the metastable 
state is computed to be 5.8X10° dynes/cm; and the vibrational frequency, assuming an effective mass 
equal to six I ions, is 3.410" sec corresponding to a zero point energy for this trap of 0.007 ev and 
cross over at a vibrational quantum number of about 47. The transmission coefficient for cross-over to 
the emitting state appears to be of the order of 0.03%. Other possible experiments involving steady-state or 


transient pressure effects are outlined. 


I. INTRODUCTION 


UMINESCENCE in the solid state has been 

studied extensively using temperature as an inde- 
pendent variable. In addition to measurements on 
emission and absorption spectra, methods employing 
thermoluminescence or “glow curves,” or isothermal 
decay over a wide range of temperatures have been 
highly refined and applied to a variety of luminescent 
systems. The present work is part of a program ex- 
plicitly concerned with examining the utility of pressure 
as well as temperature as an independent variable in 
luminescence studies. With the exception of a few 
experiments concerned with pressure effects on absorp- 
tion spectra, no systematic examination of this possi- 
bility appears to have been made. For reasons sketched 
previously,'! we have chosen first to explore the effect 
of pressure on the long-term phosphorescence of thal- 
lium-activated alkali halides excited by a pulse of gamma 
radiation. 

Detailed study of the kinetics of deep traps in the 
phosphor NaI(Tl) have been made by Emigh and 
Megill.? Furthermore, it has been established from the 
qualitative measurements reported in I that as little as 
2000 psi will produce observable effects in NalI(TI). 
In I, no attempt was made to construct a detailed and 
quantitative explanation of the results because of the 
complex nature of the decay resulting from the presence 
of many different electron trapping levels in the ma- 
terial. If one assumes, however, that the phosphorescent 
decay is the sum of a number of independent first order 
processes as suggested by the analysis of Emigh and 
Megill, then the pressure-sensitive behavior of indi- 

idual traps in the phosphor may be isolated. In fact, 


t This research was supported by the U. S. Air Force through 
he Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1L. Reiffel, Phys. Rev. 94, 856 (1954), hereinafter referred 
oas I. 

2C. R. Emigh and L. R. Megill, Phys. Rev. 93, 1190 (1954). 


a reasonable interpretation can be given without de- 
tailed knowledge of the kinetics provided only that 
escape from traps is the rate determining step in the 
sequence. If monomolecular kinetics are assumed and if 
traps are identified with TI* ions substitutionally im- 
bedded at cation sites in the lattice, one may calculate 
a critical displacement in the configuration coordinate 
required for thermal ionization or collapse of a trap.* 

An interesting aspect of pressure effect experiments is 
that they permit differentiation of phenomena resulting 
from asymmetries with respect to equilibrium positions. 
Put differently, external pressures applied to a phosphor 
system exert forces which are always directed so as to 
make interionic spacings decrease—to make certain of 
the important configurational coordinate values smaller. 
This may be contrasted with experiments involving 
temperature effects (e.g., thermoluminescence) in which 
the excursion of the system over both larger and 
smaller values of the coordinates is modified. It follows 
that the pressure sensitivity of phosphorescence allows 
the location of ‘‘cross-overs” between configurational 
potential curves for metastable and emitting states, 
a problem which does not yield readily to more con- 
ventional approaches. In particular, the sign of the 
displacement required for thermal ionization or collapse 
of a trap may be determined. That this is possible, of 
course, follows as a direct consequence of Le Chatilier’s 
principle. 


II. THEORETICAL CONSIDERATIONS 


The general configuration coordinate diagram for a 
trapping site is shown in Fig. 1. We assume the excita- 
tion energy is stored in the form of an electron localized 
at an activator or other defect in the lattice. As one 


3L. Reiffel, Proceedings of the International Conference on 
Solid-State Physics in Electronics and Telecommunications, 
Brussels, June, 1958 (to be published). The slightly different 
numerical values reported in the present paper result from im- 
provements in correction of the raw data and more detailed study 
of temperature dependence. 
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Fic. 1. Configurational coordinate diagram for phosphorescent 
center. The relative energies of the metastable and emitting states 
are not significant and the effect of pressurization is greatly 
exaggerated for clarity. 


possibility leading to phosphorescence, thermal collapse 
may occur with the system passing from a metastable 
state into another state associated with the same defect 
from which an allowed optical transition may take 
place. As a second possibility, thermal ionization may 
occur perhaps followed by an optical transition in an 
interaction remote from the trapping site. Retrapping 
may be possible in either situation although it is tradi- 
tionally considered only in the case of thermal ioniza- 
tion. Even in transitions not involving the conduction 
band, one metastable state might feed another in the 
same center, especially in relatively complex centers. 
We assume that at crossover an energy Er is required 
either for thermal ionization or for collapse and that 
the system may be represented by a parabolic potential. 
The equilibrium value of the coordinate is R while the 
additional energy Er places the system in a vibrational 
state ranging out to R+r,. Thus r, is the critical increase 
(or decrease) in configurational coordinate required for 
emptying of the trap. Also shown in Fig. 1 are curves 
for an emitting state to illustrate the usual close 
approach of the two potentials at Er. 

If a hydrostatic stress is now applied to the system, 
the potential energy surfaces for the system will be 
altered from the solid curves of Fig. 1 to the dotted 
curves—obtained by assuming that a linearly increasing 
potential ascribable to the applied stress may be added 
to the potential resulting from the normal forces acting 
on the center. Evidently, the additional potential 
energy is a function only of position in this model and 
is the same for all states of excitation at fixed position. 


Thus, the energy of transition is independent of the 
pressure, but there is a change in energy separation 
between a potential minimum and the potential at a 
given distance from the equilibrium configuration. This 
change, due to the pressure, is an increase if the point 
in question is to the right of the minimum and a decrease 
if the point is to the left of the minimum. If a given 
location in configuration space must be attained before 
the system can go from the metastable to the emitting 
state then the change in energy separation is precisely 
the change in trap depth for the process. 

Let E,, be the potential energy for a given con- 
figuration of the activator ion and its ligands when the 
activator is in its metastable state, Eo the energy 
minimum of the metastable state, Er the energy of the 
“cross-over” between metastable and emitting state 
under no pressure and with reference to the normal 
minimum for the metastable state, Ro the spacing 
between the activator and its ligands at equilibrium 
in the metastable state, and r. the displacement from 
equilibrium at which the crossover energy Er is 
achieved. We may define a force constant C,, (assumed 
independent of pressure) for the metastable state from 
which 

En (r) = 4Cm(r—Ro)?+ Eo, 
and 
Er=3Cm(r-)’. (1) 


Under pressurized conditions 
Em(r)=3Cm(r—Ro)?+Ectapr, (2) 
where a is an effective area which may, under certain 
conditions, be identified with the projected area of the 
ligands acting on the activator; is the applied hydro- 
static pressure. From (2), by differentiation, 
R,= Ro—ap, Ca 
The energy at equilibrium under pressure is given by 


9,49 


ap \? a“ p* 
Ba(R,)=4Ca(-—) +Eo— : +apRo, 


m m 


while the energy for thermal collapse is 
Em(Rotre)=3Cmr?+ EvtapRotapr.. 
The trap depth, under pressure, is 


Er,=Em(Rotr-)—Em(Rp), 


from which 


ap 
Er,=Erot+tapr.+}—, 


m 


apr. apr.\? 
Er,=E — ( — ) | (3) 
Er Er 


Under circumstances such that apr<KEr, that is for 
deep traps or for modest pressures, the change in trap 
depth due to pressurization is simply AE=apr, since 
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the quadratic term may be ignored. These results 
should apply for pressures at which a and C,, are not 
seriously altered. 

If monomolecular kinetics are assumed, the phos- 
phorescent light level as a function of time with pressure 
as a parameter may be expressed as 


—=J 


1 
B(t,p) =x N— ep(—), (4) 
i L(p) 


Li(p) 


where J; is the filled population of the ith trap at =0, 
L(p) =A "(p)e”'/*? = mean life of trap, Ai(p) is the 
frequency factor for the ith trap, and E;(p) is given by 
Eq. (3); r- and @ are not necessarily the same for 
different traps. 

It seems reasonable, in view of the small distortions 
of the configurational coordinate diagram involved, to 
assume that the A;(p) terms are not strongly affected 
by the pressures attained experimentally; these terms 
will hereafter be considered constants. It is also likely 
that trapping cross sections will not depend markedly 
on pressure in our working range so the relative popula- 
tions will depend only on excitation conditions and 
time. This clearly becomes a more critical assumption 
when re-trapping processes are important in deter- 
mining the behavior of the phosphor. Equation (4) 
may be simplified markedly for the situation when one 
trap is dominating the decay, in which case 


B(t,p) = No/L(p) Je! -™, 


and the ratio of mean lives for pressurized and un- 
pressurized conditions becomes 


L(p)/L (0) = eaPrel#?, ~ 


This ratio may be obtained from experiment in at 
least three ways: (1) Determine mean lives from con- 
stant pressure isothermal decay using graphical peel-off 
methods.” (2) Select experimental conditions such that 
only one trap is important and obtain constant pressure 
isothermal mean life data. (3) With conditions as in (2) 
make step function pressure changes and obtain re- 
sulting intensity variations. For fast changes in , the 
trap populations can be considered constant and 


L(p)/L(0) = B(O)/B(p). 


Equation (5) was derived on the basis of a two- 
dimensional! configurational coordinate model for what 
is in fact a multidimensional problem. If synchronous 
radial oscillation of the Tl* ligands is the dominant 
mode, this simplification is readily justified. Elaborating 
on suggestions by Seitz,‘ Williams® has presented 

4 F. Seitz, J. Chem. Phys. 6, 150 (1938). 

5 F, Williams, J. Chem. Phys. 19, 457 (1951). See also P. D. 
Johnson and F. E. Williams, J. Chem. Phys. 20, 124 (1952). For 
criticisms and comments on the Williams model specifically con- 
cerned with oscillator strength predictions, see R. S. Knox and 
D. L. Dexter, Phys. Rev. 104, 1245 (1956) ; and Williams, Segall, 
and Johnson, Phys. Rev. 108, 46 (1957) 
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arguments from which he concludes that this mode 
is indeed dominant for the prompt fluorescence of 
KCI(T]) and involves the 4S, °P,° and 'P,° states of 
isolated TI* ions in the lattice. Patterson and Klick® 
have recently re-examined the emission and excitation 
spectra of KCI(T1) and conclude that the state assign- 
ments proposed by Johnson and Williams may not be 
correct. In particular, they question the idea that the 
4750 A emission band is due to the 'P; to ‘So transition 
while the 3050 A emission is from the *P, to 'So transi- 
tion in the same T! center. They suggest that these two 
emissions may originate in different centers and that 
the temperature dependent intensity ratio for the two 
bands, explained on the basis of thermodynamic equi- 
librium between *P; and 'P; by Johnson and Williams, 
may be actually the result of other effects such as 
quenching in the 4750 A center. 

Seitz attributed long-lived phosphorescence in the 
thallium-activated alkali halides to the presence of 
TI ions in adjacent cation positions in the lattice. The 
argument is based on absorption measurements by 
Biinger and Flechsig? who showed that ultraviolet 
absorption leading to phosphorescence varied as the 
square of the Tl content. Clearly, the properties of 
associated TI* ions acting as one center cannot be fully 
described by a single variable related to the radial 
displacement of surrounding anions. Such a center has 
cylindrical symmetry and involves ten nearest and non- 
equivalent I~ ions in the case of NaI. There are, in fact, 
three different classes of nearest anion neighbors for 
such a center. For a decrease in the TI*-TI* separation, 
such as might be produced by homopolar bonding in 
the excited state,* two of these groups move inward, 
but the third could even move outward on the basis of 
a simple hard-sphere model. 

In view of these complications, one would generally 
be forced to treat the model of Fig. 1 without explicit 
identification with physical displacements. It is thus 
important to observe that the equivalent of Eq. (5) can 
be derived from purely thermodynamic considerations 
by applying results developed for chemical reactions in 
dilute liquid solutions by Evans and Polanyi.’ If K is 
the rate constant for a reaction, they show that 


—kT(0 InK/dp)=AV*, (6) 
where AV’* is the increase in volume accompanying 
the formation of the transition state."” We may identify 
the attainment of the crossover energy at 7, in the con- 
figurational coordinate model of Fig. 1 with this transi- 


6D. A. Patterson.and C. C. Klick, Phys. Rev. 105, 401 (1957). 

7 W. Biinger and W. Flechsig, Z. Physik 67, 42 (1931); and 69, 
637 (1932). 

§ Reference 4, p. 160. 

9M. G. Evans and M. Polanyi, Trans. Faraday Soc. 31, 875 
(1935). 

10 Glasstone, Laidler, and Eyring, Theory of Rate Processes 
(McGraw-Hill Book Company, New York, 1941), p. 11. Also 
H. Eyring, J. Chem. Phys. 3, 107 (1935); W. F. K. Wynne-Jones 
and H. Eyring, J. Chem, Phys, 3, 492 (1935). 





REIFFEL 


PRESSURE 


HIGH 





BOURDON 











7] 


ie 


a | 





DARK CURRENT 
SHUTTER CONTROL 


0 BATH 


GRE pat 
CRYSTAL / 





LAMINATED 
QUARTZ WINDOWS 


Ue 
nN. 


COLO BATH DESICCATOR 


Fic. 2. Schematic diagram of experimental arrangement. High- 
pressure volume is equipped with additional window and thermo 
couple plugs, not shown. 


tion state. AV’* is then the net change in volume of the 
center and its surroundings at crossover and can be the 
result of shifts in many of the coordinates of the center. 
If these shifts are not very pressure-sensitive, we may 
immediately integrate Eq. (6) to obtain Eq. (5) with 
AV? replacing (ar,). The assumption that AV* is not 
a strong function of p, thereby allowing direct integra- 
tion of Eq. (6), is, of course, equivalent to neglecting 
the quadratic term in Eq. (3) since this arises from the 
shift AR in the potential minimum of Fig. 1 with 
pressure. Note that AV* is essentially an atomic 
property while p is easily defined only if the active 
center is treated as though it were imbedded in a con- 
tinuum. Such a continuum model applied to a TI*-Tl 
center would still yield a term approximately of the 
form AV += (a7) where a is the effective area of the I 
nearest neighbors and 7, is an average radial displace- 
ment of these neighbors. 

A more detailed study of the phosphorescence of 
KCI(T1)'by Johnson and Williams!! makes a categorical 
assignment of the origin of long-lived phosphorescence 
to TI*-TI* centers improbable. They find that certain 
thermoluminescence peaks in the range 200°K to 325°K 
show a concentration dependence appropriate to iso- 
lated TI* ions, while a broad peak at 250°K behaves 
like a TI*-Tl* trap. For the most prominent of the 
former, they give a thermal depth of 0.72 ev and a 
frequency factor of about 10% sec~!. Inspection of their 
curves shows that these isolated TI* traps will be par- 
ticularly important for long excitation times (such as 
used in the present experiments) and should dominate 
the later portions of the room temperature decay. 
Parenthetically, it may be noted that Johnson and 
Williams identify the two major traps in KCI(T1) with 


1 P. D. Johnson and F. E. Williams, J. Chem. Phys, 21, 125 
(1953). 


the *P.° and *Po° states of isolated TI*. The validity of 
this identification does not affect the present discussion. 

One concludes, therefore, that Eq. (5) should ade- 
quately describe the behavior of the phosphorescence 
of the thallium-activated alkali halides as a function of 
pressure for our experimental conditions. If TI*+-Tl* 
centers are involved, only the product a?.=AVt has a 
simple interpretation. However, if the behavior of 
Nal(T]) parallels that of KCI(TI), then isolated TI* 
centers are probably most important. In this case, the 
centers are symmetrical, all anions are equivalent, and 
a single coordinate r, might well describe the situation 
satisfactorily. 


III. EXPERIMENTAL CONSIDERATIONS 


A schematic cross section of the pressure vessel for 
low level light measurements, showing the method of 
optical coupling from crystal to photomultiplier, is 
given in Fig. 2. There are, in reality, two windows on 
diametrically opposite sides of the pressurized volume. 
Each of the windows consists of two bonded fused 
quartz disks 0.700 in. in diameter and 0.250 in. thick. 
One window is coupled to a six-inch long 0.25-in. 
diameter polished quartz light pipe leading to the 
photomultiplier (PM). The light pipe is supported on 
knife edges inside the window retaining plug which is 
designed to provide an unsupported and unobstructed 
window aperture of 0.2-in. diameter. A short gap is 
left between the light pipe and the PM photocathode 
to allow insertion of a mechanical shutter for reading 
dark current. The second window is used for trans- 
mission measurements and is also convenient for check- 
ing the system response to external light sources with 
known properties. 

Since it is desirable to follow the phosphorescence for 
long times and since the optical losses through the 
system are quite large, it becomes necessary to work 
with very low light levels. The PM tube is, therefore, 
equipped with a special guard ring geometry immedi- 
ately surrounding the glass-to-metal seal for the anode 
lead to reduce socket leakage. To reduce dark current, 
the PM photocathode is cooled by immersing the tube 
housing in a cold bath and blowing cold, predried 
nitrogen through the housing and over the socket con- 
nections. The latter helps measurably in maintaining 
long-term stability against variations in leakage. Anode 
current in the range 10-7 to 10~'® ampere is measured 
with an electrometer circuit driving a standard record- 
ing milliammeter. 

The crystal is immersed in a pressure-transmitting 
medium of good optical quality, usually mineral oil, 
and the system is pressurized through an intensifier 
using a small accumulator and an automatic pump. 
The pump is controlled by sensing the low-pressure 
side of the pressurizing piston, but data on the actual 
pressure are obtained with a carefully calibrated high- 
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pressure gauge connected directly to the experimental 
volume. 

It is clear from the form of Eq. (5) that good tem- 
perature stability is required at the crystal. The entire 
pressure bomb is, therefore, enclosed in an insulated 
case lined with heating elements and cooling coils. 
Temperature is controlled using a series of preset 
thermal switches and checked with a precision ther- 
mometer in a small well in the body of the bomb. 
Long-term temperature control to an accuracy of 
anproximately 0.1°C is usually achieved. 

The system is designed to permit measurements from 
about +50°C to —20°C so the PM tube and associated 
components, which operate at about —80°C, are care- 
fully insulated from the rest of the system. 

Excitation of the crystal is accomplished with an 
external source of gamma radiation which is inserted 
into a hole in the bomb wall penetrating to within 0.5 in. 
of the crystal: The source hole is lined with a Hevimet 
tungsten alloy collimator. Early experiments were done 
with a 0.1-curie Co source emitting 1.24-Mev average 
energy gammas, but irradiation of the quartz windows 
produced large amounts of interfering phosphorescence. 
Changing to a 1-curie iridium-192 source emitting a 
complex gamma spectrum from 0.14 to 0.65 Mev 
allowed much better collimation within the available 
space and reduced scattering so the window lumines- 
cence was tolerable. Excitation is generally for a 10- 
minute period after which the decay is followed for 
several hours. 

The experimental apparatus was subjected to a 
number of tests to establish reliability of the data, 
including checks on the linearity and stability of elec- 
tronics and recording system and the linearity and 
hysteresis of the optical system. The latter was deter- 
mined using an external light source and a series of 
neutral density filters. Even though one is dealing with 
data taken in the time domain under isothermal and 
isobaric conditions, it is important to establish the 
insensitivity of the system to changes in spectral distri- 
bution at all pressure levels. It is well known that traps 
of different depth may lead to emission at different 
wavelengths. Differential filter studies on NaI(T]) indi- 
cate some spectral shift as the long-lived traps (~1 ev) 
begin to dominate the decay. This shift is to longer 
wavelengths. If the optics exhibited a pressure-sensitive 
spectral dependence, such an effect would distort the 
time dependence of the phosphorescence at various 
pressures and temperatures by weighting traps differ- 
ently. An external light source equipped with filters to 
isolate various wavelength bands was used to establish 
that these effects were small. Other pressure-induced 
changes, such as the gross lens effect produced in the 
optical windows, refractive index changes, alterations 
in spectral output or trapped light, are not important 
for these experiments. They are significant in transient- 
pressure studies and for other forms of excitation. 
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Fic. 3. Phosphorescent decay curves for NaI(Tl) at various 
pressures and 15°C. Thallium concentration 0.109 weight percent. 
Curve A: window phosphorescence only—all other curves have 
been corrected for this effect; Curve B: atmospheric pressure ; 
Curve C: 15 000 psi; Curve D: 25 000 psi; Curve E: 40 000 psi. 


IV. RESULTS 


All results to be presented are for Nal (Tl) containing 
0.109 weight percent TI in the crystal. Typical phos- 
phorescent decay curves for crystals subjected to 
various constant pressures during both irradiation and 
decay are shown in Fig. 3. Peel-off procedures applied 
to curves such as these can be used to isolate the 
behavior of traps with appropriate lifetimes. Under the 
experimental conditions prevailing, the trap for which 
this procedure is most reliable exhibits a thermal depth 
of 0.66+0.05 electron volt as determined from analysis 
of a series‘of isothermal phosphorescent decay curves at 
atmospheric pressure. Figure 4 gives mean life data at 
atmospheric pressure vs 1/T for the isolated 0.66-ev 
trap on which this trap depth value is based. Table 1 
lists mean lives at a variety of temperatures and 
pressures for isolated traps. The trap at 0.98+0.1 ev 
could be determined reasonably well from the data, but 
the pressure effect lengthened the mean life and thereby 
reduced the light intensity to the point where accurate 
results could not be obtained by these steady state 
methods except at the highest temperatures. Most of 
the results therefore concern the 0.66-ev trap although 
qualitatively similar behavior is observed for the 0.98- 
ev trap. 

The presence of both deeper and shallower traps has 
been detected but no attempt has been made to examine 
their behavior as a function of pressure. The two traps 
whose depth can be specified agree, within experimental 
error, with traps B or C and D of the Emigh and Megill 
analysis. A frequency factor assignment of 1.0 10° 
sec!, obtained for our 0.66-ev trap on the basis of 
Fig. 4, corresponds reasonably well to results on their 
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Fic. 4. Mean life vs temperature for isolated 
0.66-ev trap in NaI (TI). 


trap B. Similar data for thallium in a KI host have 
been obtained by Smaller and Avery’? who give a 
depth of 0.65 ev and a frequency factor of 1X10" sec? 
for what may well be the same trapping state. For 
substitutional Tl, the nearest neighbors are iodine ions 
in both cases. Order of magnitude agreement in the 
frequency factor among the various determinations is 
all one may expect in view of the overriding influence 
of very small errors in the trap depth value. 

In Fig. 5, the logarithm of the ratio of mean life 
under pressure to mean life at one atmosphere has been 
plotted as a function of pressure for the 0.66-ev trap. 
The linear behavior is precisely that predicted by the 
analysis leading to Eq. (5). These results allow a 
determination of the sign of AV* and, within the limits 
discussed previously, they provide a value of r,. In turn, 
this permits calculation of other properties of the 
metastable center. It is of interest that these results 
rest upon measurements involving trap depth changes 
and not upon absolute values. The absolute magnitude 
of the change, at the pressures employed, is of the order 
of 10 millivolts and is known to an accuracy of perhaps 
two millivolts, whereas the depth itself can be measured 
only to an accuracy of 50 or 100 millivolts. 

From Fig. 5 one obtains for the 0.66-ev trap AV* 
=+17.5 A®. Trap collapse thus occurs for a net increase 
in site volume corresponding to an outward displace- 
ment. The configurational coordinate schematic given 
by Emigh and Megill must therefore be revised if it is 


2B. Smaller and E. Avery, Phys. Rev. 85, 766(A) (1952). 


to be applied to this trap since it would predict a nega- 
tive AVt. 

If a value of a=93 A? is assumed, corresponding to 
the projected area of six I- ions with Goldschmidt 
radii of 2.2 A, one obtains #,=0.19 A. 

If the harmonic oscillator-symmetrical mode is domi- 
nant, this value of 7, together with the trap depth 
value can be used to calculate the force constant for the 
metastable state using Eq. (1), yielding C,=5.8X 105 
dynes/cm. 

Knowing C,,, one can find the vibrational frequency 
of the system if the effective mass is known. For the 
radial mode calculation in KCI(TI), Williams!* has 
found M.s=6Mci+68?M x, where @ is a coupling con- 
stant computed to be 0.4 on the basis of lattice relaxa- 
tion to minimum energy. If this is used for a crude 
estimate in Nal, one obtains an effective mass less than 
4% greater than that of the nearest I~ ions alone. 
Since the Nat ions are light compared to the I~ ions, 
a large error in 8 will not make a serious change in Mgrs 
so we may compute the vibrational frequency with 
M 4;=6My,- and obtain f=3.4X 10" sec. It should be 
noted that this corresponds to a zero-point energy of 
the system of 0.007 ev, implying that trap collapse 
occurs for a vibrational quantum number of about 47. 
This is comfortably high and means that a completely 
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Fic. 5. Plot of log(mean life ratio) as a function of pressure for 
isolated 0.66-ev trap in NaI (T1). The straight line is the theoretical 
fit to the data using Eq. (5) with (ar) =+17.5X10™ cm’, The 
indicated accuracy is estimated from the probable errors in assign- 
ing mean lives from the raw decay curves. 


18 F, E. Williams, Phys. Rev. 82, 282 (1951). 
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TABLE I. Compilation of mean lives for isolated traps in NaI (TI) for various pressures and temperatures.* 





45 
40K 
17.342.9 


Temp. (°C) 
Press. (psi) AP 
Mean life (min) 5.2+0.4 


Trap one 


°C Se 
49K AP 
20.4 2.240.1 


- 5 
40K 
14.1 


32.5K 
11.9 


17 17 
AP 20K 
43 9.1 





Trap two 





Temp. (°C) mitt hy 
Press. (psi) AP 
Mean life (min) 46,2+5.8 >38 


24.8 
25K 
>35 








® AP =atmospheric pressure; K = 108 psi. 


classical treatment of the problem such as used here 
should give correct results. 

Comparison of the system vibrational frequency / 
with the frequency factor A for the same state indicates 
that the transmission coefficient from the metastable 
state to the emitting state is about 0.03%. 


V. CONCLUSIONS 


The influence of hydrostatic stress on the phosphores- 
cence of NaI(T1) is quite marked and it is demonstrated 
that the effect can be used to gain additional knowledge 
about the trapping sites involved. An interpretation of 
the effect is given which is in accord with observation 
and is not critically dependent upon a detailed model 
for the trapping site. On this basis, the change in site 
volume at crossover between metastable and emitting 
states may be determined thereby removing an am- 
biguity which exists in drawing configurational coordi- 
nate models for these states in the absence of detailed 
calculations. With additional assumptions, a description 
of the mechanics of the site can be given and properties 
of metastable states including conditions for collapse, 
force constants for lattice coupling, zero-point energies, 
and barrier transmission coefficients can be readily 
computed. 

Assuming a TI* trapping site is involved, with only 
symmetrical radial motion of its ligands being im- 
portant, it is shown that the outward displacement of 
anions required for escape from the metastable state is 
0.19 angstrom for the 0.66-ev trap in NaI(T)). 

The possibilities of pressure experiments on phosphors 
are not limited to the particular application reported 
here. The ability to make step-function changes in 
pressure allows an entire series of novel experiments to 
be designed. Among other advantages, transient-pres- 
sure techniques avoid much of the difficulty encountered 
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in study of long-lived traps or other features resulting 
in low light output. Information on retrapping phe- 
nomena can also be obtained in this way. 

It will be of particular interest to apply these methods 
to KCI(TI) for which other experimental results and 
extensive theoretical calculations are already available. 
Study of prompt fluorescence efficiency and decay time 
as a function of pressure will provide a new test of the 
configurational coordinate model proposed by Johnson 
and Williams. Furthermore, pressure should produce 
opposite effects on the *P,° trap as compared to the 
*Po° trap for their model. A study of the prompt 
emission spectrum, specifically the ratio of 4750A 
emission to 3050 A emission, should be very enlightening 
since an energy barrier of 0.025 ev between the two 
responsible states and displacements at cross-over of 
about 0.1A are required by the Williams model. 
Modest pressures should produce very large changes in 
the intensity ratio under these circumstances. It should 
be emphasized that difficulties associated with the 
effective area of the center, i.e., the value of a, should 
not be important in such a test since, by hypothesis, 
a single center is involved. Such an experiment should 
therefore distinguish between this model and that 
suggested by Patterson and Klick, for example. The 
results of these experiments as well as those concerned 
with transient pressure effects will be reported in due 
course. 
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Measurements have been made of the temperature dependence of the work functions of freshly evaporated 
films of silver, sodium, and potassium deposited at pressures of the order of 10~® mm of mercury. The results 
for silver (—13.4X10~* volt /°K) were obtained by a capacitive contact potential method, those for sodium 
and potassium (—51X10~° and —26X10~ volt/°K, respectively) by the diode retarding-field method. 

The theoretical outline by Herring and Nichols has been extended to produce quantitative predictions in 
fair agreement with the experimental results. Quantum-defect calculations of the internal energy have been 
used to determine the effect of thermal expansion. Some allowance for anisotropy and dispersion has been 
included in the calculations of the electrostatic effect of thermal vibrations at constant volume. This effect is 
the largest contribution to the temperature dependence of the work functions of monovalent metals. The 
calculations point out the importance of the predominantly transverse modes of vibration. The effect of 
thermal vibration at constant volume on the chemical potential has also been calculated allowing for 
anisotropy and dispersion, and is shown to be small (~—2X10~- volt/°K for monovalent metals). The 
theoretical predictions (representing the assumed model within an estimated 25%) are —12X10~5, —45 
10-5, and —28X10™ volt /°K for silver, sodium, and potassium, respectively. 


INTRODUCTION 
M EASUREMENTS of the temperature dependence 


of the work functions of monovalent metals were 
made to check the theoretical developments of Herring 
and Nichols.’ Several measurements of the temperature 
coefficient of the work function have been reported in 
the literature?“ but these have been on metals not 
easily treated theoretically. In addition many of the 
older measurements are subject to criticism on the 
grounds of inadequate vacuum technique. 

The first metal investigated was silver in the form of a 
polycrystalline film deposited by evaporation. The 
capacitive contact potential method was chosen because 
it measures the temperature dependence of the arith- 
metic mean work function, whereas emission methods in 
general measure a mean in which surfaces of different 
work function have a temperature-dependent weighting.! 
Since there are some grounds for believing that the 
arithmetic mean is also measured by the diode retarding- 
field method,’ the results on sodium and potassium were 
subsequently obtained using this method, which gives 
the added advantage of detecting absolutely any con- 
tamination effects and which lends itself more easily to 
obtaining continuously recorded work function meas- 
urements. 


SILVER 


Since temperature coefficients of the order of 10~ 
volt/°K were anticipated and temperature changes were 
restricted to a few hundred degrees, any proposed 
system had to be sensitive to work function changes of 


* Now at Radio and E. E. Division, National Research Council, 
Ottawa, Canada. 

1C, Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(1949). 

271. G. Hermann and P. S. Wagener, The Oxide-Coated Cathode 
(Chapman Hall, London, 1951), Vol. 2. 

% A. R. Hutson, Phys. Rev. 98, 889 (1955). 

‘H. Shelton, Phys. Rev. 107, 1553 (1957). 

5p. A. Anderson, Phys. Rev. 88, 655 (1952); 98, 1739 (1955). 


the order of a millivolt. Figure 1 gives the circuit dia- 
gram of the system used. 

The vibrating condenser detects contact potentials 
because the equilibrium charge on a condenser due to 
the contact potential difference (¢:—¢,) between the 
plates is 


g=C(¢.i—$7), (1) 


where ¢, and @, are the work functions of the test and 
reference plates. Varying C periodically produces an 
alternating current and voltage drop in the resistor con- 
necting the test and reference plates. The ac voltage can 
be detected by a simple vacuum tube amplifier. The 
signal to rms noise voltage ratio of the system is 


VwC(R/4kT.B)?, (2) 


where V(=Vy+¢:-—¢@, in Fig. 1) is the sum of direct 
and contact potential differences in the circuit, C; is the 
amplitude of the first harmonic of the variation in 
C(=Co+C; sinw/+ ---) and is assumed to be much less | 
than Co yet much greater than the other harmonic 
components, R[ = RiR2/(Ri+R:2)] is the effective re- 
sistance of the circuit connecting the condenser plates, k 
is Boltzmann’s constant, B is the noise bandwidth of the 
amplifier, and T, is the effective temperature of the 
amplifier input resistance R. The presence of stray 
capacity at the amplifier input adds to Co but does not 
affect the signal-to-noise ratio since it shunts both signal 
and noise currents equally effectively. If the amplifier 
has a large amount of internal noise, however, a large Co 
will increase T,. The approximate parameters in the 
final experimental system were R= 2X 10’ ohms, w= 240 
radians/sec,C,~ 10" farad, B~3 cycles and T~300°K, 
permitting detection of a null in V to an accuracy of the 
order of a millivolt. 

An initial attempt was made to measure the contact 
potential between a surface whose temperature could be 
controlled and a rotating perforated disk. The holes in 
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Fic. 1. Circuit diagram for contact potential measurements 


the disk provided a periodic capacitive coupling to the 
test surface. This arrangement was satisfactory in 
systems which were not outgassed, but friction at the 
rotor bearing surfaces at pressures near 10-° mm of 
mercury raised the noise in the system to an intolerable 
level. 

Figure 2 shows the construction details of the final 
tube design. A magnetically excited vibrator resonant at 
approximately 40 cps was used to move a reference 
surface relative to an indirectly heated test surface. A 
silver bead of 99.99% purity mounted in a directly 
heated tungsten basket was used to deposit fresh test 
surfaces by evaporation. A platinum-platinum 10% 
rhodium thermocouple was spotwelded to the side of the 
heated cylinder where silver could not be deposited and 
where no appreciable capacitive coupling to the refer- 
ence surface could occur. All electrodes designed to 
operate at other than ground potential were protected 
by evaporation shields. Grade “A” nickel sheet and 
tungsten support rods were used throughout the tube. 
A side tube containing several K.I.C. barium getters and 
a Bayard-Alpert type ionization gauge completed the 
system. 

The tube was subjected to a rigorous vacuum 
outgassing. During bakeout the tube envelope was 
heated initially at 450°C, then near 425°C, and the 
heated cylinder and evaporator were maintained at 
temperatures just short of that giving appreciable 
evaporation. The evaporator was also operated in short 
bursts alternately melting and solidifying the silver 
bead. Before seal-off the pressure was of the order of 
10~* mm of mercury with the tube cold. No increase in 
pressure could be observed when the test surface was 
heated from room temperature to 600°C. Outgassing the 
evaporator and getter caused no more than a transient 
pressure increase. One getter was fired before seal-off: 
shortly after seal-off the ultimate pressure was of the 
order of 10-* mm of mercury. 

Before measurements were taken the tube was care- 
fully shielded against electrostatic pickup. It was neces- 
sary to float the heater circuit for the test surface to 
maintain a sufficiently high leakage resistance between 
the test surface and ground; connecting the heater and 
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Fic. 2. Contact potential tube. 


test surface would have introduced a very large stray 
capacity to ground in the input circuit. 

Immediately before preparing a surface the vibrator 
was excited and maintained at a large amplitude of 
oscillation. The optimum tuning of the null detector 
was then found and with the test surface at 500°C a 
series of contact potential readings were taken to check 
the circuit operation. A film was then deposited on the 
hot test surface and contact potential measurements 
taken before deposition of a second film. The contact 
potential was unchanged by the second evaporated 
layer. Measurements could be obtained within a minute 
of the time evaporation ceased. 

Two successively evaporated films were examined in 
considerable detail. The contact potential difference was 
observed as one of the films was cooled and heated 
through three cycles varying in duration from ten to 
forty-five minutes. Least-squares analysis of the results 
indicated that no significant drift in contact potential 
was observed over a period of three hours. The pressure 
in the ion gauge while this film was being prepared was 
6X10-* mm of mercury and dropped rapidly when 
evaporation ceased. To check for contamination effects 
the next film was prepared at a higher evaporator 
temperature with a corresponding pressure of 510-5 
mm indicated by the ion gauge. The vapor pressure of 
silver was of the order of 10-? mm under these conditions 
which suggests that a fair proportion of the ion gauge 
pressure was due to silver atoms. This was further con- 
firmed by the fact that the time constant associated 
with the return to 10~* mm of mercury was of the order 
of 3 seconds. Figure 3 shows that essentially the same 
temperature coefficient was obtained. Studies on a film 
one week after deposition yielded almost the same tem- 
perature coefficient, —116 uwv/°K, indicating that no 
serious long-term contamination effects were observed 
in the system. A correction for the absolute thermoelec- 
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Fic. 3. Work function of silver versus temperature. d@/dT: 
Film 1, —138+3 uv/°K; Film 2, —130+4 wv/°K. (The number 
of readings averaged to obtain each point is indicated on the 
graph.) 


tric power of the platinum wire leading to the heated 
surface requires the addition of —7 uv/°K to obtain the 
temperature coefficient of the work function. 

Measurements were also made on copper films in a 
second tube with a spacing of one instead of three 
millimeters between test and reference surfaces. Because 
of the smaller spacing and the higher emissivity of 
copper the reference surface was heated appreciably by 
the test surface. This should have the effect of de- 
creasing the true temperature range yielding smaller 
apparent temperature coefficients. This tube was given 
two vacuum processings and the evaporator replaced 
before the second processing. The two copper evapo- 
rators produced films with consistent temperature 
coefficients: —55 and —58 uv /°K. 
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Fic. 4. Retarding field diode. 
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SODIUM AND POTASSIUM 


The diode retarding field method was chosen to in- 
vestigate sodium and potassium because of the ease 
with which metal could be evaporated on an anode in a 
widely-spaced diode. The method is also readily adapt- 
able to continuous recording of the anode work function. 

The current-voltage relationship in the retarding field 
region is 


I1=CT?2 exp[—e(ga—Va)/kT<], (3) 


where ga is the anode work function, V4 the anode 
cathode voltage, T, the cathode temperature, and C a 
constant depending on A (the universal constant) and 
the effective cathode area. The equation 


I=(Vg—Va)/R (4) 


must also be satisfied, where Vz is the emf and R the 
resistance of the source of current for the diode. It then 
follows that at constant cathode temperature 


dV, ‘doa=(1A+kT./e(Vea—Va) } 2 (5) 


Thus an electrometer monitoring the anode voltage will 
measure changes in the anode work function directly if 
the resistance of the current source is much greater than 
the dynamic resistance of the diode. The sensitivity of 
this method is determined by the stability of the cathode 
temperature and by drift in the electrometer. 

Figure 4 shows the tube design used for both sodium 
and potassium. Molybdenum sheet and tungsten rod 
were used throughout in its construction. A Farnsworth 
gun® was used to supply electrons to a tungsten strip 
anode mounted between two heavy tungsten rods. The 
rods permitted outgassing of the anode as well as cooling 
by conduction when liquid air was poured into the anode 
pinch. A copper-constantan thermocouple was spot- 
welded near the end of one of these rods to measure the 
anode temperature during the cooling cycle. Evapora- 
tion shields were necessary to protect the thermocouple 
and to maintain a high leakage resistance between the 
anode and ground. A side tube containing a quantity of 
purified alkali metal was heated by a small portable 
oven when evaporated films were desired. 

Before introduction of any alkali metal’ a diode was 
subjected to a rigorous bakeout schedule and evacuated 
to a pressure of the order of 10-* mm of mercury. A vial 
of alkali metal refrigerated in liquid nitrogen was then 
opened and sealed in a side tube. No appreciable oxida- 
tion occurred since the metal was under vacuum before 
reaching room temperature. The system was then baked 
out at a temperature just above the melting point of the 
alkali which was simultaneously subjected to two stages 
of distillation over a period of two or three days to 
further outgas the system and to ensure the purity of the 

° H. E. Farnsworth, Rev. Sci. Instr. 15, 290 (1927). 

7 The potassium used was a sample of exceptionally high purity 
supplied by Dr. D. K. C. MacDonald. The sodium was analytic 
reagent A.C.S. grade and was purified by a two-stage vacuum 


distillation process before being inserted in the same vacuum 
system as the retarding field diode. 
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sample. When the metal was distilled into the final 
reservoir the distillation glassware was removed. The 
alkali metal was kept molten during the final outgassing 
of the getters and tube elements. From the time of 
introduction of the alkali metal until sealoff the system 
was protected from contamination from the pump by a 
liquid nitrogen cold trap. The getters were fired before 
sealoff and pumping after sealoff was continued by a 
Bayard-Alpert type ion gauge. The action of barium and 
tantalum getters improved the vacuum but the two 
types appeared to have an equivalent action. Pressures 
as low as 6X10-” mm of mercury were obtained in the 
sealed-off tubes. 

The circuitry necessary for operating the diode was 
relatively simple. The tube voltages were obtained from 
““B” batteries and the cathode heating current from a 
bridge rectifier decoupled by a lead storage battery. A 
Keithley Model 210 electrometer measured the applied 
anode potential. A 45-volt battery in series with a re- 
sistance variable from 10° to 10° ohms was used as a 
constant current source for the diode. The system re- 
quired careful electrostatic shielding. A plot of log 
current versus anode voltage revealed a linear portion 
extending over three decades of anode current. 

TABLE I. Comparison of theory and experiment. 


dg¢/dt (expt.) dp/dt (theory) 
(10-8 v/°K) (10-5 v/°K) 
—13.4 —11.8 
(—6) — 14.3 
—51 —45§ 
— 26 —28 


Before taking measurements the getter side tube was 
immersed in liquid nitrogen. This was found necessary 
to condense out a component of the gas in the system 
which otherwise contaminated the anode at low tem- 
peratures. The measuring circuit was then checked for 
stability and evaporation started. No pressure increase 
was observed in the ion gauge which was partially iso- 
lated by the refrigerated getter side tube. Since a change 
in anode work function could be followed during evapo- 
ration, the process was continued until a constant anode 
work function was achieved. Shortly after completion of 
the evaporation, liquid nitrogen was poured into the 
anode pinch and the anode voltage and temperature 
were recorded as a function of time. When the liquid 
nitrogen had evaporated, the anode returned slowly to 
room temperature. A typical recording of the anode 
voltage is shown in Fig. 5. The anode could be main- 
tained at the lowest temperature and the film recycled 
without any apparent drift in work function. Figure 6 
demonstrates the essentially linear nature of the work 
function-temperature relationship. This is to be ex- 
pected since measurements were taken above the Debye 
temperature. Below the Debye temperature some curva- 
ture might be expected since from thermodynamic 
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Fic. 5. Work function of a sodium film during a temperature cycle. 


reasoning d¢/dT — 0 as T — 0. The temperature coeffi- 
cient was obtained from least-squares analysis of the 
results. A total of fourteen films of sodium were ob- 
served in three tubes, one of which had been previously 
used to study potassium. Three potassium films were 
studied. The mean results are listed in Table I. Correc- 
tions for the absolute thermoelectric power of the copper 
thermocouple lead (+2 wv/°K) were too small to be 
significant in the experiment. 


THEORY OF THE TEMPERATURE COEFFICIENT 


Herring and Nichols! have given a semiquantitative 
theory of the temperature dependence of the work func- 
tion. Some additional consideration is necessary because 
the subsequent development of the quantum defect 
method permits calculations for the monovalent noble 
metals, and because the role of anisotropy and disper- 
sion, in the alkalis particularly, should be clarified. The 
contributions to the temperature coefficient can be 
divided into those due to thermal expansion and those 
due to thermal excitation at constant volume: 


Thermal Expansion Effect 


The effect of thermal expansion can be evaluated by 
differentiating any theoretical expression for the work 
function with respect to volume. Since the work function 
of an ideal crystal with only one type of crystal face 
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Fic. 6. Work function of sodium versus temperature 
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TABLE II. Results of theoretical calculations. 


Og ad 1 -("- 
Sa0 er =) 
oT ¢ OT\ dn/v.1.# 


ov 
(10-5 v/°K) (1075 v/°K) (10-5 v/°K) 
9.6 —19.3 —2.1 
—19.8 —2.1 
—78 —3 
— 59 —2 


Pexpt.* b D 
(volts) (volts) 


Ptheory 
(volts) 


3 0.49 
5 1.26 7.6 
2 0.23 36 
2 0.17 33 


* See reference 2. 
» See S. C. Jain and K. S. Krisknan, Proc. 


1954). 
1/dF 
s---(—) ; (7) 
e\dnJy.r 


€ 

where F is the Helmholtz free energy and n the number 
of electrons in the crystal, a calculation of the free 
energy as a function of V and n will suffice. The size of 
and volume dependence of the entropy is usually small 
enough to ignore, so only the internal energy need be 
considered. This is the approach first used by Wigner 
and Bardeen® to calculate the work functions of the 
alkali metals. The quantum defect method has been 
used by Brooks’ and Kambe” to calculate the internal 
energy of the alkalis and monovalent noble metals re- 
spectively. Since there is little difference between 
Wigner’s and Brooks’ results, the quantum defect calcu- 
lations’ ” have been used throughout. Table II shows 
the agreement between theoretically and experimentally 
determined work functions. The difference between the 
two work functions has been attributed to the surface 
energy which produces a dipole layer D at the metal 
surface. The dipole layer has been assumed to vary in- 
versely as the lattice constant." According to this as- 
sumption the dipole layer effect is very small for 
monovalent metals. 


Roy. Soc. (London) A127, 451 


exposed is 


Effect of Thermal Excitation at 
Constant Volume 


Herring and Nichols have broken down the work 
function into two parts for calculating the effects of 


thermal vibration at constant volume: 


1,dF 
o= —?— ( ) ; (8) 
€ dn T.V.® 


where ® is the average internal electrostatic potential 
measured from the surface of an idealized crystal with 
only one type of crystal face exposed. — (dF /dn) 7,7, is 
defined as the chemical potential and represents the 
change in free energy when an electron is added with an 
equal amount of positive charge distributed over the 


* E. P. Wigner and J. Bardeen, Phys. Rev. 48, 84 (1935 
* H. Brooks, Phys. Rev. 91, 1027 (1953). 

‘°K. Kambe, Phys. Rev. 99, 419 (1954). 

'! R. Smoluchowski, Phys. Rev. 60, 661 (1941). 
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crystal in such a way that the space average of the 
Coulomb field, and thus ®, is unchanged. The effect of 
the surface dipole layer will be neglected since Herring 
and Nichols quote several references to the fact that the 
surface contributions to the free energy do not change 
appreciably with thermal excitation as long as the 
volume is constant. The contribution associated with 
the electronic specific heat is also negligible. Changes in 
® are much larger than changes in the chemical potential] 
and will be treated first. 

Consider the average internal electrostatic potential 
due to the valence electron distribution and the ion 
cores when the cores are stationary in their equilibrium 
sites. When the ion core motions are superimposed, a 
change in ® will occur which Herring and Nichols have 
shown to be given by the relation 


2xNo 
Ab = J r°Apdr ; (9) 
3 unit cell 


Ap is the accompanying change in charge density and No 
the number of atoms per unit volume. If the ion cores 
are assumed to oscillate as rigid units of charge Ze, the 
mean square amplitude of vibration alone remains to be 
calculated. Assuming that the crystal lattice is equiva- 
lent to an assembly of harmonic oscillators of mass m, at 
high temperatures 


kT g(w)dw 
( r\ ny = f . 
NoVm w 


The effects of anisotropy and dispersion can be more 
easily calculated if the integration is performed over k 
space. Equations (9) and (10) then yield 


db Ze . k*dkdQ 
Ef fa 

dT 123°m i wi?(k,0,) 
where i=1, 2, 3 and refers to the three velocities of 
propagation corresponding to a single wave vector k, 
and dQ is the element of solid angle in the Brillouin zone. 
With a complete knowledge of the w—& relationships 
throughout the Brillouin zone this contribution could be 
accurately determined. The integrations are separable 
and the calculations much simpler if a_ spherical 
Brillouin zone and a dispersion relationship of the form 





(10) 


(11) 


w;=0;(kR=0, 6, ) f(R) (12) 
can be assumed. The Houston method” can then be 
used to calculate the term independent of & since the 
long-wavelength velocities are known functions of the 
elastic constants of the metal.'* Two dispersion relation- 
ships can be simply treated, the case of no dispersion: 
(13) 


w,=2;k, 


2 Betts, Bhatia, and Wyman, Phys. Rev. 104, 37 (1956). 
8A. E. H. Love, Mathematical Theory of Elasticity (Dover 
Publications, New York, 1944). 
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and that for the linear chain: 


Zhe wk 
w,=0,;(k=0)— sin( =~). 
2k 


T 


(14) 


m 


The value of d@/dT for the linear chain model is 39% 
larger than that for the case of no dispersion and 
probably represents a closer approximation. 

Using a Debye spectrum, Herring and Nichols ob- 
tained the expression 


15) 


which gives the correct order of magnitude but which 
weights the modes of vibration incorrectly. Assuming no 
dispersion, the exact integration determines a mean 
inverse square velocity of propagation, but a high- 
temperature Debye 6 under the same conditions is pro- 
portional to the square root of the mean square velocity. 
This makes d/dT proportional to ((v*),,)~! instead of 
(v~*)y. If a low-temperature Debye @ [proportional to 
((v~*),,)-4] were inserted, it would make d/dT pro- 
portional to ((v~*),,)!. Thus neither Debye temperature 
gives the appropriate weighting, and the variation of 6 
with temperature, particularly for the alkalis, leaves 
much doubt about the Debye calculation of db/dT. The 
more precise calculation [Eq. (11) ] also has the ad- 
vantage of identifying the vibrations which are most 
important. The predominantly transverse modes tend to 
concentrate more at lower frequencies than the com- 
pressional modes and give the greater contributions. For 
these vibrations the rigid ion core is also most likely to 
be a valid model. In a three-term Houston approxima- 
tion the modes can be identified as completely trans- 
verse or compressional and 90% of the total electrostatic 
effect can be identified as due to transverse modes. This 
is somewhat of an oversimplification but does indicate 
the importance of the shear component of the ion core 
vibrations. 

The contributions listed in Table II were obtained by 
using the linear chain model and a six-term version of 
Houston’s method. For the alkalis the accuracy of 
calculation suffers because a greater number of terms 
should be used and because the results are also very 
sensitive to errors in the values of the elastic constants. 
Calculations for sodium were made using three sets of 
elastic constants: Fuchs’ theoretically determined 
values, those determined by Bender,!® and a set of 
values deduced using Bender’s work but replacing his 
extrapolated compressibility with a recently determined 
value.'® The mean of these results is quoted. The indi- 

144K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1935) ; A157, 
444 (1936). 


15Q. Bender, Ann. Physik 34, 359 (1939). 
16 C, A. Swenson, Phys. Rev. 99, 423 (1955). 
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vidual determinations had a spread of about 15% on 
either side of the mean. 

The variation of the chemical potential with constant 
volume thermal vibrations is considered in the Ap- 
pendix. Herring! has stated that this term should be 
small but has suggested no method of calculation for the 
monovalent metals. The treatment in the Appendix 
shows that the effect is indeed small and that it is 
virtually independent of dispersion. The effect of 
anisotropy is also small since a Debye-type approxima- 
tion gives the same result as a more detailed calculation. 


SUMMARY 


The temperature dependence of the work functions of 
silver, sodium, and potassium have been obtained within 
a Statistically-determined probable error of about 3%. A 
systematic error in the determination on copper may 
have led to a value as small as one-half the true value. 
The corresponding error in the silver value is estimated 
at less than 10%. No systematic errors were found in the 
measurements on the alkalis. With the exception of the 
results on copper, the measurements should be reliable 
to within 10%. It would be very desirable where pos- 
sible to obtain results from single-crystal surfaces. 

The theoretical values (Table I) are in satisfactory 
agreement with the experimental results but still con- 
tain appreciable sources of error due to the fact that 
compensating effects must be considered. The calcula- 
tion of the thermal expansion effect is probably accurate 
to 10% but depends upon empirical expansion coeffi- 
cients which are not too well determined for the alkalis. 
The same is true of the values of the elastic constants 
which are very important in the calculation of the 
electrostatic effect of constant volume atomic vibra- 
tions. The use of a larger number of terms in the Houston 
calculation of the electrostatic effect is also desirable. 
The treatment does show, however, that anisotropy 
does have a considerable effect and that dispersion 
merits more attention. 

The calculations of the temperature coefficient of the 
work function should represent the assumed model to 


rd 


within 25%, a considerably greater margin than the 


observed discrepancies between theory and experiment. 
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APPENDIX. EFFECT OF ATOMIC VIBRATIONS 
ON THE CHEMICAL POTENTIAL 


The variation of the chemical potential can be de- 
termined from a consideration of the entropy since 


i, ee ile =o 
OT \ dn dn 0T dn 


Herring! and Wigner'’ have given the following expres- 
sion for dS/dn, using a Debye approximation for the 
temperature dependence of the entropy: 


(— —(= 
=) Slee <= 
Herring suggested how this derivative might be evalu- 
ated for transition metals but did not consider mono- 
valent metals. The following approach is suggested. 
Any variable for which the derivative (d/dn)y,« 
differs from zero is one which is affected by the value of 
the Fermi kinetic energy of the valence electron gas 
since the conditions under which the electron and its 
compensating positive charge is added preclude any 
change in the electrostatic energy of the metal. The 
kinetic energy affects the bulk modulus of the metal but 
not its shear properties. This has been shown by Fuchs" 
who expressed his results in terms of the elastic constants 
of the metal: 


dCs d 
(=) =(0) and [-en-c19] =0. (A-3) 
dn Jy. dn V,® 


An equivalent relationship in terms of the bulk modulus 
K is 


(A-1) 


(A-2) 


(dC yy, ‘dn) V.o= (dK/dn) ya, (A-4) 


which can be further simplified in the case of a metal 
where most of the bulk modulus is due to the kinetic 
energy of the valence electrons. The result is then 

- = (dCy:/dn)y,e=5K/3NoV. (A-5) 
17 E. P. Wigner, Phys. Rev. 49, 696 (1936). 


AND 


R. A. ARMS'TRONG 

Since the restoring forces governing the thermal vibra- 
tions are described by the elastic constants, the deriva- 
tives (d0/dn)y or (dS/dn)y,r,4 can be obtained 
ultimately in terms of Eqs. (A-3) and (A-5) if some 
simplifying assumptions are made. 

Blackman’s'* expression for @ in terms of the elastic 
constants has been used to evaluate the Debye ap- 
proximation (A-2). The results, however, have not been 
tabulated since they are in essential agreement with the 
results of a more precise calculation which will now be 
outlined. 

The vibrational entropy of a crystal can be considered 
to be that of an assembly of independent harmonic 
oscillators. In the high-temperature approximation 


os 1 0w; 
—=k> ——. (A-6) 
on i w;j On 


The frequency of vibration for a given wavelength and 
direction of propagation of thermal vibrations is a 
function of the elastic constants; hence dw;/dn can be 
determined. The summation over the frequency distri - 
bution can be transformed into an integration over k 
space in a manner similar to that used in calculating the 
electrostatic effect. The assumption of a dispersion 
relationship, 

wi=0;(k=0, 0, n) f:(k,0,0), (A-7) 
makes the summation in Eq. (A-6) independent of 
dispersion. The long-wavelength velocities can be calcu- 
lated" in terms of the elastic constants whose derivatives 
are known from Eqs. (A-3) and (A-5). The integration 
over the directions in k space can be performed by 
Houston’s method. The results listed in Table II were 
obtained by using a six-term approximation which, as in 
the case of the electrostatic effect, is not very accurate 
for sodium and potassium. This effect and the effect of 
possible errors in the values of the elastic constants were 
sufficiently small that the resulting error in the calcula- 
tion of d¢/dT was of the order of one percent. 


18 M. Blackman, Phil. Mag. 42, 1441 (1951). 





PHYSICAL REVIEW VOLUME 


114, 


NUMBER 6 15, 


Optical Properties of Nickel Oxide* 


R. NEwMANT AND R. M. CHRENKO 
General Electric Research Laboratory, Schenectady, New York 


(Received January 28, 1959) 


The absorption spectrum of single crystal NiO has been measured in the 0.1 to 6 ev range and its reflec- 
tivity spectrum from 0.025 to 10 ev. The absorption spectrum shows a series of lines from 1 to 3.5 ev arising 
from internal transitions of the Ni ion. A continuous background absorption occurs in the range from 0.1 to 
3.5 ev whose magnitude increases with impurity concentration. The absorption coefficient rises steeply above 
3.5 ev and reaches a value of 10° cm™ at and above 4 ev. An absorption line at 0.24 ev is found to be tem- 
perature sensitive in both intensity and frequency in the range above 300°K. Its behavior suggests that it 
is connected with the antiferromagnetic ordering. The reststrahlen spectrum was observed with the following 
parameters: high- and low-frequency dielectric constants 5.4 and 12, respectively; energies of longitudinal 
and transverse optical mode vibratians are 0.076 and 0.044 ev, respectively. 


HE properties of the monoxides of the iron group 
of transition metals are of interest in several 
branches of solid state physics. They are simple ex- 
amples of variable valence semiconductors! and anti- 
ferromagnets.>~? Their crystal structure’ (NaCl type) 
affords conceptual simplicity. As such, a thorough study 
of their various physical properties in systems which are 
well defined in as many respects as possible (e.g., 
stoichiometric single crystals) is both intrinsically in- 
teresting and valuable as a point of departure for quan- 
titative understanding of more complicated materials 
of practical interest (e.g., ferrites). In this paper we 
shall describe some results of optical measurements on 
single crystal NiO. 


EXPERIMENTAL 


Single crystals were prepared by two different tech- 
niques. The first of these was the flame fusion method. 
Here, crystals about 0.5 cm in diameter and several cm 
long were grown in an oxygen rich oxyhydrogen flame 
from NiO powder. The latter was obtained by pyrolysis 
of reagent NiCO; (chief impurity, Co, 0.1%). 

Crystals were also prepared by halide decomposition.” 
In this method, epitaxial growth at 700°C of single crys- 
tal films of NiO on single crystals of MgO is obtained by 
decomposition of NiBr2 with H,O vapor. Films could 
be grown with thicknesses in the range from about 1 to 


* This work supported in part by the U. S. Air Force (Wright 
Air Development Center). 

t Present address: Materials Research Laboratory, Hughes 
Products, Newport Beach, California. 

1E. J. W. Verwey et al., Phillips Research Repts. 5, 173 (1950). 

2 J. H. DeBoer and E. J. W. Verwey, Proc. Phys. Soc. (London) 
49 (extra), 59 (1937). 

3R. R. Heikes and W. D. Johnson, J. Chem. Phys. 26, 582 
(1957). 

. J. Morin, Phys. Rev. 93, 1199 (1954) ; Bell System Tech. J. 

37, 1047 (1958). 

5C. H. LaBlanchetais, J. phys. radium 12, 765 (1951). 

6 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 

7J. R. Singer, Phys. Rev. 104, 929 (1956). 

8H. P. Rooksby, Acta Cryst. 1, 226 (1948); N. C. Tombs and 
H. P. Rooksby, Nature 165, 442 (1950). 

9E. J. Scott, J. Chem. Phys. 23, 2459 (1955). 

1 R. E. Cech and E. I. Alessandrini, General Electric Research 
Laboratory Report No. 58-RL-1983, 1958 (unpublished) and 
Trans. Am. Soc. Metals (to be published). 


10? microns and several cm? in area. The thickness of 
the films was measured in a micrometer microscope for 
thicknesses in excess of a few microns. The thickness of 
the thinner films was not measured directly. Their 
thickness was obtained by fitting optical absorption 
data obtained from them to previously established data 
points. To obtain thick specimens, of order one mm 
thick, growth was achieved on previously prepared thin 
NiO films which had been freed from their MgO backing 
by chemical dissolution of the latter. 

Crystals prepared by the two techniques had the same 
x-ray lattice constants to within experimental error 
(4.176+0.001 a.u.). They differ in their optical prop- 
erties (see below) in such a direction as to indicate that 
the flame fused crystals have a higher nonstoichiometric 
excess of oxygen. This is also indicated by the electrical 
resistivities. The flame fused crystals had resistivities 
of order 10° ohm-cm, the halide decomposition crystals 
were about 10" ohm-cm. Since the halide decomposition 
crystals are prepared at a much lower temperature it 
might be expected that they should be more perfect 
with respect to stoichiometry. 

For some of the optical work it was necessary to 
obtain very thin specimens with thicknesses of a few 
hundred angstroms. For this purpose Ni was evaporated 
in vacuum onto polished fused quartz sheets. The thick- 
ness of the nickel film was measured optically by meas- 
urement of the transmission in the visible and ultra- 
violet using some recently obtained values of the optical 
constants of Ni." The Ni films were then oxidized by 
heating in air at 900°C. The thickness of the NiO films 
was calculated from the Ni film thickness correcting for 
the change in density upon oxidation. 


RESULTS 


Figure 1 shows the reflectivity spectrum, Fig. 2 the 
absorption spectra of NiO. The reflectivity spectra ob- 
tained from halide decomposition crystals and flame 
fused crystals were identical. The absorption data 
shown were taken with crystals prepared by halide de- 
composition unless otherwise noted. The absorption 


4S. Roberts (unpublished results). 


1507 





R. NEWMAN AND 





T Le 


ta) 


a 


an 


} 


REFLECTIVITY 


) 


~ 
} 


4 —_—_ 





—A: 


dtid iii { call 
1.0 50 102 
nen ENERGY ae VOLTS) 


—— 


| 1 





at 03 | 
6 


£ 


Fic. 1. Reflectivity spectrum of NiO at 300°K. 


spectra differed in certain details for the two kinds of 
crystals. This will be discussed below. It will be con- 
venient to divide the spectrum into three parts for 
purposes of discussion. We will first discuss the spectrum 
for hy>0.1 ev, with the exception of the line at about 
0.24 ev, then the 0.24-ev line and finally the region for 
hv<0.1 ev. 


A. hvy>0.1 ev 


Starting at about 1 ev and proceeding upward in 
energy to about 3.5 ev there is a series of absorption 
lines. A portion of this line spectrum has previously 
been observed.* These lines are most clearly resolved 
from one another at low temperatures. There is a close 
correspondence between the spectrum of these lines and 
the spectra of Ni** ions in either a cubic crystal such 
as MgO,” in the pseudo cubic environment found in 
aqueous solution of some nickelous salts" or in crystals 
with hydrated Ni ions [i.e., the Ni(H2O),** ion ]."* The 
spectra in these analogous cases have been shown to 
arise from the cubic field Stark splitting of the energy 
levels of the Ni** ion.!®!® The theoretical procedures 
for the analysis of this situation were developed origi- 
nally to treat the case of the magnetic susceptibility of 
magnetically dilute paramagnetic ions in a crystal and 
were extended to deal with the spectroscopic problem.!” 
In brief, the procedure involves setting up a cubic field 
potential which perturbs the energy levels of the free 
ion. The perturbing potential is described in terms of a 

2 W. Low, Phys. Rev. 109, 247 (1958). 

13 C.K. Jorgensen, Acta Chem. Scand. 9, 1362 (1955). 


4H. Hartmann and H. Muller, Trans. Faraday Soc. 
published). 

16 R. Schlapp and G. Penney, Phys. Rev. 42, 666 (1932). 

16R. Finkelstein and J. H. Van Vleck, J. Chem. Phys. 8, 790 
(1940). 

17L. E. Orgel, J. Chem. Phys. 23, 1004 (1955). 
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coefficient Dg and is quartic in the crystal coordinates. 
To first order the separation of the energy levels from 
the ground state are calculable from the levels of the 
free ion and Dg. In practice some changes from the 
values of the levels of the free ion are required to obtain 
satisfactory agreement between observed and calcu- 
lated crystal spectra.” 

In Table I, we show the observed frequencies, the 
proposed assignment, and, as a check, the values of the 
spectroscopic terms that can be independently calcu- 
lated using the energy level parameters evaluated from 
the energies of other lines in the spectrum. We also show 
a comparison of our data with that of the spectrum of 
Ni?* in MgO.” It is most convenient to calculate the 
Dq value from the lowest energy absorption line for 
which the theory predicts Aw=10 Dg. It can be noted 
from the table that all the observed transitions are for- 
bidden by one or more selection rules (e.g., g— g is 
forbidden). It is through an interaction with lattice 
vibrations, that the lines develop intensity. This is con- 
sistent with the relatively low values of absorption co- 
efficient (e.g., a=10? to 10° cm™ above background) 
observed. The free ion levels and the Dg value (0.113 ev, 
910 cm-') found here are approximately those found for 
the analogous systems mentioned above.” Thus a 
tight binding approximation gives a reasonably good 
representation of the observed energy level spectrum 
for the internal transitions of the Ni?* ion in NiO. From 
the observed width of some of the absorption lines one 
would estimate that the width of the Ni** ion 3d-band 
in this material is less than 0.25 ev wide. 

NiO shows antiferromagnetism and one might have 
anticipated some evidence of superexchange in the 
spectrum (e.g., splitting of the lines). To test this idea, 
spectral measurements were made at various tempera- 
tures in the range from about 700°K (i.e., above the 
Neel point, 640°K) down to 20°K. With increasing 
temperature only slight increases in the intensities of 
the absorption lines and small shifts toward lower 
energy in the positions of the peaks were observed. 


(Energy level 


TABLE I. Optical spectrum of NiO at 300°K. 
Epn=1.26 ev, 


parameters for NiO D,=—0.113 ev, Ep=1.56 ev, 
Eqg=2.38 ev.) 


Calculated 
absorption 
lines 
(electron 
volts) 


Assignment and 
crystal symmetry 
representations of 

excited states*® 


Absorption 
coefficient 


Observed 
absorption lines> 
(elec ctron n volts) 


(1.07) 
(1.68) 
(1.83) 


(2.69) 
(3.04) 
(3.21) 


(3.50) 12000 


NOON HN Gt Ge | 
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® The ground state has a I'2(3F), 8A 2% representation. 

b Values in parenthesis are Ni?+ in MgO [W. Low, Phys. Rev. 
(1958) ]. 

¢ Calculated using energy level parameters listed above which were ob- 
tained from other observed lines. 
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Fic. 2. Absorption spectrum of NiO at 300°K, 77°K. Dashed lines are interpolations. 


These phenomena are explicable as phonon and lattice 
dilation effects. We conclude that exchange interactions 
are not important in determining the observed spectral 
pattern in this region. We would note that the tempera- 
ture dependence of the frequency of the line at about 
1 ev indicates that d| Dq| /dT=—3X 10-5 ev/°C in the 
range from 300 to 630°K. 

At approximately 4 ev the absorption spectrum is 
characterized by a rapid increase in absorption co- 
efficient followed by a plateau at higher energy. The 


same effect is manifested in the reflectivity spectrum by 
the presence of a peak at 4 ev. In the range from 4 to 
about 6 ev, our measurements on polycrystalline films 
failed to indicate any fine structure in the plateau. The 
absorption coefficient in the plateau region is about 
10° cm—'. The form of the spectrum suggests a photo- 
ionization process with an ionization energy of about 
4 ev. The magnitude of the absorption coefficient implies 
that it is an allowed transition. The first allowed internal 
transition of the free Nit+ ion is 3d*— 3d"4p, this cor- 
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responds to a term value of 14 ev in the free ion.’* A 
reduction in this value to 4 ev by effects due to the 
crystal lattice is unlikely in view of the success of the 
tight binding approximation in accounting for the dis- 
crete spectrum up to about 3.5 ev. A more reasonable 
hypothesis is that one is seeing a charge transfer spec- 
trum” as in alkali halides. That is, in terms of a tight 
binding model 


Ni**+0*?-+hw — Nit+0O-. 


In the charge transfer spectrum of the oxides” (e.g., 
MgO) the absorption is usually characterized by one or 
more absorption peaks, followed by an absorption con- 
tinuum with an absorption coefficient of order 10° cm. 
In our measurements at 300°K no peaks are observed.”! 
Possibly they would be more obvious at low tempera- 
tures. The interpretation of the absorption as due to 
charge transfer, indicates that a lower limit for the 
energy of the virtual charge transfer process appearing 
in the theories of superexchange would be about 4 ev 
for NiO.” 

We should like to make one further comparison of 
our spectrum with that obtained in crystals containing 
Ni(H,O),?* ions. This is simply that whereas starting 
at about 0.1 ev our spectrum shows a continuing rising 
characteristic with increasing energy leading to a very 
high absorption coefficient plateau above 4 ev, this be- 
havior is not shown by crystals such as NiSO,: (H2O).." 
The absence of a high absorption in this region of energy 
(i.e., hy>4 ev) is understandable for the hydrated ions. 
For in this case a charge transfer process would occur 
at a much higher energy corresponding to the larger 
energy required to remove an electron from an HO 
molecule than from an O*- ion. 

In the range from about 0.1 to 3.5 ev the appearance 
of the spectrum suggests a superposition of two com- 
ponents. These are the line spectrum which we have 
discussed and a continuous background absorption. 
The latter increases with increasing energy to join with 
the high absorption continuum at about 4 ev. The mag- 
nitude of the continuous background absorption is de- 
termined by the stoichiometry of the crystals. 

A general description of the effects of non-stoichiom- 
etry is that it increases the magnitude of the continuous 
absorption background in the entire range from 0.1 to 
about 3.5 ev. This is shown in Figs. 3 and 4. As one 
example of this effect we will consider the visible region 
of the spectrum. It is a well-known fact that NiO that 


18 Atomic Energy Levels, National Bureau of Standards Circular 
No. 467, edited by C. E. Moore (U. S. Government Printing 
Office, Washinton, D. C., 1952), Vol. 2, p. 102. 

#W. P. Doyle and G. A. Lonergan, Trans. Faraday Soc. (to 
be published). 

* G. H. Reiling, thesis, University of Missouri, 1956 (unpub- 
lished). MgO is the nonmagnetic oxide which is closest to the NiO 
structure. 

*1 Data presented in reference 19 indicate a small peak, which is 
not shown in our measurements. 

2 P. W. Anderson, Phys. Rev. 79, 350 (1950). 
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Fic. 3. Effects of oxygen on the absorption spectrum of NiO 


in the visible. (a) halide decomposition crystal, (b) flame fused 
crystal. 


is closely stoichiometric appears green, whereas material 
that has an excess of oxygen tends more toward a black 
appearance. To illustrate in a quantitative way the 
nature of this color change optical measurements were 
made on crystal films that were (a) heated in oxygen 
(1000°C) or (b) into which lithium oxide was diffused. 
Both methods produce increases in the O/Ni ratio. In 
the accepted model!” the former method introduces an 
Ni vacancy and two Ni** ions for each excess oxygen, 
the latter method introduces a Lit ion, at a cation 
(i.e., Ni*+*) site and a Ni** ion for each excess oxygen. 
In the present experiments the lithium oxide diffusion 
introduces a higher O/Ni ratio than does the diretc 
oxygenation method as judged from the magnitude of 
the optical and electrical effects (see below). We assume 
in this discussion that the two different methods of 
altering the O/Ni ratio are for the present purposes 
equivalent. In Fig. 3(a) are shown portions of the ab- 
sorption spectra of a single crystal film (504), as grown, 
after heating in oxygen at 1000°C for an hour and after 
heating in O: in the presence of Li,O. For further com- 
parison, Fig. 3(b) shows a portion of the spectrum of a 
flame fused crystal. The spectra indicate the following: 
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(1) The positions of the absorption maxima remain 
unchanged with oxygenation. 

(2) The absorption coefficients of the maxima are 
increased by only small amounts with oxygenation. 

(3) The largest changes occur in the “transparency” 
regions between the bands. 


In other words, the main effect is an increase in the mag- 
nitude of the continuous background with increased 
oxygen content. The spectra give a quantitative ex- 
planation of the dependence of the NiO color on oxygen 
content. Stoichiometric NiO is green because of strong 
absorption bands in the red (1.75 ev) and in the violet 
(2.75, 2.95 ev) with a “transparency” range (a~10? 
cm") in the green. The effect of the excess oxygen is to 
increase the absorption coefficient in the green “‘trans- 
parency” range, tending to make the material more 
uniformly absorbing through the visible, or in other 
words, black. 

The magnitude of the absorption of the continuous 
background qualtitatively describes the degree of 
stoichiometry. We would characterize the flame fused 
material as having a higher oxygen excess than either 
the unoxygenated or oxygenated film but not as high 
as the Li doped material. The same relationship is in- 
dicated by the resistivity of these samples! *-*: p(halide 
film) ~10" ohm-cm, p(flame fusion) ~10°® ohm-cm, 
p(Li-doped halide film) ~10 ohm-cm. As a further 
example, Fig. 4 shows a comparison of the absorption 
spectra of pure and Li-doped flame fused crystals and a 
crystal grown by halide decomposition in the range 
below 1 ev where there is less complication from a line 
spectrum. It would be interesting to test for a quantita- 
tive correlation between the magnitude of the continu- 
ous absorption in this range and the Li concentration 
in a series of doped crystals. 

We should like to understand the origin of the con- 
tinuous absorption and its relation to the oxygenation 
effects. The continuous nature of the background ab- 
sorption without evidence for additional line structure 
rules out of consideration any internal transitions in 
either Ni*+ or Ni** ions. A satisfactory theory of the 
effect should be able to account for the energy range of 
the effect (0.1 to 3.5 ev) and the magnitude and spectral 
distribution of the absorption. At the present time we 
are unable to establish a unique mechanism to account 
for our results. Some of the possible mechanisms are 
listed below. 


1. Charge transfer involving Ni** ions in the electro- 
static field of an impurity. 

2. Charge transfer involving Ni** ions. 

3. Charge transfer effects involving the tail of the 
oxygen band.” 


23Tn crystals similar to NiO, such as MgO or FeO that were 
examined by soft x-ray emission, a tail was found in the oxygen 
band. [H. M. O’Brian and H. W. B. Skinner, Proc. Roy. Soc. 
(London) A176, 229 (1940) ]. The viewpoint taken here is that the 
tail may represent a density of states beyond the band edge that 
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Fic. 4. Effects of oxygen on the absorption spectra of halide 
decomposition and flame fused NiO crystals below 1 ev. 


4. Charged carrier effects either as a photoionization 
of a hole from an impurity center or as an optical acti- 
vation of a hole out of a self trapped position. 

The continuous absorption in the 0.1 to 3.5 ev region 
can be represented by a formula of the following form 


a=const (hy— Ep), 


where Eo=4 ev. It is interesting that a model which 
localized the absorption event at some point in the lat- 
tice a distance r away from some unique point (e.g., an 
impurity) and for which the absorption energy was 
given_by 

hv= ko const /y 


would then give an absorption coefficient with the in- 
verse 4th power dependence on energy noted above. 


B. hv=0.24 ev 


The absorption line located at 0.24 ev at room tem- 
perature has been observed previously in flame fused 
material.% It was believed to be an impurity effect.” 
We have observed it in our flame fused crystals, in 
Linde flame fused crystals and in crystals obtained by 
halide decomposition with the identical absorption co- 


a perfect crystal would possess. This density of such states is 
assumed to increase with the concentration of nonstoichiometric 
oxygen. 

2% R. W. Johnson and D. C. Cronemeyer, Phys. Rev. 93, 634 
(1954). 
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Fic. 5. Temperature dependence of 0.24-ev absorption 
line of NiO. 


efficient (30 cm above background) as was previously 
found. Since crystals prepared by the different tech- 
niques will have rather different concentrations of 
structural defects and such impurities as, excess oxygen, 
alkali and alkaline earth metals etc., it seems more 
natural to assume that the band in question is an in- 
trinsic property of NiO rather than an impurity effect. 
As further evidence that this is the case, flame fused 
crystals of neither MnO or CoO show an absorption 
band at this energy. One would expect that these MnO 
and CoO crystals would have impurities and imperfec- 
tions similar to those found in the flame grown NiO 
crystals. 

The temperature dependence of this band is of in- 
terest as a clue to its origin. Figure 5 shows a series of 
absorption spectra for a halide decomposition crystal at 
various temperatures. Flame fused crystals behaved in 
an analogous manner. There is little change from low 
temperatures until a temperature above 300°K is 
reached. Then as the temperature increases the peak 
becomes less intense and moves toward lower energies. 
By the Neel temperature (640°K)’ the band has almost 
disappeared into the background. This behavior suggests 
that the band is connected with the antiferromagnetic 
ordering in the crystal. 

As NiO passes from the paramagnetic to the anti- 
ferromagnetic state two changes occur. First there isa 
very slight distortion of the crystal lattice from cubic 
to rhombohedral.* Second there is an ordering of the 
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spins. The ordering increases with decreasing tempera- 
ture. Small crystal distortions, per se, can not produce 
an absorption band of the type we are considering. The 
ground state of a Ni** ion even in a cubic field is a state 
without orbital angular momentum. Thus, even in the 
distorted cubic (i.e., rhombohedral) field no further 
splittings should arise. The vibrational spectrum would 
not be expected to be appreciably altered by the crystal 
distortion. For the high-energy tail (Av<0.1 ev) of the 
vibrational absorption band, the changes are slight. 
Thus, we are drawn to the conclusion that the 0.24-ev 
band is associated with the ordering of the spins rather 
than with a small crystal distortion. As further evidence, 
some preliminary studies of mixed crystals of NiO with 
CoO or MnO have shown changes in the frequency and 
intensity of the band which also suggest a connection 
with an antiferromagnetic effect. This work will be de- 
scribed at a later time. 

A rough quantitative correlation with the spin order- 
ing can be made. For example, a comparison, as a func- 
tion of temperature, of the calculated degree of mag- 
netization of a magnetic sublattice and the integrated 
intensity of the absorption band shows that the two 
quantities are directly proportional. We should like to 
establish a model to account for the 0.24-ev line. In the 
ground state of the antiferromagnet all the spins are 
ordered. An excited state would be one in which, for 
example, a single spin would be inverted from its orien- 
tation in the ground state. Such an excited state could 
be reached by the absorption of radiation through a 
magnetic dipole transition. This description is somewhat 
analogous to a magnetic resonance in which the external 
magnetic field is here conceptually replaced by the 
crystalline exchange field. 

In the optical region of the spectrum magnetic dipole 
transitions are usually of negligible importance com- 
pared to electric dipole transitions. However, a rough 
calculation of the absorption coefficient to be expected 
for the magnetic dipole transition appropriate to this 
case shows that it is, in fact, larger than the observed 
intensity. The observed value (corrected for back- 
ground) of the absorption maximum is 30 cm~. The 
calculated value is 200 cm~, employing the observed 
frequency and line width and an appropriate magnetic 
dipole matrix element. (If phonons are involved, the 
intensity would probably be less.) 

Kane has shown” that the energy to be expected on 
this simple model is g8H.rs which is given by 


gBH «c= 3k Vs /S+ 1=0.085 ev 


for NiO with T7,.=640°K, S=1. The value 0.085 ev is 
a thermal energy. Although the optical energy would be 
higher, it is difficult to account for the factor of 3 neces- 
sary to get agreement with experiment. An even more 
serious objection to this simple model is the fact that 
the assumed excited state is not an eigenstate of the 


*5 E. O. Kane (private communication). 
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spin system. The correct eigenstates of the spin system 
are spin waves. The light interacts directly only with 
spin waves of very small k vector which have nearly 
zero energy. Only the large k-vector spin waves have 
energies of the order g@H.4; as estimated above. 

The maximum spin wave energy most probably 
occurs at the zone boundary in one of the symmetry 
directions. Kane has calculated the energy in the [100] 
and [111] directions at the zone edge using a method 
similar to that described by Nagamiya.”* The energies 
were determined to be 0.078 and 0.13 ev, respectively 
by use of the parameters T.=640°K, 0=2000°K. In 
order to optically excite a spin wave with a nonzero 
k-vector it is necessary to use a phonon. If optical 
phonons (see Sec. C) are involved, then the maximum 
energy that could be absorbed would be about 0.13 
+0.06=0.19 ev. The absorption spectrum for such a 
process would not be a symmetrical line, as we observe, 
but rather.a continuous absorption which increased with 
increasing energy up to a maximum at about 0.19 ev. 
However, the density of both spin wave and phonon 
states is greatest at a zone boundary. This would tend 
to concentrate the absorption intensity near the maxi- 
mum energy. This might give the absorption the appear- 
ance of a line rather than a continuum. 


Note added in proof.—An alternative process is the 
creation of two spin waves of large energies having large 
and opposite & vectors through an intermediate state 
involving a single spin wave of small & vector [J. Van 
Kranendonk and J. H. Van Vleck, Revs. Modern Phys. 
30, 1 (1958) ]. 


C. hv<0.1 ev 


At about 0.1 ev the absorption coefficient increases 
very rapidly with decreasing energy. A study of the re- 
36 T. Nagamiya, K. Yosida, and R. Kubo, Advances in Physics, 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1955), 
Vol. 4, p. 1. 
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flectivity in this region is therefore more convenient. 
The reflectivity spectrum (Fig. 1) in the range hv<0.1 
ev is most reasonably interpreted in terms of the ab- 
sorption of light by optical mode lattice vibrations. An 
examination of the reflectivity data indicate the 
following: ¢9=static dielectric constant= 12, ¢,.=high- 
frequency dielectric constant=5.4, hw,= transverse 
optical mode energy = 0.044 ev, iw;= longitudinal opti- 
cal mode energy=0.076 ev. These quantities are theo- 
retically connected”’ by the relationship 


w1/wr= (€o/€,)). 


The observed values satisfy this relationship. It was of 
interest to check the value of the low-frequency di- 
electric constant by a direct measurement. For this 
purpose single crystal films of NiO prepared by halide 
decomposition about 50u in thickness and from 0.2 to 
1.5 cm? in area were freed from the MgO backing. They 
were then coated on opposite large area surfaces with 
silver paint for electrodes. The capacities of the con- 
densers thus formed were measured on a capacity bridge 
at 1 Mc/sec. Capacities were in the range 30 to 250 yuf. 
The dielectric constant obtained from these results was 
11.8+0.5. (The major error arises from variations of 
about 5% in the thickness of the films over their area.) 
This value is in good agreement with the value obtained 
optically. 


ACKNOWLEDGMENTS 


We are indebted to R. E. Cech who generously fur- 
nished many of the crystals used in this work and helped 
us with our own crystal growing operation. We appre- 
ciate discussions with I. S. Jacobs and W. L. Roth on 
antiferromagnetism. We are especially indebted to 
E. O. Kane for discussing many aspects of the present 
work at length and with great profit to the authors. 


27M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, Oxford, 1954), p. 85. 





PHYSICAL REVIEW VOLUME 


114, 


NUMBER 6 15, 1959 


Symmetry of Wurtzite 


R. C. CASELLA 
Research Laboratory, International Business Machines Corporation, Poughkeepsie, New York 
(Received December 29, 1958) 


The symmetry analysis of wurtzite, performed originally by Dresselhaus at the origin of the Brillouin zone, 
is extended. A method is employed at the zone boundaries which is considerably simpler than the standard 
procedure. Optical selection rules for band-to-band transitions in the neighborhood of k=0 are re-examined. 
It is found that light polarized perpendicular to the c axis should be absorbed more strongly than light 
polarized along the c axis, independently of the symmetry types of the initial and final states, unless they 
have the same symmetry, which is unlikely. This result is in agreement with experiment for CdS and ZnS. 


I. INTRODUCTION 


INCE the fundamental work of Bethe! and of 

Seitz,?* a number of authors‘ have contributed 
to the group-theoretical classification of the symmetry 
properties of various crystalline structures. Recent 
experiments on optical absorption®“ and cyclotron 
resonance” in structures of the wurtzite type indicate 
a need for a better understanding of this species. 
Dresselhaus® has reported on the results of an analysis 
at the origin of the Brillouin zone in connection with 
his theory of the dichroic optical absorption exhibited 
by crystals having this symmetry. In a recent review 
article by Herman,!” Parmenter is reported to have 
extended this work to other points in the zone. Un- 
fortunately, there is an error in the paper by Dres- 
selhaus which, although minor, leads to nontrivial 
consequences of a physical nature. Moreover, since in 
the present analysis, a method is employed which 
obviates explicit reduction of the full factor group,!® 
G*/T* at the zone boundaries, despite the presence of 
"1H. A. Bethe, Ann. Physik 3, 133 (1929). 

? F. Seitz, Ann. Math. 37, 17 (1936). 

3F. Seitz, Z. Krist. 88, 433 (1934); 90, 289 (1935); 91, 336 
(1935) ; 94, 100 (1936). 

4 Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 

5 C. Herring, J. Franklin Inst. 233, 525 (1942). 

6 E. Wigner, Nachr. Akad. Wiss. Géttingen, Math-physik. K1., 

. 546 (1932). 

7C. Herring, Phys. Rev. 52, 361 (1937). 

8 W. Opechowski, Physica 7, 552 (1940). 

*R. J. Elliott, Phys. Rev. 96, 280 (1954). 

10 R. H. Parmenter, Phys. Rev. 100, 573 (1955). 

1 G. Dresselhaus, Phys. Rev. 100, 580 (1955). 

2 E. F. Gross and B. S. Razbirin, J. Tech. Phys. U.S.S.R. 27, 
2173 (1957) [translation: Soviet Phys. Tech. Phys. 2, 2014 
(1957) ]. ; 

131, Dutton, Phys. Rev. 112, 785 (1958). I wish to thank 
Dr. Dutton for a preprint of his paper. 

14 Piper, Marple, and Johnson, Phys. Rev. 110, 323 (1958). 

15 R, N. Dexter, paper presented at the International Conference 
on Semiconductors, held at the University of Rochester in 1958 
[J. Phys. Chem. Solids (to be published) ]. I am grateful to 
Dr. Dexter for access to his work prior to publication. 

16 G. Dresselhaus, Phys. Rev. 105, 135 (1957); contains refer- 
ences to earlier experimental work. 

17 F, Herman, Revs. Modern Phys. 30, 102 (1958). Table I in 
this reference contains an extensive list of structures for which 
symmetry analyses have been performed. The writer was unaware 
of Dr. Parmenter’s unpublished work during the period in which 
the present analysis was performed. 

18 This group is defined in a subsequent paragraph. See also 
reference 5. 


fractional translations in the space group, a brief note 
on this subject may be worthwhile. 

Let G be the space group consisting of lattice oper- 
ations which, in the notation of Seitz,? may be expressed 
in the form, (a|va+t), where @ is a real orthogonal 
matrix, Va is a fractional lattice translation, and t is a 
translation in the Bravais lattice. For brevity we shall 
sometimes write a in place of v.+t. Let T denote the 
invariant subgroup of translations, (e|t) of the hex- 
agonal lattice. A simplification can be achieved in the 
case of the wurtzite structure if we select our origin of 
coordinates as pictured in Fig. 1 rather than at an 
atomic site as was done by Herring? in connection with 
the monatomic hexagonal lattice. From Fig. 1 we may 
enumerate the operations in the factor group, G/T as 
follows: There are six operations of the form (6"|v,), 
where 6 is a rotation by 27/6 about the ¢ axis, m is an 
integer which takes on values from zero through five, 
and vy, is zero if m is even and is equal to t;/2 if m is odd. 
Here, ts is the basic lattice vector parallel to the ¢ axis. 
In addition, there are six operations of the form 
(6"|v,,)(o|0), where a is a reflection in the plane x=0. 
When considering the group of the wave vector, G* for 
values of k lying in the interior of the zone, this choice 
of origin holds no special advantage ; at the zone bound- 
aries, however, it will be shown to result in a con- 
siderable simplification of the problem. At the origin 
of the zone we shall follow the standard procedure of 
considering the factor group G*/7T*, where 7* is the 
invariant subgroup of translations (e|t) which satisfy 
the condition exp(—ik-t)=1. 

As is well known, at the origin G*/7* equals G/T, 
which is isomorphic to the point group” C¢,, consisting 
of elements 6" and 6"c. Furthermore, C¢, is isomorphic ° 
to the point group Dz which contains elements of the 
form 6" and 6"p, where p is a rotation by m about the 
x axis (Fig. 1). That is, c=Jp, where J is the inversion 
element. Although the chain of isomorphisms allows 
one to derive the character table of the double group* 
of G/T by considering the double group of De, it is 
incorrect to assume that the components of the mo- 


1 Character tables for all the point groups, including the double 
groups, are presented in a review article by G. F. Koster, in 
Solid-State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1957), Vol. 5, p. 173. 


1514 





SYMMETRY OF WURTZITE 


mentum operator p transform according to represen- 
tations” of Ds. Physically, the operators of the double 
group are those which commute with the spin-orbit 
coupling term,’ o- (VV Xp), in the Hamiltonian, where 
@ is the Pauli vector and V is the periodic potential. 
For wurtzite, these operators have the explicit form 


(6"|v,)[+u(6")] and (6"o|v,)[+u(5"p) ], (1) 


where u is the two-dimensional spin operator.” The 
assignment of I’, to the z component of p in reference 16 
would imply that the second set of operators in expres- 
sion (1) are of the form 


(6"p|v,)[ +u(6"p) }. (2) 


Operations of this type are not in the double group of 
G/T, however, since (6"p|v,) is not a covering operation 
of the crystal. In fact, p. transforms according to the 
identity representation, I}. This observation leads to 
different conclusions with regard to matrix elements of 
e-p, which are relevant in determining optical selection 
rules, and of k-p, which are useful in examining 
grad,/(k) at various points in the zone. Here, ¢ is the 
polarization vector of the exciting light in optical 
experiments and E(k) is the band energy. 

For example, if one assumes Dresselhaus’ optical 
model,!* subsequent analysis shows that light polarized 
perpendicular to the ¢ axis should be more strongly 
absorbed than light polarized parallel to the c axis, 
independently of the symmetry types of the conduction 
and valence bands involved in the optical process. The 
one exception to this rule occurs if the symmetry types 
are the same for both the initial and final states, an 
unlikely event at k=0. This general qualitative pre- 
diction, which cannot be made if p, is assumed to 
transform according to I's, is in agreement with the 
experimental observations of Dutton" for CdS and of 
Piper, Marple, and Johnson™ and Keller and Pettit” 
for ZnS. The correction does not allow one to explain 
the exponential frequency dependence of the absorption 
coefficient in CdS, however. In all likelihood a different 
model, perhaps involving excitons, will be necessary to 
bring about agreement between theory and experiment. 
Nevertheless, it is not unreasonable to assume that in 
some approximation, the argument presented is still 
valid, since the argument is probably more general than 
the model to which it has been applied. A derivation 
of the selection rule and further comparison with 
experiment is contained in Sec. III. 


2 Professor Dresselhaus has kindly pointed out that while he 
is in error in making this assumption when applying the results 
of his analysis to structures of the wurtzite type, the assumption 
is correct when applied to tellurium, which he has also considered 
in reference 16 (private communication). 

See, for example, E. Wigner, Gruppentheorie und thre 
Andwendung, auf die Quantenmechanik der Atomspektren 
(Braunschweig, 1931; Edwards Brothers, Inc., Ann Arbor, 1944). 

2S. P. Keller and G. D. Pettit, private communication (un- 
published). 








Fic. 1. Projection of the wurtzite structure on a basal plane 
normal to the ¢ axis. The open circles represent the A-lattice and 
the closed circles the B-lattice in the familiar ABAB stacking 
sequence of close packed hexagonal structures. The crosses 
designate the vacant C-lattice. The origin of coordinates is chosen 
along a line connecting C-lattice sites in the z direction (i.e., 
parallel to the c axis) at a point midway between a plane of close 
packing in the A-lattice and the corresponding adjacent plane in 
the B-lattice. The operations in the factor group G/T are pictured 
most easily if attention is focussed on the smaller hexagon, shown 
dashed. Any operation in Cs, which transforms an open circle 
into a closed circle in the basal plane diagram requires a fractional 
translation by an amount c/2 along the z axis, i.e., by t;/2, in the 
three dimensional structure. t;, t2, and t; (not shown) denote 
basic vectors in the Bravais lattice. a and c (not shown) are the 
usual hexagonal parameters. The projection of the Brillouin zone 
on the kk, plane in reciprocal space has sides which are parallel 
to the sides of the larger hexagon. 


II. EXTENSION OF SYMMETRY ANALYSIS 
(METHOD AND RESULTS) 

As is well known, for space groups without fractional 
translations the representations of G* can be expressed 
simply in terms of the representations of g*, the point 
group of G*. Thus 


D{(a|t) ]=exp(—ik-t)d(a), (3) 


where D[(a|t)] is the matrix representative of (a|t) 
belonging to the irreducible representation, D of G* 
and d is an irreducible representation of g*. For space 
groups having fractional translations, Herring® has 
pointed out that at zone boundaries one must generally 
consider the full factor group G*/7T*. We shall demon- 
strate that for the special case of wurtzite it is only 
necessary to find representations of g*. We proceed by 
a method due to Koster.’® He has shown that in the 
interior of the zone 


D{(a| a) ]=exp(—ik-a)d(a), (4) 


where a=v,+t. A necessary condition™ for D, as 
defined in Eq. (4), to be a representation is 


D{(aa’ | aa’+a) ]= DU (a| a) |D[(a’| a’) ]. (5) 


*3 That Eq. (5) is also a sufficient condition for D, as defined in 
Eq. (4) to be an irreducible representation of the group of the 
wave vector follows from the fact that d is irreducible by hy- 
pothesis. Therefore, the only matrix which commutes with d and, 
hence, with D is a constant times the unit matrix. 
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TABLE I. Summary of symmetry analysis. At each point of symmetry in the zone* the point group, g* associated with the factor group, 
G*/T* is given. The characters, xq may be found in Koster’s article.» The representations in most of Koster’s tables are not labeled. 
We define the representations, d; to be numbered consecutively. In the exceptional cases (Table V and Table LVII) where his repre- 
sentations are labeled, but do not appear in sequence, we follow his notation. Classes labeled o, in Koster’s tables contain reflections 
which, according to the definitions in Sec. I of the present report, are associated with nonzero fractional translations. The coordinates 
x, y, 2 are defined with respect to the wurtzite lattice in Fig. 1 of the present work, if one assumes a right-handed triad. 


Character table 
reference» 
(with spin) 


Represen- 
tations, d 
contained 


ils 


Symmetry Point Character table 
points in group reference> 
zone* gk (without spin) 


Table XXIV 


i> A, A Co 


C3, Table XVIII Table LVII 


Cx, Table V Table XLV 


C, Table III Table XLII 


C. Table III Table XLII 


re: C, Table III Table XLII 


* See Fig. 17, reference 19. 
> Reference 19. 


At the zone boundaries one usually finds 


D(a’ | aa’+a) | 
=exp(—iK-vq)D[(a|a) |D[(a’|a’) J, (6) 


where K is a principal vector in the reciprocal lattice 
which satisfies the condition 


a k=k+K. (7) 


Examination of the operators, a in Eq. (1) shows that 
for arbitrary k, the vector K defined in Eq. (7) has no 
component in the z direction. Thus, for our choice of 
coordinates K-v, vanishes and Eqs. (4) and (5) hold 
at the zone boundaries as well as in the interior. Since 
the translational part of an operator has no effect on 
the spin, it is clear that a similar proof holds for the 
double group. Thus, we need find only the characters 
of the representations of the point groups g*. From 
Eq. (4) it follows that the characters xp and xa are 
related by the expression 


x(D,[ (a! a) ])=exp(—ik-a)x(d,a). (8) 


As the character tables for the point groups are well 
known, it is not necessary to reproduce them here. A 
summary of the results of the analysis is contained in 
Table I. Although Table I is self contained, a few 
additional comments might be made. 

1. Since we have not included the character tables 
of the point groups, a standard reference is necessary 
for notational purposes. We have selected the review 
article by Koster." 


Table LXIII _ 


Representations 
occurring together 
due to time 
reversal 


Represen- 
tations, d 
contained 


: oe a 


Representations to Representation(s) 
which r belongs like 


A, and A; da, Zz d; 
Azand A, ds, x,y 

A;and Ags 

Ay and As 

Ag (double) 


Hy, and He di, bs 
H,and H; d3, x, 





li and Ly 
Lz and L; 
Ls (double) 


R, (double) 
Re (double) 
R; (double) 
R, (double) 


S; and So 
S3 and S4 
S,’ and Se 
S;’ and S,’ 


di, z 

d;, x—V3y 
dy, V3x+y 
d,, 2, V3x+y 


do, = v3y 


dy, 2,x 

de, ¥ 

d,, 2, x—vV3y 
ds, v3x+y 


2. With the single exception that p, transforms 
according to the identity representation, the character 
table at k=0 is identical with Table I in reference 16. 

3. When the Wigner-Herring test®’ implies extra 
degeneracies due to time-reversal symmetry, it may 
happen that energy bands belonging to two represen- 
tations, D and D, stick together at certain points or 
along certain lines in the zone. Moreover, as was noted 
by Elliott,? D is not in general simply the complex 
conjugate of D. In Table I we have listed the repre- 
sentations d and d which coalesce. d is defined by the 
relation 


D[ (a! a) ]=exp(—ik-a)d(a). (9) ) 


The associated representations D and D may be found 
via Eq. (8) and the following expression which results 
from Eq. (9): 


x(D,[ (a! a) ])=exp(—ik-a)x (d,a). (10) 


For D and D to occur together it is necessary that —k 
be in the star‘ of k. Since wurtzite is polar this can 
happen only at the top surface of the zone where —k 
can be equivalent to k and in the plane k,=0. In the 
plane k,=0, there is no extra degeneracy. In the 
interior and on the sides of the zone, the Kramers 
degeneracy implies E(—k)= E(k) but does not cause 
two bands to stick together at a given value of k. 

4. From the information in Table I and reference 19 


*% A figure showing the zone shape as well as the points of 
symmetry may be found in references 5, 9, or 19. 
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one can readily determine”> whether or not grad, /(k) 
vanishes at various points in the zone as a result of the 
spatial symmetry. As is well known, when a finite slope 
is indicated, one must investigate further to see whether 
the slope must vanish as a consequence of the time- 
reversal symmetry. We shall resolve this question in 
detail only at the origin of the zone, i.e., at the point I’. 
Examination of Table I and the relevant tables referred 
to therein indicates a finite slope in the &, direction for 
bands associated with all representations and in the 
k,k, plane for the extra representations, I’; and I's of 
the double group. Actually, the slope vanishes in the 
k, direction for all representations. This is seen readily 
from the fact that a finite slope would imply a dis- 
continuity in slope at the origin in the curve depicting 
E(k) for values of k lying along the k, axis, since 
E(—k.)=E(k.) and since the degeneracy is not lifted 
as one proceeds away from the origin in the k, direction. 
By constructing explicit functions which transform 
according to I’; and I's, it was found that the slope also 
vanishes for k in the k,k, plane, to first order in the 
spin-orbit interaction, if the r-dependence of the 
spinor components is characterized by transformation 
properties associated with the two-dimensional repre- 
sentations, I's, I's of the point group without spin. 
That is, I';(I's) and I'g(I's) are associated with bands 
having zero slope at the origin. Bands associated with 
r,((1), T7(M2), Ts(I's), and T's(I'4) have finite slopes. 
For these cases it was found that the energy, to first 
order in k, is proportional to & sin@ in spherical coordi- 
nates. Finite slopes can occur when spin-orbit coupling 
is taken into account as the appropriate perturbation 
for this case is not simply k-p, but includes an additional 
term” proportional to k-(@X VV). 

5. Since the representations are, at most, two- 
dimensional for the wurtzite structure, compatibility 
relations of the type first considered by Bouckaert, 
Smoluchowski, and Wigner‘ can be obtained at once 
by inspection of the character tables; hence, they are 
omitted. 


III. OPTICAL SELECTION RULE 


A derivation of the selection rule stated in Sec. I is 
outlined. Following Dresselhaus,!* the wave function 
associated with a wave vector, k, which is in the 
neighborhood of the origin of the zone, is expressed in 
terms of the eigensolutions at k=0 via the k-p per- 
turbation. Consider an optical transition from band 7 
to band f. The band extrema are assumed to lie at k=0. 
At the origin, the wave functions y,° and y,° associated 
with these bands are assumed to belong to represen- 
tations I’; and I’y, respectively. In the neighborhood of 
the origin y;* and y,;*, the periodic parts of the wave 
functions, will be predominantly of the type I’; and I’; 
but will contain admixtures of other states. Which 
states are admixed to various orders in the perturbation 


25 See, for example, reference 11. 
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parameter, k can be ascertained by standard group 
theoretical methods, y;* and w;* are treated as zeroth 
order solutions in a second perturbation calculation 
where the electromagnetic interaction, proportional to 
e-p, is the perturbing term in the Hamiltonian. For 
each choice of I’; and I'y, except ';=I'y, it was found 
that if the lowest order matrix element (y;*| e-p|,*) 
is of order k" for light polarized perpendicular to the 
c axis, the lowest order matrix element for light polarized 
along the c axis is of order k"*'. The result was obtained 
only to first order in the spin-orbit coupling. 

We have shown in Sec. II that nonzero slopes in 
E(k) can occur at k=O for bands associated with 
certain representations as a result of the spin-orbit 
coupling. When this happens, a band extremum which 
occurs at k=O in the absence of the coupling will be 
displaced away from the origin in its presence, giving 
rise to several extrema clustered about the origin. We 
have assumed that when finite slopes can occur at k=0 
they are quite small, that is, for reasonable curvatures, 
that the extrema will lie sufficiently close to the origin 
for an expansion of the wave functions in terms of the 
solutions at k=0 to be useful. Under this assumption, 
the analysis outlined in the previous paragraph is 
applicable, even though the band extrema do not lie 
precisely at the origin. For InSb Dresselhaus" has 
estimated that the linear term in E(k) at k=0 is 
sufficiently small that when extrapolated to the zone 
boundary it results in an energy displacement of only 
about 0.02 ev. If the slopes in CdS and ZnS are of the 
same order of magnitude as in InSb, his estimate 
appears consonant with our assumption. 

For any given material it may happen that one or 
more of the band extrema lie quite distant from the 
origin of the zone, even though the linear term in E(k) 
vanishes at k=0, as in Ge and Si where indirect tran- 
sitions are important. In their theory of indirect 
transitions, Bardeen, Blatt, and Hall’®*” have con- 
sidered two contributing processes: (a) a process in 
which an electron is first excited from the region of 
maximum energy in the valence band (near k=0) to 
an intermediate state in the conduction band (also 
near k=0) and then is scattered by a phonon into a 
region of minimum energy in the conduction band 
(away from k=0), (b) a process in which an electron 
is first excited from the valence band (away from k=0) 
to a region of minimum energy in the conduction band 
(also away from k=0) such that k is conserved and 
then the resulting hole is scattered into the region of 
maximum energy in the valence band (near k=0). In 
applying their results to solids having the wurtzite 
structure, we assume that the valence band maximum 
lies at k=O as in Ge and Si. Under this assumption, 
we expect the selection rule to apply only if the (b) 


26 Bardeen, Blatt, and Hall, Proceedings of the Photoconductivity 

Conference, Atlantic City, 1954, edited by Breckenridge, Russell, 

and Hahn (John Wiley and Sons, Inc., New York, 1956), p. 146. 
27 Hall, Bardeen, and Blatt, Phys. Rev. 95, 559 (1954). 
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process contributes negligibly to the absorption in 
comparison with the (a) process. Hence, we are unable 
to draw rigid conclusions regarding the applicability of 
the rule to indirect transitions without a detailed 
knowledge of the band structure of a specific solid. 
Recently Balkanski and Waldron** have studied the 
CdS and ZnS systems experimentally. Their absorption 
curves for CdS are in agreement with the selection rule 
in the fundamental region. The absorption for long 
wavelengths, which is dependent upon impurity 
content, exhibits a violation of the rule. As the authors 
have noted, one cannot expect band-to-band selection 
rules to apply at these wavelengths. For this reason, 


28 M. Balkanski and R. D. Waldron, Phys. Rev. 112, 123 (1958). 
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since their data for ZnS do not extend into the funda- 
mental region, their results, which happen to agree with 
the rule, cannot be interpreted within the framework 
of the present analysis without additional assumptions. 
As mentioned earlier, the rule is verified for ZnS by the 
work of Piper ef al. and Keller and Pettit?? whose 
measurements extend well into the region of funda- 
mental absorption. 
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The electrical resistivity » and Hall effect R of zone-levelled single crystals of Bi-Sb alloys have been 
measured in the temperature range from 4.2°K to 300°K. Log(p/pso0) vs 1/T curves suggest thermal acti- 
vation of carriers in the concentration range from 5% to 40% Sb in the temperature range from 25°K to 
100°K ; approximate activation energies have been inferred from their slopes. The activation energy appears 
to have a maximum at a concentration near 12%. Some anomalies have been observed in the behavior of p 
and R on both sides of this concentration at low temperatures. Lattice parameters for these alloys have also 
been measured for the entire range of solid solubility. Both a maximum and minimum in the c-axis lattice 
parameter vs concentration occur near the concentration at which anomalies appear in transport properties. 
These phenomena are discussed in terms of a simple band model proposed by Blount and Cohen. 


I. INTRODUCTION 


HOMBOHEDRAL bismuth is a semimetal with a 

carrier concentration of about 10'*/cm~*. Some 
information concerning the band structure has been 
obtained from measurements of de Haas-van Alphen 
effect,! cyclotron resonance,’ galvanomagnetic? effects, 
and elastoresistance.! These effects have been inter- 
preted in terms of the conduction band overlapping 
upon the valence band by 0.0184 ev. This overlap gives 
rise to the small number of electrons in the conduction 
and an equal number of holes in the valence band. The 
experimental results are all consistent with a Fermi 
surface composed of a set of 3 ellipsoids for electrons 
and an ellipsoid of revolution around the trigonal axis 


* Submitted as a thesis in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy at the University 
of Chicago. 

+ The work was supported in part by a grant from the National 
Science Foundation to the University of Chicago for research on 
the solid-state properties of bismuth, antimony, and arsenic. 
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for holes. The three ellipsoids can be transformed into 
one another by 120° rotations around the trigonal axis. 
Combining the de Haas-van Alphen effect data with 
their specific heat data at low temperatures, Kalinkina 
and Strekov® have determined the mean effective mass 
of holes to be m,*=2.5mo which is very large compared 
to that of electrons m,.*0.05m given by Shoenberg.' 

Further information about the band structure in 
bismuth can be obtained from the electrical and mag- 
netic properties of its alloys. It was realized by Jones® 
that alloying bismuth with small amounts of elements 
with different valence might permit the study of either 
an electron band or a hole band separately. Thompson’ 
has indeed carried out above 15°K extensive measure- 
ments of the electrical properties of bismuth alloys 
containing Pb, Sn, Se, Te, as well as less extensive 
studies of other alloys. The group IV elements Pb and 
Sn act as acceptors much as do group III elements in 
the silicon-germanium type of semiconductor. Similarly, 


5]. N. Kalinkina and P. G. Strekov, J. Exptl. Theoret. Phys. 
U.S.S.R. 34, 616 (1958) [translation: JETP 7, 426 (1958) J. 

6H. Jones, Proc. Roy. Soc. (London) A147, 396 (1934). 

7N. Thompson, Proc. Roy. Soc. (London) A155, 111 (1936); 
A164, 24 (1938). 
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group VI elements act as donors. Abeles and Meiboom? 
have effectively exploited this concept in their experi- 
mental study of galvanomagnetic effects and Heine® 
has analyzed the measurements of Shoenberg and 
Uddin’ on magnetic susceptibility of Bi-Sn, Bi-Pb, and 
Bi-Te alloys at low temperatures on the same basis. 
However, according to Blount and Cohen," the addition 
of donors and acceptors can be expected to modify the 
band structure of bismuth as well as change the carrier 
concentration. The differences in the properties of 
Bi-Sn and Bi-Pb alloys’ illustrate the former effect. 
The addition of group V elements, however, can be 
expected to modify the band structure without destroy- 
ing the equality of electron and hole concentration. 

Thus, a comparison of the properties of alloys 
containing group V elements with those containing 
group IV or VI should help to unravel the two effects. 
Of the group V elements, Sb is the most promising 
impurity for study because it is the most similar to Bi 
and, in addition, forms a complete range of solid 
solutions. The present investigation was undertaken 
for three reasons. 

Shoenberg and Uddin’ suggest on the basis of de 
Haas-van Alphen measurements on Bi-Sb alloys that 
the Fermi energy decreases with addition of Sb. Heine® 
has pointed out that a decreased Fermi energy implies 
a decreased overlap and that, consequently, Bi-Sb 
alloys may become semiconducting at concentrations 
of Sb greater than 4%. The early work of Smith" is 
consistent with this observation.'° Thompson’s measure- 
ments of the electrical resistance of a 10% Sb alloy do 
show a resistivity which increases as the temperature 
decreases to about 50°K. However, below this tempera- 
ture, the resistance begins to drop in contrast to normal 
semiconducting behavior. 

Because the carrier density is small and varying 
rapidly with concentration, it is necessary to carry out 
the measurements at low temperatures on single 
crystal samples of controlled and homogeneous com- 
position. The earlier experimental work was inadequate 
in this respect. 

This paper reports the results of measurements of 
the electrical properties of such samples as functions of 
Sb composition up to 41%. The electrical conductivity 
along the binary axis and both independent Hall 
constants were measured between 4.2°K and 300°K. 
Some data on magnetoresistance were obtained at 
4.2°K. 

Results of our investigation have been discussed in 
terms of the model proposed by Blount and Cohen 
which is illustrated schematically in Fig. 1. According 
to this scheme the pertinent part of the band structure 
of pure bismuth [Fig. 1(a) ] consists of a pair of light 


8 V. Heine, Proc. Phys. Soc. (London) A69, 513 (1956). 

9D. Shoenberg and M. Z. Uddin, Proc. Roy. Soc. (London) 
A156, 687-701 (1936). 

10. I. Blount and M. H. Cohen (private communication). 

1 A. W. Smith, Phys. Rev. 32, 178 (1911). 


OF Bi-Sb ALLOYS 








Fic. 1. E vs k diagrams for bismuth and bismuth-antimony 
alloys. Cy and Vz represent the light mass bands, each having six 
extrema in k-space. Vy is the heavy mass band having two 
extrema. Case (a): Pure bismuth. Vy overlaps upon Cy. (b): 
Cr—Vi<Ci—Vz (c): Cu—Vi=Cu—Vur (d): Ch—Vi<Ci—Vu. 


mass bands at six symmetrically related positions in 
k-space, the upper of which is occupied by electrons 
and a heavy mass hole band at 2 positions in k-space.” 
The effect of antimony is to displace the heavy mass 
band downward with respect to the light mass band 
as indicated in Fig. 1 (b), (c), (d). The results of our 
investigation show that the model is incomplete, 
especially with regard to its predictions for the low- 
temperature behavior of the alloys. 

Another prediction of the model is that the lattice 
parameter should depend significantly on antimony 
concentration. Room temperature measurements of 
the lattice parameters of the alloys show that they 
deviate appreciably from Vegard’s law at concentra- 
where electrical properties are changing 
drastically. 


tions 


II. EXPERIMENTAL METHODS 
Preparation and Analysis of Samples 


Bismuth purchased from the Cerro de Pasco Com- 
pany of label purity 99.998% was processed further 
by zone melting ten times in a quartz boat in vacuum 
of about 10-* mm Hg. The zone refining apparatus was 
similar to one described elsewhere.’* High purity 
antimony was obtained from the Ohio Semiconductor 
Company. A careful spectrographic analysis of samples 
before and after alloying failed to show any impurities. 
Limits of impurity content are given in Table I. These 
figures are estimated from the sensitivity of the spectro- 
graphic analysis. Homogeneous alloys were prepared by 
melting bismuth and anitmony together in two succes- 
sive stages. Initially a known amount of antimony was 

2 This doubling of the number of electrons and hole positions 
comes from inversion symmetry. 

13W. G. Pfann, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1957), Vol. 4. 
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TABLE I. Impurity content of zone-refined elements. 


Antimony 
Wt. (%) 
0.00001 
0.00001 
0.00001 


Bismuth 


Impurity Wt. (%) Impurity 


Pb 0.0003 Te 
Si 0.00001 Zn 
Ag 0.00001 Cd 
Ni 0.00001 
Cu 0.00001 


allowed to dissolve in molten bismuth contained in a 
10-in. fused quartz boat. The ingot so obtained was then 
zone melted several times. The molten zone was 
adjusted to be about # in. in length so that all deviations 
from a uniform composition remaining after the first 
melting stage were greatly reduced except in the last 
zone to freeze. According to Pfann this process of 
eliminating points of high and low concentration is 
particularly effective if |1—k! is large, where k is the 
ratio of concentration of impurity in the solid to that 
in the liquid at equilibrium. The value of k as deduced 
from the phase diagram" varies from 5 to 8 at low 
concentration and thus the process appeared quite 
suitable for obtaining a high degree of homogeneity 
in Bi-Sb alloys. In order to ensure a uniform mixing 
in the molten zone and thus to minimize fluctuations 
in the concentration, inductive heating at 450 kc was 
used. The boat was pulled in both directions at a 
constant rate of 2 in./hr. All the melting processes 
were carried on in vacuum or in a helium atmosphere 
to avoid any oxidation on the surface which, if present, 
resulted in a polycrystalline sample. Before use, all 
the quartz boats were first soaked in hydrofluoric acid 
for several hours and then rinsed thoroughly with 
distilled water. This procedure eliminated scratches on 
the surface of the boats reducing extraneous sources of 
nucleation. Following this procedure it was possible 
to get large crystals approximately 8 in. X} in. X} in. 
Chemical analysis showed these crystals to have a 
variation of less than 3% of the mean value along a one 
inch sample cut from the central part of the ingot. The 
crystallographic directions of the crystal were deter- 
mined with the help of the principal cleavage plane and 
a Laue pattern. Since the crystals were highly brittle 
and easily cleavable, samples were first cut into plates 
with their surfaces parallel to cleavage plane using a 
280 mesh carborundum wheel, or by cleavage, and then 
reduced to the proper dimensions by grinding with a 


TABLE ITI. Errors in chemical analysis. 


Antimony concentration 


Maximum relative 
atomic % 4 


% of error 


5.0% 
1.5% 
1.0% 


1-5% 
6-10% 
10-70% 


4M. Hansen, Aufbau der Zweistofflegierung (Verlag Julius 
Springer, Berlin, 1936). 
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600 mesh silicon carbide paper. In order to avoid any 
size effects, samples of rectangular shape with approxi- 
mate dimensions 3X3 X20 mm were used. Finally, the 
samples were etched with a solution of 95% hydro- 
chloric acid and 5% nitric acid and annealed for about 
24 hours at 250°C. 

In order to obtain lattice parameters for these alloys, 
powder specimens, mounted in thin walled capillary 
tubes, were examined with a North American Phillips 
114.6-mm camera using filtered copper K radiation. 
The composition of alloys was determined by Dr. 
Bachelder of this Institute by the following procedure. 
The sample was first dissolved in concentrated sulphuric 
acid and then sufficient hydrochloric acid was added to 
give a solution of 10% hydrochloric acid and 10% 
sulphuric acid. Finally the amount of antimony was 
determined by titration with approximately 0.03V 
potassium permanganate. The accuracy of the method 
was checked by analyzing synthetic samples. The 
maximum relative percent error is given below for 
various ranges of concentration in Table IT. 


Cryostat and the Electrical Equipment 


The sample holder consisted of a copper plug held 
in the middle of a copper can by brass screws as shown 
schematically in Fig. 2. The lower end of the plug 
carried a varnished copper bracket against which the 
sample was mounted vertically in good thermal contact. 
The upper end of the can had a wide opening filled 
with activated charcoal to increase the heat capacity. 
A No. 30 manganin wire wound round the copper can 
served as a heater resistance to allow rapid increases 
of temperature. Without any external heat input, the 
heat capacity of the activated charcoal was sufficient 
to keep the temperature fairly constant during an 
observation, the warm up rate being less than 1 degree 
an hour. The copper can was supported inside the 
helium cryostat by a long, thin-walled stainless steel 
tube passed through an O-ring seal so that the sample 
could be rotated about the vertical axis for the align- 
ment of the crystal’s principal axis parallel to the 
magnetic field. This arrangement also permitted the 
height of the sample to be adjusted between the pole 
pieces of the magnet. Below 4.2°K, the temperature 
was measured by a helium vapor pressure thermometer. 
In the range from 4.2°K to 300°K, it was measured by a 
100-ohm carbon resistance thermometer or a copper- 
constantan thermocouple which were attached to the 
copper bracket on which the sample was mounted. 
The effect of the magnetic field on the calibration of 
these devices was inappreciable. 

For electrical measurements, the arrangement of the 
current and the potential leads was as shown in Fig. 3. 
Current leads of copper wire (A.W.G. No. 32) were 
attached to the ends of the sample using Cerro de 
Pasco’s low melting point solder. The three potential 
leads were also of copper wire (A.W.G. No. 38). In the 
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case of low concentration alloys and pure bismuth, it 
was possible to attach potential leads to the sample by 
discharging a 100 mfd condenser initially charged to a 
potential of approximately 60 volts. For high concen- 
trations, a rigid joint could not be made by this method 
and low melting point solder was used for attaching 
potential leads to these alloys. For electrical resistivity, 
a current of 0.1 amp was passed through the sample and 
the potential difference between leads C and D was 
measured. For Hall effect measurements, a high resist- 
ance of 1000 ohms was introduced between the contacts 
C and D and the sliding contact F was adjusted so as to 
give zero potential drop between EF and F in the absence 
of the magnetic field. In this way it was possible to 
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Fic. 2. Schematic diagram of the cryostat and the sample 
holder: A, copper bracket ; B, the carbon resistance thermometer; 
C, copper-constantan thermocouple; D, sample under in- 
vestigation. 


eliminate spurious misalignment voltages. In order to 
avoid any thermoelectric effects, the potential drop 
was always measured for direct and reversed current. 
The effect of the magnetic field on the thermoelectric 
voltage was inappreciable over the entire range of 
concentration and temperature. All the potential 
differences were measured using a Leeds and Northrup 
Company’s type K2 potentiometer and a Rubicon’s 
galvanometer having a sensitivity of 1.1 wv/mm under 
critically damped conditions. The current through the 
sample was determined from the potential drop across 
a0.01-ohm standard resistance in series with the sample. 
The magnetic field was determined by measuring the 
Hall voltage generated in a germanium crystal at room 
temperature. This Hall effect gauge was calibrated by 
means of proton_magnetic resonance. 
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Fic. 3. Arrange- 
ment of current and 
potential leads to the 
sample for electrical 
measurements. 





Experimental Errors 

Electrical quantities were measured with a precision 
better than 1%. Absolute value of resistivity is accurate 
to within 10% and the main source of error lies in the 
determination of the distance between potential leads. 
Because of slight misorientation (+ 2°) of the crystalline 
axes relative to the magnetic field, an error of 15% was 
estimated in Hall coefficient. In the high temperature 
region, background emf’s of the order of 2yv give rise to 
slightly higher uncertainty in the Hall coefficient. 


III. RESULTS 
Electrical Resistivity and Hall Effect 


The electrical resistivity has been measured for 
samples of several concentrations in the temperature 
region from 4.2°K to 300°K. In all these samples, the 
current flow was along the binary axis of the crystal. 
Since the error involved in the measurement of the 
distance between potential leads is significant, the 
results have been plotted in terms of log(p/psoo) vs 1/T. 
Figure 4 shows the behavior of the resistivity between 





Fic. 4. The ratio of the 
resistivity to that at 300°K 
versus the reciprocal of the 
absolute temperature for 
samples containing 0 to 
11% Sb between 20°K to 
300°K. 
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Fic. 5. The ratio of the 
resistivity to that at 300°K 
versus the reciprocal of the 
absolute temperature for 
samples containing 12.5%- 
41% Sb between 20°K- 
300°K. 
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20°K and 300°K for samples containing less than 11.5 
atomic percent of antimony. Similar curves are drawn 
in Fig. 5 for higher concentrations. The measurements 
indicate a linear dependence of p on temperature above 
200°K for all the samples. The resistivity decreases 
monotonically with temperature for concentrations 
below 5%. We term this behavior as “‘semimetallic.” 
For concentrations between 5% and 40%, the resistivity 
starts increasing below 100°K. In the temperature 
region 30°K-100°K, log(p/psoo) is nearly proportional 
to 1/T. However, these alloys are not semiconducting 
in the usual sense as is shown by the behavior of resis- 
tivity data below 25°K presented in Figs. 6 and 7. 
In this temperature region the resistivity is found to 
depend only slightly on temperature or traces of 
impurities, contrary to the behavior observed in a 
typical semiconductor. Thompson’s measurements for a 
10% sample do show an increase in resistivity below 
200°K down to 50°K, but below 50°K starts de- 
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Fic. 6. Low-temperature behavior of the ratio of electrical 
resistivity to that at 300°K for samples containing 0 to 11% Sb. 
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creasing rapidly which is contrary to our results. This 
discrepancy may arise from inhomogeneity in Thomp- 
son’s sample. 

For samples containing 5% to 11.5% Sb, the tem- 
perature dependence of the resistivity between 30°K 
and 100°K can be described by the expression 


p= po exp(E,/2k7). (1) 


For these concentrations, EF, is determined from the 
slope of log(p/ps00) vs 1/7. For higher concentrations, 
the behavior of the resistivity is not too well represented 
by Eq. (1). Therefore the maximum slope has been 
measured for these alloys and has been assumed to be 
E,/2k. The variation of E, with concentration (Fig. 8) 
shows a maximum at 12%. On Blount and Cohen’s 
model, £, can be regarded as a measure of the energy 
gap between the conduction and the valence band as 
shown in Fig. 1 for samples of concentrations greater 
than 5%. For concentrations less than 5%, the overlap 
energies are calculated from the period of the de Haas- 
van Alphen effect in pure bismuth and _ bismuth- 
antimony alloys.’ 

The behavior of resistivity below 25°K is shown in 
Fig. 6 and 7 for the whole series of concentrations. In 
this region the resistivity increases very slowly with 
decrease in temperature. This change in behavior at 
25°K is not at present completely understood in terms 
of the simple model used to explain the higher tempera- 
ture behavior. The essential feature of the low tempera- 
ture behavior is that the resistivity at 4.2°K plotted 
against concentration (Fig. 9) shows a pronounced 
maximum at the same concentration at which the 
maximum activation energy is reached. 

In order to assess the nature of the carriers, the two 
components of Hall effect have been measured for 
current flowing along the binary axis. We have desig- 
nated by R, the values obtained with magnetic field H 
parallel to the trigonal axis and by R, those obtained 
with H perpendicular to both the trigonal and the 
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Fic. 7. Low-temperature behavior of the ratio of electrical 
resistivity to that at 300°K for samples containing 12.5-41% Sb. 
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Fic. 8. Activation energy Eg vs concentration of Sb. 


binary axes of the crystal. For a crystal of rhombohedral 
symmetry, R, and R, are the only two independent 
components of the Hall coefficient tensor. R, is always 
positive above 25°K for the concentration range 
examined (Figs. 10, 11). Below 25°K, R, is positive 
for samples with less than 11.5% Sb but negative above 
this concentration as is shown in Figs. 10 and 11. On 
the other hand, R, is negative for pure bismuth and for 
samples less than 3% Sb, but Fig. 12 shows R, to be 
positive for higher concentrations and remains so over 
the entire range of temperature. Behavior of R, and R, 
at 4.2°K for different concentrations is as shown in 
Fig. 13. Magnetoresistance at 4.2°K for current flow 
along the binary axis and H along the trigonal has also 
been measured at 1300 oersteds. The results expressed in 
terms of Ap/p are plotted as a function of concentration 
in Fig. 14. Ap/p is extremely large for pure bismuth 
but it tends to decrease on alloying. Below 11.5% Sb 
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Fic. 9. Resistivity vs concentration of Sb. Circles 
are at 4.2°K and triangles at 300°K. 


concentration, Ap/p shows a complicated behavior. 
Linear field-dependence for the Hall voltage and 
quadratic dependence for magnetoresistance was ob- 
served for magnetic fields up to about 1400 oersteds, 
above which they show a more complicated dependence. 

Connel and Marcus! have observed 6 components 
of the Hall effect tensor, instead of the two allowed 
by the 3-fold rotational symmetry, above 3000 oersteds 
at 77°K and 295°K. However, it appears that this 
discrepancy is due to a significant contribution coming 
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Fic. 10. Hall coefficient 
R, vs 1/T. Current along 
binary axis and H parallel 
to trigonal axis for 0-11% 
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15 R, A. Connel and J. A. Marcus, Phys. y. 107, 940 (1957). 
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Fic. 11. Hall coefficient R, 
vs 1/T for current along binary 
axis, /7 parallel to trigonal axis 
for 12.5-20% Sb. 
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from non-linear terms in the magnetic field dependence. 
When Connel and Marcus’s results are extrapolated to 
low magnetic fields, their results agree with ours to 
about 20%, within the uncertainties of the 
extrapolation. 


i.e., 


Lattice Parameter 
For simplicity of calculations, the hexagonal lattice 
was used. The interplanar spacing daw for the lattice 
is given by 


(2) 


1 4 h?+hk+k? iy? 
; +(). 


dire 3 a’ c 


where a and ¢ are the lattice parameters. For pure 


bismuth a= 4.546 A and c= 11.860 A at room tempera- 
ture, the volume of the unit cell being given by V = 236.8 
X10-* cm*. The parameters c and a for alloys are given 
as a function of concentration in Fig. 15. Ehret and 
Abramson!® and Bowen and Morris-Jones'’ concluded 
from their measurements that the Vegard’s law is 
obeyed for these alloys. However, their results at low 
concentrations of antimony were not sufficiently 
extensive to show the deviations from Vegard’s law 
which have been observed in our work. Some of the 
values of the lattice parameter c have been recalculated 
for the hexagonal unit cell from Ehret and Abramson’s 
data and are found to be in agreement with our 
results within their experimental error of 2 parts per 
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16 W. F. Ehret and M. B. Abramson, J. Am. Chem. Soc. 56, 385 (1934). 


17 FE. G. Bowen and W. Morris-Jones, Phil. Mag. 7, 1029 (1932). 
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thousand. The deviations are most marked in the 
concentration range in which the alloys change from 
semimetallic to ‘semiconducting’ behavior. The lattice 
parameters have been determined to an accuracy of one 
part in a thousand and all the deviations from Vegard’s 
law fall well outside the experimental error. 


IV. DISCUSSION 


The electrical resistivity and the Hall effect data 
reported in the previous section for temperatures from 
25°K to 300°K can be satisfactorily interpreted in 
terms of the model proposed by Blount and Cohen. 
According to this model the essential part of the band 
structure of pure bismuth [Fig. 1(a) ] consists of a pair 
of light-mass bands at six symmetrically related 
positions in k-space and a heavy-mass hole band at 2 
positions in k-space. We mark the light mass bands by 
C1, Vi and the heavy-mass hole band by Vy as indi- 
cated in Fig. 1(a). In pure bismuth, the upper band C, 
overlaps slightly upon the heavy-mass hole band so 
that there is a very small number of light electrons and 
an equal number of heavy holes. 

In order to explain the behavior of alloys in terms of 
band structure, we assume for the sake of simplicity that 
the relative positions of C; and V;, with respect to each 
other and the curvature of all the three bands remains 
unaffected on alloying. Then on the addition of anti- 
mony, the pair of light mass bands moves up relative 
to the band Vy, resulting in a decrease of the overlap 
between C, and Vy. At a concentration of about 5% 
Sb, the overlap of C, and Vy just vanishes and above 
this concentration an energy gap exists between the 
light electron band and the heavy hole band. Such a 
situation is depicted in Fig. 1(b) and probably persists 
up to about 7.2%. Below 7.2%, the electric conduction 
is therefore mainly due to the thermal excitation of 
carriers from the band Vz to C,. The evidence for such 
a situation is readily seen from the fact that the extra- 
polation of the activation energy curve to pure bismuth 
gives a figure for the overlap energy essentially in 
agreement with Shoenberg’s value. It appears that the 
band V; moves up to the same height in the energy 
vs k diagram as the band V ,; at a concentration of about 
7.2%. This figure of 7.2% is obtained by extrapolating 
the horizontal portion of the activation energy curve 
to the lower concentration which has the same acti- 
vation energy as a 20% sample. A justification for this 
will follow from the discussion given below. Above 7.2% 
thermal activation should, in principle, take place from 
both Vy and V; to Cy. However, because of the high 
density of states of the band Vy relative to Vz, the 
activation in the temperature range 30-100°K continues 
to take place from Vy until it moves considerably 
farther from V,. On this scheme, therefore, the 
maximum activation energy of Eg=0.014 ev as deter- 
mined from high temperature slope at 12% is probably 
reached when the band edges of two hole bands have 
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function of concentration of Sb. 


moved apart enough to contribute almost equally to the 
activation process at high temperatures. Beyond 12%, 
therefore, the effect of the heavy band Vy will be 
decreasing in comparison with the increasing influence 
of the light hole band and will correspondingly decrease 
the apparent activation energy. Since decreasing the 
temperature from 100°K to 30°K will cause excitation 
first from Cz, to Vy and then from Cy, to Vz, a con- 
tinuous curving of log(p/pso0) vs 1/T plots from a 
straight line is observed in this temperature range. 
On the addition of 18% antimony, the band Vy has 
probably moved far enough below the pair of bands C, 
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Fic. 15. Lattice parameters C and a plotted against concentra 
tion of Sb. Present data indicated by circles; Ehret and 
Abramson’s data shown by triangles. 


and V_, for its contribution to be negligible in com- 
parison with that due to V;. On this model, therefore, 
the activation energy should remain constant at higher 
concentrations at a value corresponding to the gap 
between V,;, and C_. This is observed to be the case up 
to a concentration of 30%; the corresponding value of 
the band gap is approximately 0.007 ev. Since beyond 
40%, the specimens start showing semimetallic behavior 
again, it seems likely that the band Cy has started 
overlapping again on some other set of bands in a 
manner which will be in accordance with the structure 
of antimony. Because of the limited knowledge about 
antimony, it is not possible to infer correctly the nature 
of bands in alloys beyond 30% concentration. 

In order to put the model on a more quantitative 
basis, it is necessary to calculate the number of carriers 
for some of the typical situations shown in Fig. 1. 
However such a calculation requires the knowledge of 
the mean effective masses of the carriers in all the three 
bands under consideration. Kalinkina and Strekov have 
analyzed their specific heat data in terms of 3 ellipsoids 
for electrons and a single ellipsoid of revolution about 
the trigonal axis for holes. Using the mean effective 
mass and the Fermi energy for electrons as deduced 
from the de Haas-von Alphen effect, they have obtained 
the corresponding figures for the holes. However, as 
mentioned earlier, the inversion symmetry of the 
rhombohedral crystal requires 6 ellipsoids for electrons 
and in general 2 ellipsoids for holes, thus doubling the 
total number of carriers. Therefore we have reanalyzed 
the specific heat data using the mean effective mass of 
electrons as given by Aubrey and Chambers and the 
Fermi energy of the electrons as given by Shoenberg. 
The values of the various parameters for electrons and 
holes calculated on this model are given in Table III. 

Now the total number of electrons/cm® distributed 
over all the 6 ellipsoids at any temperature is given by 


4r(2m,*)! EidE 
0 


omen (3) 
h® 


e(E-ted/kT 4 1” 


JAIN 


while the total number of holes/cm* for two ellipsoids 
in the valence bands V, is given by 


(4) 
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Further we may assume that the mean effective mass of 
holes in band Vz is the same as that of electrons in band 
C;, because of the very small band gap implied by the 
small value of the electron mass. The number of holes 
in band V_ is then given by 
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fe SF E’dE 
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In these expressions £,, £1’, £n’’ are the Fermi energies for 
electrons and holes in bands C,, Vz, and Vz, respec- 
tively. Since there exists only one Fermi level, &., £1’, 
£,’’ are related to each other through the energy gaps 
between the band edges. Assuming these energy gaps 
for some typical situations, V., V;’, and N;”’ have been 
calculated as a function of temperature using Mc- 
Dougall and Stoner’s tables'* of Fermi-Dirac functions. 
The number of carriers at equilibrium has been deter- 
mined at various temperatures for each of the typical 
cases graphically by satisfying the following equations 
for various concentration ranges. For 


N.=Ny, 
N= Ni +N", 
N.=N;,". 


x< 7.2% 
x=7.2 to 18%, 
x=18 to 30%, 


The results of these calculations are shown in Fig. 16, 
where the logarithm of the number of carriers has been 
plotted as a function of 1/T for Cx.—Vz, assumed 
constant and C,—Vy varied from —0.0185 ev in pure 
bismuth to a positive value several times larger than 
0.0072 ev so that the effect of Vx becomes negligible. 
The results in Fig. 16 can be represented in the 
temperature range of interest, 30° to 80°K by, 


N.«T! exp(— E*/2kT), (6) 


where E* is an apparent energy gap. Initially, E* 
coincides with C_— Vy. As C,— Vy increases further £* 
passes through a maximum of roughly 0.02 ev and then 
decreases to 0.0072 ev, the value assumed for Cp—V 1. 
The observed dependence of resistivity on temperature 


TABLE III. Data relating to fermi surface of bismuth. 


Electrons 


Mean effective mass 1.50 
Total number of 
carriers at 4.2°K 


Fermi energy at 4.2°K 


4.92X 10!7/cm3 
0.001 ev 


4.92X 10!7/cm$ 
0.0177 ev 


18 J. McDougall and E. C. Stoner, Trans. Roy. Soc. (London) 
A237, 67 (1938). 
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in this range is consistent with a carrier concentration 
given by Eq. (6) and with mobilities varying roughly 
as T-}, as appears below. It is therefore legitimate to 
equate the experimentally determined activation energy 
vs concentration in Fig. 8 with E*. The observed 
dependence of activation energy, or E*, vs concentration 
thus appears as a consequence of the monotonic increase 
of C,—Vzy with concentration predicted by the model. 

The concentration dependence of F,, the energy gap 
between C, and Vy at low concentrations, is now given 
in Fig. 8 according to our model. Using these values of 
E, and interpolating between the curves of electron 
concentration NV, versus 1/T given in Fig. 16, we can 
determine the carrier concentrations in the samples 
studied experimentally. For these samples, an effective 
mobility ¢/N,e can thus be calculated as a function of 
temperature. For sufficiently low concentrations of Sb, 
only the light electrons and heavy holes contribute to 
the mobility so that 


o/N e=f(Cr)+a(Vun), (7) 


where the bars signify an appropriate average over the 
ellipsoids comprising the energy surfaces of the electrons 
and holes. Figure 17 shows log(o¢/N.e) vs logT between 
30°K and 60°K. Assuming a mobility law of the form 
AT~—*, we obtain the values of s given in Table IV. The 
decrease in s with increasing antimony concentration 
reflects the increasing role of impurity scattering in the 
alloys. 

The above analyses of the carrier concentrations and 
the mobilities are by no means complete. In order to 
determine the complete mobility tensors for the elec- 
trons and holes and to establish the carrier concen- 
trations, the correct procedure should be to measure all 
the components of Hall and magnetoresistance tensors 
in all alloys as functions of temperature and then 
analyze the data in terms of the model. With the tech- 
niques employed in the present investigation, it was not 
possible to grow single crystals of alloys having suffi- 
ciently different orientations for such a complete 
analysis. If one assumes that the anisotropies of the 
mobility tensors in the alloys are the same as for pure 
bismuth at 4.2°K, then the present resistivity and Hall 
effect do suffice. This suggested analysis has not yet 
been carried out for the alloys; nevertheless we report 
the results for pure bismuth because of their intrinsic 
interest. Using V.=4.9X10'7/cm* for bismuth given 
earlier, the following values of the mobilities for elec- 


TABLE IV. Effective mobility at 40°K as 
function of Sb concentration. 





(. cm? ) 
NeX1077(cm=3) sa / Nee \ volt-sec 
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¢. 16. Logarithm of the number of carriers vs 
1/T between 20°K to 100°K. 


trons and holes have been obtained from the best fit 
of the experimental data to the expressions given by 
Abeles and Meiboom?: 

Mi= 14.1 10® cm?/volts-sec, 

bo= 1.5108 cm?/volts-sec, 

63= 8.3 & 108 cm?/volts-sec, 

v1= v2=4.8X 10° cm*/volt-sec, 

v3=4.4X 108 cm?/volt-sec, 
where y’s are for electrons and »’s for holes. The sub- 
scripts 1, 2, 3 refer to the binary, bisectrix, and trigonal 
axes, respectively. These estimates show that the 
electron and hole mobilities are comparable in magni- 
tude but that the electron mobility tensor is anisotropic 
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whereas the hole mobility tensor is not. The anisotropy 
of the electron mobility tensor, however, is much less 
than what would be expected from the anisotropy of 
the effective mass tensor on the approximation of 
isotropic relaxation time, but about what would be 
expected on the approximation of isotropic mean free 
path. 

For temperatures below 25°K, both resistivity and 
Hall coefficients show a weak dependence on tempera- 
ture. This behavior is not easily explicable in terms of 
Blount and Cohen’s model, which would lead to a 
continued exponential temperature dependence below 
25°K. The data suggests another overlap between the 
conduction and valence bands. However, the 
dependence of this overlap on concentration would 
appear to be rather complicated. An alternative source 
of the low-temperature behavior may possibly be the 
fuzzing of the band edges C;, Vi, and Vy on alloying. 
At this stage it is not possible to decide which, if either, 
of the two alternatives is correct. 
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To summarize, the behavior of the resistivity as a 
function of antimony concentration above 25°K can be 
explained semiquantitatively in terms of the model 
proposed by Blount and Cohen. In particular, behavior 
resembling the semiconductivity predicted by Heine is 
observed. However, the behavior below 25°K shows 
that the model is incomplete and additional compli- 
cations may occur in the band structure of the alloys 
and possibly also of pure bismuth. 
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Hartree-Fock Theory with Nonorthogonal Basis Functions 
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Solutions of the Hartree-Fock self-consistent-field equations can be approximated by linear combination 
of a set of basis functions: the equations then assume a matrix form, as shown by Roothaan. It is possible, 
however, to obtain the required variational solution of the many-electron problem much more directly by 
an iterative construction of the density matrix. This method, first developed by the author for expansion 
in terms of orthogonal basis functions, is extended to the case of a nonorthogonal set. 


INTRODUCTION 


URING recent years two modifications of the 
Hartree-Fock self-consistent-field (SCF) theory 
have been developed. Numerical integration can be 
avoided by determining the occupied orbitals as linear 
combinations of an arbitrary (in principle complete) 
set of basis functions! and the repeated solution of an 
eigenvalue problem can be avoided by means of a 
density matrix formulation, followed by direct iterative 
construction of the density matrix.? This note is 
concerned with the extension of the iterative process to 
the case in which thé basis functions are nonorthogonal. 
Let us represent the 2 doubly occupied SCF orbitals 
(A,B,C,--~-) in terms of m nonorthogonal basis functions 
(a,b,c,--+), with overlap matrix S, by 
(A BC:--)=(abc---)T, (1) 
where T is an mXn matrix. The density matrices (and 
hence the energy and the expectation values of all 


1C. C. J. Roothaan, Revs. Modern Phys. 23, 61 (1957). 
2R. McWeeny, Proc. Roy. Soc. (London) A235, 496 (1956). 


other dynamical quantities) are then determined by 
the invariant R=TTt. The (spinless) one-particle 
density matrix is P= 2R and if we assume a Hamiltonian 


H=> f(i)+3 DL’ g(i,j), 


the energy is given by? 


E=2 tr Rf+tr RG, (2) 


where, with a standard notation, the matrix elements 
are 

far= (a| f|d), 

Gav= Lire Reel 2(as|g| br) — (as|g|rb) J. 


The electron interaction matrix is R dependent, 
G= G(R), and leads to a nonlinear problem. According 
to the variation theorem, the best approximate SCF 
function results when E of (2) is minimized subject to 
preservation of orthonormality of the occupied orbitals 
A,B,---. In the case of orthornormal basis functions, 
S=1,,, and the constraint is simply T'T=1,. An 


(3) 
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equivalent condition in terms of R (also necessary and 
sufficient) is R?= R. With S¥1,, the condition becomes 
T'ST= 1, and the equivalent statement in terms of R is 


o’=0, where o=S'RS}. (4) 
E may be minimized, subject to the constraint (4), by 
an extension of the iterative process already developed.” 


THE MODIFIED ITERATIVE METHOD 


The extension to the nonorthogonal case depends on 
the fact that any small change 6e, leading from one 
idempotent matrix to another, may be expressed as an 
infinite series in an arbitrary (nonsingular) matrix A. 
The proof runs along the lines of a previous paper? 
and will not be reproduced: up to second order, it 
yields 

do= (t+ t)+(tt'—tt)+--- 
where 
t= (1—o)Ao. (S) 


The auxiliary condition (4) is therefore satisfied 
automatically, for any variation A, by putting 


dbR=S—“ (t+ t')+ (tt'— tt) +---JS-. (6) 


We then consider the systematic reduction of E, starting 
from an initial R matrix and making successive changes, 
dR, always choosing A to give the most rapid reduction 
(the method of “‘steepest descents’’). Using the identity 
tr RG(5R) =tr 6RG(R), the first order change is found 
to be 

6Eq)=2 tréRA, 


where h=f+G is the matrix of the Hartree-Fock 
Hamiltonian’; and for a change consistent with 
orthogonality of the occupied orbitals, (6) gives 


6E.1) = 2 tr[eS*hS-3(1—) + (1—)S“hS—4o JA. 


The steepest descent occurs when A is taken to be a 
negative multiple of the quantity in square brackets, 
for this gives the trace its greatest negative value. It 
then follows from (5) and (6) that, to second order, 
5R=—)(s+s')+ 2(sSst—s'Ss), (7) 


where 


s=S-'tS-?= (S7—R)hR. (8) 
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This may also be written (using the fact that sSs=s'Ss* 
=0) 

5R=—AL—)LSM, (9) 
where 


L=s+s', M=s-—s. (10) 


The analysis of the original paper may now be taken 
over immediately. The optimum value of d is given by 


Nopt= —1/(2m—m’), (11) 
where 


l=tr Lh, m=trLSMh, m’=trLG(L). (12) 


If 5R™ is the correction computed according to (9), 
etc., with R= R™, and we define RO+Y=R™+6R™, 
then the sequence R®, R®, R®, ---, converges to the 
required solution. 

Finally, an initial matrix R, such that S!RS} is 
accurately idempotent, may be constructed from a 
trial approximation Ro as the limit of the sequence 
Ro, R,, R,, al where 


Riv = R,SR, (31 a 2SR,) 


This result is again a simple generalization of that used 
in the original work. The process is of second order and 
usually converges rapidly. It is also useful for restoring 
idempotency, which may suffer on account of small 
cumulative errors, at any stage of the SCF process. 


(13) 


CONCLUSION 


It appears that the use of nonorthogonal basis 
orbitals requires little elaboration of the original 
process, beyond the initial calculation of S~!. There are 
two alternative procedures: 

(i) initial construction of an orthogonal m-dimen- 
sional basis, followed by transformation of all integrals 
to the new basis [including a transformation of 2- 
electron integrals, of dimension 4m(m+1) ]; 

(ii) construction of an orthogonal basis, followed by 
repeated 1-electron transformations between both 
bases during the interative process.’ 

Both alternatives are considerably more cumbersome 
than the procedure developed in this note. The modified 
interative' method will shortly be programed for 
electronic digital computation and used in the deter- 
mination of approximate SCF functions, for atoms and 
simple molecules. 
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Scattering of Electrons with an Intrinsic Electric Dipole Moment* 


B. MarGouts, S. ROSENDORFF, AND A. SIRLIN 
Department of Physics, Columbia University, New York, New York 
(Received January 19, 1959) 


The elastic scattering of electrons with a small intrinsic electric dipole moment (e.d.m.) by spinless targets 
is discussed in the first and second Born approximations. For large momentum transfer (¢~500 Mev/c) 
the e.d.m. contribution to the elastic scattering cross section becomes important even for values X~10™ 
(where ) is the e.d.m. in units of e times the Compton wavelength of the electron). Thus, it seems likely that 
experiments involving high-energy electrons may give valuable information on the hypothetical existence 
and upper limit of the e.d.m. interaction. It is also found, in the first Born approximation, that at sufficiently 
high energies the existence of the e.d.m. can change the polarization of the electron beam from longitudinal 
to transverse. Finally, asymmetry effects which appear in the second Born approximation are discussed in 
detail. Detection of these asymmetries or of the spin correlation effects of the first Born approximation 
mentioned above would imply the noninvariance of the electromagnetic interactions under parity and 


time reversal. 


I. INTRODUCTION 


TOMIC effects of a hypothetical electric dipole 
moment (e.d.m.) of the electron and positron 
have been recently discussed in detail.!? At the same 
time, experiments on the formation and decay of 
positronium in the presence of an external electric field 
have brought up the question of the possible existence 
of such an e.d.m. in nature.’ 

It is the aim of this note to discuss in a simple manner 
some of the possible effects of the hypothetical e.d.m. 
on the elastic scattering of electrons and positrons by 
spinless targets. When the electron energies are 
sufficiently high, such experiments may provide an 
alternative and powerful method to investigate the 
value or upper limit of the e.d.m. coupling strength. 

In the presence of an intrinsic electric dipole moment 
of the electron, the interaction with an external, 
classical field may be wnitten as 


. wed _ 
KHint= eA ——(Y,0" Fury (1) 
£m 


where m is the electron mass, e is the electric charge in 
absolute value, F,, is the field strength tensor, and d is 
a real, dimensionless parameter which characterizes the 
e.d.m. interaction in units of e times the Compton 
wavelength of the electron.‘ The Hamiltonian density 
Hint has been symmetrized in the usual manner. 
Equation (1) exhibits explicitly the pseudoscalar 
character of the e.d.m. interaction and it is clearly 
gauge invariant. We have implicitly assumed that the 
e.d.m. interaction is local [i.e., all the field operators in 
Eq. (1) are taken at the same point of space time ] in 
analogy with the usual assumption in the ordinary 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1 FE. E. Salpeter, Phys. Rev. 112, 1642 (1958). 

2G. Feinberg, Phys. Rev. 112, 1637 (1958). 

3 F. E. Obenshain and L. A. Page, Phys. Rev. 112, 179 (1958). 

4 We have set A=c=1. In Eq. (1) we use o=4i(yy"—y'"y), 
ys=iy'y*y*y where (7°)'=7°, (y*)' =—y*. With these definitions, 
Eq. (1) is Hermitian in the case of an external classical field. 


charge interaction.} Using the general definitions of the 
symmetry transformations, it can be shown that Sint 
is invariant under charge conjugation but not under 
space inversion or time reversal. Alternatively, Eq. (1) 
may be written in the form: 


é 
Kine= —e(P,y") A, +rA—(, lo- 8+- 1a Hy), (2) 


m 


where & and H represent the electric and magnetic 


fields and 
ao” 0 
an ( ). 
0 go? 


The second terms of Eqs. (1) and (2) may be compared 
with the corresponding expression for the anaomalous 
magnetic moment interaction. The investigation of 
various possible atomic effects of the e.d.m. interaction 
carried out in references 1 and 2 already indicates that 
A<2XK 10. 

In Sec. II, we discuss the scattering of electrons in 
the first Born approximation. In Sec. III, we analyze 
the asymmetry effects which appear in the second Born 
approximation. 


II. THE FIRST BORN APPROXIMATION 


Let us consider the elastic scattering of an electron 
by a spinless target of small atomic number Z. The 
Fourier transform of the total interaction when taken 
between the initial and final state of the target nucleus 
becomes 


4a nN 
V(q)=—242¢(q)—( w+i-o-a ) PC), (3) 
: q 


2 m 


t Note added in proof.—In principle, of course, \ may be con- 
sidered as a function of g*, which in coordinate space Eq. (1)] 
would correspond to a nonlocal interaction. It should be pointed 
out, however, that if the dependence of \(g?) were similar to that 
of e(g?) (where e stands for the coupling of the usual electro- 
magnetic interaction) then the \ appearing in the various formulas 
of Sec. IT (first Born approximation) may be regarded as a con- 
stant. If, on the other hand, the g dependence of \ and e is different, 
\ should be regarded as a function of g in the various expressions 
of Sec. IT. 
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where q= p2— p; is the momentum transfer (p2 and p; 
are the final and initial momenta and 9 is their magni- 
tude), go=p20— P10, g=2p sind/2, 6 is the scattering 
angle in the c.m. system, and F(q) is the form factor 
characterizing the charge distribution of the nucleus. 
The matrix element for the first Born approximation is 


M%= —itigV (q)uy 
4nZe* 


r 
= 2ri6 (aa wt 2i—Bys) ux, (4) 
g m 


where ; and #2 are the spinors describing the initial 
and final electrons, E is the total electron energy in the 
c.m, system and use has been made of the Dirac 
equation to reduce the pseudovector to an “equivalent” 
pseudoscalar coupling. 

The differential scattering cross section becomes in 
the c.m. system: 


o=oR|F(q)|*} R(m,M2,81,82,p) 


ee rte ay (S;-M;)8> | 
m 


nN 
+2—-a-[(s:Xm)Xx (S2X nz) | 


WN 2 
+2(—) [3q°(1—s1-S2)+(q-s:)(q-82)]7, (5) 
m 


where or stands for the Rutherford cross section, me 
and n,; are unit vectors in the directions of p. and py, 
S2 and s; represent the spin directions of the final and 
initial electrons (as measured in their rest systems). 
For the sake of completeness, the function R, which 
determines the Mott scattering in the first Born approxi- 
mation, is given in detail in the Appendix. 

If one averages over either the initial or final polariza- 
tions, Eq. (5) reduces to 


‘me 1 
e/ou-|14°(=) — — |For. (6) 
m/ 1—8? sin?(6/2) 
where 
om=or(1—? sin?(0/2)) 


is the Mott scattering cross section. As we see from 
Eq. (6) the relative effect of the e.d.m. increases very 
rapidly with g. Even if \X~10~%, for values of g~500 
Mev/c, the correction term becomes very important.® 
The question arises whether one can distinguish the 
dipole effect from the @ priori unknown form factor 
|F(q)|*. In principle, this is possible because the 
dipole correction is a function of two variables (g and @) 


5It is interesting to observe the similarity of the correction 
factor of Eq. (6) with that arising from the magnetic scattering 
of electrons in the case of targets with spin (in the latter case 
there is essentially an extra sin’@/2 factor) (see reference 6). 
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while F(g) depends only on g. A simple method to 
determine an upper limit to the correction factor is to 
compare the values of o at two different angles with the 
same value of g. As a numerical example, if \~ 10-, the 
ratio of Eq. (6) at 6=60° and 140° for a value of 
g~400 Mev/c (which requires p~400 Mev/c at 60° 
and p~ 210 Mev/c at 140°) would be ~3.4. (For \=0 
the ratio is, of course, unity.) It seems likely that such 
comparisons may be possible in the near future. In fact, 
accurate elastic scattering experiments on C” have 
already been accomplished up to angles of 65° at 
energies of 420 Mev and in He‘ up to angles of 75° at 
400 Mev.® If scattering experiments at even higher 
energies and/or greater angles turned out to be possible 
with the required precision, one would gain valuable 
information about the e.d.m. interaction.f 

In the above discussion we have not considered the 
radiative corrections to scattering and have neglected 
dispersion effects (which arise from the possible excita- 
tion of the nucleus in intermediate states of the higher 
Born approximations). The former are usually smaller 
than 20% of the first Born contribution, have a very 
slow angular dependence and, in any case, they may 
be included if necessary.® Different estimates obtained 
in the past in various ranges of angles and energies, 
seem to indicate that the dispersion effects are small 
in comparison with the first Born approximation for 
light nuclei.’ A possible difficulty of the method lies in 
the well-known fact that the Born approximation is . 
not accurate near diffraction minima even for small Z. 
This difficulty can be avoided by using targets which 
do not show diffraction patterns up to considerable 
energies and angles such as He‘ or by considering 
points far away from the minima. Moreover, it should 
be noted that even if o/opoint is miscalculated by the 
first Born approximation near the diffraction minima, 
the above method of analysis would be essentially 
correct in that region if the exact value of o/opoint 
depends to a good approximation on g alone. 

Returning to the more general expression of Eq. (5), 
the following conclusions are apparent : 


(1) Detection of the terms proportional to X in 
Eq. (5) would imply in an obvious manner the non- 
invariance of physical laws under the parity and time 
reversal operations. In fact, these terms change sign 

®R. Hofstadter, Revs. Modern Phys. 28, 214 (1956); and 
Annual Review of Nuclear Science (Annual Reviews, Inc., Stanford, 
1957), Vol. 7, p. 231. 

t Note added in proof.—lIt is interesting to compare Eq. (6) with 
the expression one would obtain if the electron had an anomalous 
magnetic moment interaction of the form — (eu/2m) (y,op) yy. 
Instead of Eq. (6) one would obtain 


2 1 
Tas [ + (tus? sin®® 1 uae! (1 —p sin’) ]r@. 
om 2 m 2 
This shows that to distinguish these two interactions one would 
have to perform experiments at momentum transfer characterized 
by (q/m)?<« (4/p). 

7L. I. Schiff, Phys. Rev. 98, 756 (1955); H. S. Valk and B. J. 
Malenka, Phys. Rev. 104, 800 (1956); R. R. Lewis, Phys. Rev. 
102, 544 (1956). 
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under reversal of the sign of me, m,, and q (space 
inversion). Moreover, it is well known that the presence 
of a term involving an odd number of spin and momenta 
in the first Born approximation (i.e., in the lowest 
order in the nuclear charge Z) implies noninvariance 
under time reversal.* 

(2) If the initial beam is longitudinally polarized 
(with negative helicity) and we restrict ourselves to 
the case E>>m, Eq. (5) simplifies considerably and we 
obtain for the polarization vector P» of the final beam 
the expression : 


2xN+ (1 - x*)ms 
1 +x? 


where «= 2A(p/m) tan(6/2) and N= (m,Xm)/|n, Xnp| 
is the normal to the scattering plane. For «=0, Eq. (7) 
tells us that the scattered electrons are also longi- 
tudinally polarized with negative helicity, which is the 
well-known result of Mott scattering. For x=1, the 
scattered beam is completely polarized in the direction 
of N. Thus, we find the interesting result that, if 
\#0, there is an energy and angle of scattering at 
which the polarization is completely changed from 
longitudinal to transverse. Finally, for 2>>1 the 
polarization becomes longitudinal again but with 
helicity opposite to that of the initial beam. As a 





P,= (7) 


M® /[4i(Ze?)°5 (qo) = — tae f 


where a is a “screening parameter” introduced to make 
the integrals convergent and which cancels out in the 
physical results when the limit a— 0 is taken. The 
integrals in Eq. (8) can be evaluated using a method 
described in detail by Dalitz." In the Appendix we 
give the explicit expression for M“. 

When an average is taken over the final spin states, 
the differential scattering cross section becomes 

2 


X 2 
o=on| 1—,? sin?(6 2+(—) g+nZe*B 


m 


A 4 A\2/q\? 6 
x{ sin, (1sin )+(-) (‘) (1+8sin-)] 
2 2 m B 2 


9 p 
+Ze? sind in sin ) tan*(@/2)5| A= 
2 


m 


m 
. inxs) +~(6.-®)]], (9) 


8T. D. Lee, Harvard lectures, 1957 (unpublished). Another 
way of proving that the \ terms imply the noninvariance under T 
is to invoke the reciprocal theorem which states that if the 
interactions are invariant under 7, then o must be invariant under 
the transformation s)2 — —82,;, Mi,2— —M2;. This is not 
satisfied by Eq. (5) because the terms linear in \ change sign 
under this transformation. 


ROSENDORFF, 


[a*+(pe—k)*][ p?— + ¢e JLa*+ (k— py)*] 


AND SIRLIN 
numerical example, let us notice that if \X~10-* and 
p~50 Mev/c the transverse polarization would be 
~40% after a scattering of 90° according to Eq. (7).° 
Again, if the initial polarization is transverse and 
normal to the scattering plane, then for x=1 the final 
beam is longitudinally polarized. Finally, if the initial 
polarization is transverse and lies in the scattering 
plane, the spin simply changes with the momentum 
direction as in the case of the Mott scattering. 
Clearly, all the results of this section are only valid 
for light target nuclei. 


III. THE SECOND BORN APPROXIMATION 

The investigation of the second Born approximation 
is of interest for two reasons. First, it gives an estimate 
of the errors involved in the first Born approximation 
and it permits to extend its range of validity. On the 
other hand, we will find that in this approximation 
asymmetry effects proportional to \ are present when 
use is made of polarized beams of electrons. The 
detection of these terms would imply the noninvariance 
of physical laws under time reversal. 

In this section we will limit ourselves to the considera- 
tion of point target nuclei without internal degrees of 
freedom (i.e., dispersion effects will be neglected). 
On the basis of Eq. (3) we readily get for the second 
order matrix element M® 


[y'+i(\/m)o- (Po—k) JLEy’—k-y+m][y+i(A/m)e- (k— pi) J 


——d ku, (8) 





where N has been defined following Eq. (7) and terms 
of order \* and higher have been neglected. The term 
proportional to s,;-N is the well-known Mott effect 
which gives rise to an asymmetry with respect to the 
plane defined by s; and n,." On the other hand, the 
term proportional to AN-(m)Xs;), which arises from 
the e.d.m. effect, gives rise to an asymmetry with 
respect to a plane containing n, and perpendicular to 
the plane defined by n, and s;. It can be shown, on the 
basis of a general theorem given by Lee,® that the 
detection of the term proportional to ZN-(mXs;) 
would imply noninvariance under time reversal. 

Another important difference between the Mott and 
e.d.m. asymmetries is their energy dependence. While 
the former is proportional to 6(m/£) and has, therefore, 
a maximum at some intermediate energy, the latter 

®This transverse polarization arising from the hypothetical 
e.d.m. can be easily distinguished from that arising from the Mott 
scattering in the higher Born approximations. In fact, the Mott 
polarization is Z dependent and becomes negligible at higher 
energies. In principle, the transverse polarization could be deter- 
mined by slowing down the electrons and analyzing the polariza- 
tion through a Mott scattering or by measuring the e.d.m. 
asymmetry described in Sec. III in a subsequent scattering at 
the same high energy. 

1 R, H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 

1 The double scattering asymmetry derived from Eq. (9) for 
\=0 coincides with the expression given by F. Sauter, Ann. 


Physik 18, 61 (1933). 
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behaves as 8(p/m) and, therefore, increases with energy. 
As a numerical example, if \X~ 10-*, at @~ 140°, Ze?=} 
and p=10 Mev/c one would get an asymmetry of 
about 2.5% which probably can be increased by a 
factor of 2 to 4 using targets of larger Z. It is clear that 
the investigation of the e.d.m. asymmetry would 
require the use of beams of transversally polarized 
electrons at relatively high energies which may be a 
difficult task at the present time. In principle, these 
beams can be obtained by a Mott scattering or electro- 
static deflection of a longitudinally polarized beam at 
low energies followed by electrostatic acceleration. It is 
also possible, in principle, to perform a double scattering 
experiment in which the e.d.m. interaction plays the 
role of polarizer and analyzer: as we saw in Sec. I, 
scattering of a longitudinally polarized beam at high 
energies may produce a component of polarization along 
the normal to the scattering plane if A¥0; a second 
scattering in a plane perpendicular to the first at the 
same high energy could then show an asymmetry with 
respect to the first scattering plane if the e.d.m. is 
present. As we see from Eq. (9), there are no effects 
linear in A for longitudinally polarized electrons in the 
second Born approximation. 

One may also ask what is the probability that the 
final electron has its spin in an arbitrary direction s» 
when the initial beam is unpolarized. The answer to 
this question is simply obtained by replacing s; by 82 
and n, by np (leaving N unchanged) in Eq. (9). We 
see that while the Mott effect polarizes the electron 
along the direction of the normal to the scattering 
plane, the e.d.m. polarizes the electron in the plane of 
scattering and perpendicularly to po. 


APPENDIX 
The function R(8;,82,1,M2,p) of Eq. (5) is given by 


=[1—? sin?(6/2) J[1+8)-s» ] 
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The explicit expression for the matrix element MM? 
defined in Eq. (8) is given by 
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In the above we have neglected the terms of order 


tan?(0/2). 
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a/p and higher. 
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Millimeter-Wave Rotational Spectrum of NO in the ’x, State* 
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The J = 4} — $ rotational transition of NO in the *zy electronic state has been measured in the 1.17 mm 
wave region. Theory applied to these measurements combined with previous measurements on transitions 
of the ground *xy state lead to the following values for the characteristic constants of N'O'*: The rotational 
constant, By=50 848.42 Mc/sec, and the spin orbit coupling constant A=122.1 cm™. The N*™ nuclear 
magnetic couplings a= 83.82 Mc/sec, b= 68.49 Mc/sec, c= —86.34 Mc/sec, and the N“ nuclear quadrupole 
couplings eQgi=—2 Mc/sec, eQg2=22 Mc/sec. The A-doubling constants pa=175.15 Mc/sec, qa=1.15 


Mc/sec. 


INTRODUCTION 


ITRIC oxide is a particularly interesting molecule 
for the spectroscopist. It is the only stable 
diatomic molecule which has an odd number of electrons 
and an electronic orbital momentum. Furthermore, 
it is unique in having an excited electronic state (1) 
so near (123 cm“) to the ground electronic state 
(*m4) that it is appreciably populated at room tempera- 
ture. Despite the fact that it is only a diatomic molecule, 
its microwave spectrum is extremely complicated by 
the interaction of closely spaced electronic states, by 
the coupling of the molecular rotational and electronic 
moments, and by the two kinds of nuclear interactions 
magnetic dipole and electric quadrupole. It thus 
provides a suitable model for testing theory for study 
of various coupling mechanisms between angular 
momentum vectors. Although it is the only stable 
molecule of its class, there are many unstable free 
radicals such as CH, OH, and SiH which have 7 
electronic ground states and to which similar theory 
applies. So far as we know, rotational transitions have 
not been observed in such unstable free radicals 
although transitions between A doublets of OH in 
particular rotational states have been observed in the 
microwave region.! 

Rotational transitions of NO in the ground 2x, state 
have been studied rather thoroughly in the microwave 
region, but until now it has not been possible to detect 
the weaker lines of the *x; state, the lowest frequencies 
of which fall above 250 000 Mc/sec (1.2 mm). Micro- 
wave measurements of the J=}— $ transition of the 
*3, state were made by Burrus and Gordy.’ Later, 
more detailed studies, including measurements on the 
J=4-— > 3 and }— § transitions in the *x, state, were 
made by Gallagher and Johnson.’ The Zeeman effect 

* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

t International Fellow of the National Academy of Sciences 
through International Cooperation Administration. Permanent 
address: Institute of Physical Chemistry, University of Padua, 
Italy. 

! Dousmanis, Sanders, and 
(1955). 

2. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953). 

3J. J. Gallagher and C. M. Johnson, Phys. Rev. 103, 1727 
(1956). 


Townes, Phys. Rev. 100, 1735 


of the J=}—> # transition has been studied by 
Mizushima, Cox, and Gordy‘ and the Stark effect by 
Burrus and Graybeal.® Before the detection of the 
rotational spectrum Beringer and Castle® observed the 


paramagnetic resonance of NO in the *z; state. 


EXPERIMENTAL METHODS 


For generation and detection of the microwave 
power in the 1.17 mm wave region the harmonic 
generator and millimeter wave detector of the type 
developed earlier in this laboratory were employed.’ 
In the harmonic generator a specially treated silicon 
crystal kindly supplied us by R. S. Ohl, of Bell 
Telephone Laboratories, was used. The absorption 
cell consisted of a three-meter-long section of coin 
silver K-band rectangular waveguide (inside dimen- 
sions: 0.420 in. X 0.170 in.). In the *xy state NO is 
paramagnetic. Thus it was possible to increase the 
sensitivity of the spectrometer by a detecting system 
which depends on magnetic modulation of the absorp- 
tion lines, such as was first employed® for detection of 
the fine structure of the millimeter wave spectrum of 
Os. Magnetic modulation of several gauss at 400 cps 
was achieved through a solenoid placed around the 
wave-guide absorption cell. A phase-sensitive, lock-in 
amplifier controlled by the modulating voltage was 
used to detect the signal, which was then recorded 
with an Esterline-Angus pen-and-ink recorder. Figure 1 
shows the six stronger components displayed in this 
way. After the lines were found on the recorder, it was 
possible to observe and measure the stronger compo- 
nents with a video-sweep spectrometer employing a 
cathode-ray scope. The frequencies were measured at 
the fundamental klystron driver frequency with a 
frequency standard monitored by Station WWV. 
The complete multiplet for ‘the J= $— } transition 
consists of six doublets. It did not prove possible to 
measure the three weaker doublets, two of which are 


4 Mizushima, Cox, and Gordy, Phys. Rev. 98, 1034 (1955). 

5C. A. Burrus and J. D. Graybeal, Phys. Rev. 109, 1553 (1958). 

®R. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950). 

7W. C. King and W. Gordy, Phys. Rev. 93, 407 (1954). 

§ Burkhalter, Anderson, Smith, and Gordy, Phys. Rev. 77, 152 
(1950) ; 79, 651 (1950). 
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MM-WAVE ROTATIONAL 
only 12% and the third 0.5% of the strength of the 
strongest one. 


THEORY EMPLOYED 


The rotational spectrum of NO in the °m; state 
differs in a number of ways from that in the x state. 
For the *x, state there is a J/=}-> 3 transition which 
falls in the 2-mm wave region. For the *x; state the 
lowest value for J (which represents the sum of the 
electronic and the end-over-end rotational motion) is 
$, and the lowest rotational frequency corresponds to 
the J=$-—>$ transition, which occurs at 1.17-mm 
wavelength, near the second rotational transition for 
the *1; state. The Zeeman effect and the magnetic 
hyperfine structure are much more pronounced for the 
"3, state because the electronic orbital and the spin 
magnetic moments add, to give a magnetic moment of 
2 Bohr magnetons, whereas for the *m, state they 
cancel, to make the molecule nonmagnetic except for 
small uncoupling effects. A third significant difference 
is that the A doubling of the rotational levels, caused by 
l uncoupling, is much smaller for the *x; state. The x; 
state is much closer to Hund’s case (a)—total electronic 
momentum strongly coupled to the internuclear 
axis—than is the *m state. 

The interactions of the rotational and electronic 
motions of NO cause some admixing of the *x,; and ?z; 
states (spin uncoupling) and a displacement of the 
rotational levels. A slight admixing of *7 and *D states 
(J uncoupling) breaks down the A degeneracy and leads 
to a doublet splitting of each rotational level (A 
doubling). These effects have been calculated by Hill 
and Van Vleck® and by Mulliken and Christy.” Effects 
of centrifugal distortion have been calculated by Almy 
and Horsfall.!' Later refinements in the theory have 
been made by Dousmanis, Sanders, and Townes.! 
The theory of the nuclear magnetic hyperfine interac- 
tions for NO has been developed by Frosch and Foley” 
and reexamined by Dousmanis.'* The theory for the 
nuclear quadrupole interactions has been developed 
by Mizushima™ and corrected and extended by Lin 
and Mizushima.'® The various terms in the theory of 
he NO spectrum are discussed briefly in the paper by 

allagher and Johnson.’ The formulas applied here are 
essentially those used by Gallagher and Johnson with 
kome modifications made from consideration of the 
heoretical papers mentioned. 

Exclusive of hyperfine structure arising from nuclear 
nteractions, the characteristic rotational energy of 
YO can be expressed as 


Erot. = Eo} Ea. 


9 E. Hill and J. H. Van Vleck, Phys. Rev. 32, 250 (1928). 

1 R.S. Mulliken and A. Christy, Phys. Rev. 38, 87 (1931). 
1G, M. Almy and R. B. Horsfall, Phys. Rev. 51, 491 (1937). 
12. A. Frosch and H. M. Foley, Phys. Rev. 88, 1337 (1952). 
13 G. C. Dousmanis, Phys. Rev. 97, 967 (1955). 

14M. Mizushima, Phys. Rev. 94, 569 (1954). 

18 C, C. Lin and M. Mizushima, Phys. Rev. 100, 1726 (1955). 


SPECTRUM OF NO 


IN STATE 


fry 


Fic. 1. Components in the J=}-— § transition of NO! in 
the xq state. Upper figure is cathode-ray scope presentation, 
lower is tracing on Esterline-Angus recorder. 


Here Fo represents the rotational energy including 
displacement of the levels by spin uncoupling (effects 
of admixing of *; and *x; states) but not the A-doubling 
(/-uncoupling effects), which is represented by Fy. 
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and 


404 : 
Ex= a ee Te 


Pa 
—(JI—})(J+43)(J+4) 
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(pa—2qr)ABo 
a (IH 
2E 


In these expressions J is the quantum number for the 
total angular momentum exclusive of nuclear momen- 
tum, By and Dy are the usual spectral constants, \= A/ Bo 
where A is the spin orbit coupling constant, pa and ga 
are \-doubling constants and 
| (w| AL, |Z) |? 
q= ———<— ae 
E 
| (r| AL, |Z)(Z| BL, |x) | 
E 
| (r| BL, |Z)|? 
oe ee 
E 


’ 


E=energy difference between = and = states. 

To the rotational energy expressed by Eq. (1) must 
be added the nuclear magnetic and electric quadrupole 
effects which can be expressed by 
Exyp.= P(1-J4+- REC (C+1-—1(74+1)J (J +1) ] 

+3Ps(1-J)44Rs(3C(C+1)—1 + 1) J (J+1)], 
where 
C=F(F+1)—J(J+1)—1(/+1). 
For the *x, state 
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In these expressions a, 6, c, and d represent nuclear 
magnetic coupling constants defined by 


a= 2g ;Mopn(1/r1°) a, 
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d=grpounL3 sin?’x/r;* Jw, 


where g; is the g factor of N", wo is the Bohr magneton, 
un the nuclear magneton, 7; is the distance of the 
interacting electron from the N" nucleus, x is the angle 
between r; and the bond axis and | (0) |? is the electron- 
spin density at the N“ nucleus. The nuclear quadrupole 
constants are eQg: and eQq2, where e is the electronic 
charge, Q is the quadrupole moment of the N™ nucleus, 


and 
3 cos*x—1 
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where the average is taken over all coupling electrons. 
ANALYSIS OF DATA 


Our procedure for analysis of data was as follows. 
Using the above formulas for the hyperfine structure, 
we sought to fit the hyperfine structure of the measured 
rotational transitions of N“O"* in both the 2x3 and 2x 
states. By choosing the mean value of each A doublet 
as the hypothetical frequency unperturbed by / uncoupl 
ing, we avoided at this time any consideration of / 
doubling. We allowed for changes of the variou 
hyperfine constants, but in such a way that the com 
binations of constants in the *x, formulas retain th 
values they have in the work of Gallagher and Johnson. 
For this reason the formula agrees well with th 
observed transitions of the *x, state. From this pro 
cedure we obtained new values for the hyperfine con; 
stants and calculated the various hyperfine levels. Thi 
then allowed us to calculate the hypothetical rotationa) 
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TABLE I. Molecular constants for nitric oxide.* 


Gallagher and 
Present work Johnson» 


~ $1571.61 (for 74) 
50 848.42 


51 553.91 (for 7) 
0.319 (for 73) 

50 838.56 

tee 0.177 
1.153, A 1.153, A 

122.1, cm™ \ 
83.82 
68.49 
— 86.34 
74.89; 
—2 —1.75 

22 9.3 
145 1.15 
175.15 175.15 
ee 92.74; 
112.60 
+3217 

+176.15 
+1.15 


123.8° cm™ 
83.40 
68.91 
— 87.60 


* Calculated by using the following constants E =43 966.0 cm™, Bo 
=1.987 cm [G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., New York, 1950) p. 558]. Units are in Mc/sec unless 
otherwise stated. 

> See reference 3. 

eH. Margenau and A. Henry, Phys. Rev. 78, 587 (1950). 

4 From Beringer, Rawson, and Henry, Phys. Rev. 94, 343 (1954). 


frequency, unperturbed by nuclear interaction and 
l-uncoupling. 

Next, we used a combination of the *x; and ?x 
formulas for Eo, given above, for calculating new 
values of By and A. In this calculation we used the 
same values of a, 8, y, and Do as those obtained by 
Gallagher and Johnson. With the new values for By 
and A we calculated the A-doubling terms and the 
nuclear coupling constants. We could not improve on 
the values of pa and ga obtained by Gallagher and 
Johnson. However, the nuclear quadrupole coupling 
constant eQg2 obtained agrees better with that from 
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TABLE II. Microwave spectrum of nitric oxide *7q state. 


Calculated 
frequency 
intensity 


Calculated 
frequency 
(Mc/sec) 


Measured 
frequency 
(Mc/sec) 


Transition 


4 
+ 
is 
) 
S 
Qa. 


257 822.05 
257 852.99 
257 867.62 
257 780.80 
257 822.64 
257 750.50 


| 
¥ 


257 822.06+0.3 
257 852.87 
257 867.67 


BeBe > Be > Be Be >) 
| 


a 


257 825.00 
257 855.30 
257 870.27 
257 782.65 
257 826.08 
257 753.40 


257 825.02+0.3 
257 855.36 
257 870.35 








ie Be > Be > Be > Be > Be >) 
hiuuau 


the analysis by Lin and Mizushima" than does that of 
Gallagher and Johnson. The value for eQg2 given by 
Lin and Mizushima, 22 Mc/sec, which we concur with, 
is more than double that given by Gallagher and 
Johnson, 9.3 Mc/sec. As Lin and Mizushima pointed 
out, g2 can be calculated more accurately than can qu, :-- 
and hence eQg2 gives a means of obtaining a better 
value for the nuclear quadrupole moment, Q, of N™. 

The various constants which we obtained are given 
in Table I, with those of Gallagher and Johnson listed 
for comparison. In Table II are given comparisons of 
the observed frequencies with those calculated from 
the constants given in Table I. 
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The electron evaporation model, presented in a previous paper, of the collision-ionization process that 
occurs when atoms collide at high energies is extended and improved. In addition, an alternate model of the 
process is considered. This second model treats the collision-ionization process as being due to direct knock- 
outs of the electrons by violent electron-electron collisions. It is found that this model cannot be made to 
account for the data, thereby lending additional support to the assumptions inherent in the evaporation 


model. 


1. INTRODUCTION AND SUMMARY OF RESULTS 

N a previous paper,' hereafter referred to as I, a 

phenomenological theory was developed to account 
for the ionization produced by violent atomic collisions. 
The purpose of the present work is to extend and 
improve the theory as there presented. 

In essence, the model of the collision-ionization 
process presented in I consists of two separate parts: 
First, as the two electron clouds sweep through each 
other during the collision, a relatively small amount 
of the kinetic energy of translation of the atoms is 
transferred to their internal degrees of freedom by a 
friction-like mechanism. Second, upon separation, the 
“heated atoms” get rid of this excess energy partly by 
photon emission and partly by electron evaporation. 
Insofar as the electron evaporation part of the theory 
is concerned, the energy transferred to the internal 
degrees of freedom is statistically distributed among 
the eight outer electrons. 

This distribution was effected, in I, by dividing the 
energy scale into cells of equal width ¢e, and then 
calculating the ionization probabilities algebraically. 
To make the problem tractable, the size ¢ of the energy 
cell was there taken to be one quarter of the ionization 
energy (assumed to be the same for all ionization 
states). 

The statistics have since been improved by going 
to the limit «—> 0.2 The resulting P,(Er) curves are, 
except for a lateral shift to slightly higher values of Er, 
almost superimposable on the original curves (Fig. 3 
of I) obtained with ¢ equal to one quarter of the ioniza- 
tion energy. The discrepancies are less than 5% of the 
peak heights, when the original curves are shifted to 
higher values of Ey by an amount equal to the ionization 
energy. Inasmuch as the transformation of abscissa 

* This work was done in part at MIT Computation Center, 
Cambridge, Massachusetts, and was sponsored in part by the 
Office of Ordnance Research, U. S. Army, through the Ordnance 
Materials Research Office at Watertown and the Boston Ordnance 
District. 

t Based in part on a thesis submitted by M. Tom Thomas to the 
Graduate School of the University of Connecticut, in partial 
fulfillment of the requirements for the degree of Master of Science. 

{Present address: Physics Department, Brown University, 
Providence, Rhode Island. 

1 A. Russek and M. T. Thomas, Phys. Rev. 109, 2015 (1958). 

2M. T. Thomas, M. S. thesis, University of Connecticut, 
Storrs, Connecticut (unpublished). 


from Er to @ involves an empirically adjusted constant, 
the limiting P,, curves do not yield significantly different 
agreement of the over-all theory with experiment to 
warrent redrawing Figs. 11 and 12 of I. 

A more important improvement of the theory deals 
with the energy Er transferred to the internal degrees 
of freedom during the atomic collision. In I, this energy 
was assumed to be a single valued function of the 
collision parameters as shown by Eq. (9) of I. Thus, no 
provision was there made to allow for a statistical 
distribution in Er. This implicitly assumes that so 
many electron-electron collisions are involved in the 
energy transfer process that the statistical distribution 
in this quantity can be neglected. (Although a statistical 
distribution in the values of Er was not considered in I, 
the statistical distribution of the energy Ey among the 
outer electrons was considered in that paper.) 

However, the experimental results of Afrosimov and 
Federenko’ indicate that there may be a substantial 
spread in the distribution in Er for a given set of 
collision parameters. Therefore, in Sec. 2, the theory 
of I is generalized to allow for a statistical distribution 
in this quantity. It is found that the effect of this 
generalization does not affect the agreement with 
experiment of the uniform ionization potential evapora- 
tion theory. 

Finally, in Sec. 3, an alternative phenomenological 
theory of the collision-ionization process is considered, 
for the sake of completeness. This second model, which 
will be referred to as the “stripping” model (in distinc- 
tion to the “evaporation” model considered heretofore), 
regards the ionization as produced by violent electron- 
electron collisions in which the colliding electrons are 
knocked directly out of their respective atoms. It is 
found that this “stripping” model cannot be made to 
account for the experimental data. 


2. THE DISTRIBUTION IN Er 


The theory presented in I tacitly assumed that the 
number of electron-electron collisions involved i 
producing Er was sufficiently large so that there was 
no appreciable spread in the distribution of this quantity 


3V. V. Afrosimov and N. V. Federenko, Zhur. Tekh. Fiz. 27 
2557 (1957) [translation: Soviet Phys. JETP 2, Noll, 237 
(1957) J. 
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TABLE I. Comparison of theory and experiment. 








Unif. evap. A 
0.42 0.00 
0.09 0.01 
0.46 0.01 
0.02 0.04 
0.25 0.02 
0.11 0.03 
0.39 0.05 
0.42 0.05 
0.00 0.03 
0.25 0.01 
0.04 0.02 
0.35 0.02 
0.13 0.01 
0.00 0.01 
0.37 0.00 
0.01 0.01 
0.24 0.00 
0.07 0.01 
0.32 0.00 
0.14 0.00 
0.00 0.00 


0.00 
0.01 
0.01 
0.01 
0.01 
0.01 
0.01 
0.00 
0.02 
0.00 
0.02 
0.01 


0.016 0.016 


for given collision parameters. As was pointed out in 
the Introduction, however, there is experimental 
evidence that this is not so. Therefore, the effect on the 
conclusions of I caused by a distribution in Er will be 
considered in this section. 

Equation (9) of I must now be regarded as a relation 
between average values: 


Er= ver, (1) 


where > is the average number of electron-electron 
collisions and ér is the average energy transferred per 
ollision. The distribution in Er will then be assumed 
to be a Gaussian distribution about Er as mean, with a 
standard deviation A proportional to Fr. 


A=aE7', 
G(Er,Er) = (29 A*) exp[— (Er—Er)?/2A?], (2) 


here G(Er,Er)dEr is the probability that, in the 
pverall atomic collision, the energy transferred to the 
nternal degrees of freedom lies between Er and 
7+dEr when the expected value is given by Fr. 

In this connection, it may be worthwhile to remark 
hat the distribution in vy is expected to be the well- 
nown Poisson distribution: 


F(v) =~ exp(—3)/v!, (3) 


yhich, for sufficiently large values of 7, reduces to the 
xaussian distribution with standard deviation equal 
o >}, A discussion of this assumption is given in Sec. 3. 
owever, the distribution in er cannot be obtained at 
he present stage of the theory, since this quantity has 


Av. stag. 
evap. 


0.48 
0.02 
0.67 
0.00 
0.17 
0.04 
0.46 
0.62 
0.00 
0.20 
0.00 
0.45 
0.05 
0.00 
0.54 
0.00 
0.24 
0.00 
0.39 
0.12 
0.00 


Knockouts 


0.29 
0.15 
0.29 
0.10 
0.22 
0.16 
0.24 
0.24 
0.07 
0.19 
0.12 
0.20 
0.15 
0.05 
0.20 
0.09 
0.17 
0.12 
0.18 


Stag. evap. A 

0.10 
0.08 
0.27 
0.06 
0.10 
0.12 
0.14 
0.30 
0.03 
0.06 
0.06 





0.52 
0.00 
0.75 
0.00 
0.13 
0.02 
0.48 
0.67 
0.00 
0.18 
0.00 


0.02 
0.00 


0.04 
0.00 


0.076 


0.093 


been only vagely defined in terms of an empirically 
adjusted constant. To attempt greater precision in the 
definition and calculation of this quantity would be 
meaningless at this time, in view of the scantiness of 
direct experimental measurements of Er against which 
this part of the theory could be checked. Consequently, 
all that is being attempted in this paper is a qualitative 
study of the effect on the evaporation part of the theory 
of I caused by a reasonable distribution in Er. The 
assumption made in Eq. (2) would be valid if the 
distribution in Er were predominantly due to the 
distribution in v. It is not expected that the distribution 
in er will basically change the overall distribution 
in Er. 

With a distribution in Ez, the ionization probabilities 
®,», at such collision parameters that the expected 
energy transferred is 7, are given by: 


P,(Er)= f G(Er,E7r)P,(Er)dEr. (4) 
0 


The above averaging process was performed for both 
the uniform and staggered ionization potential results 
of I with a set equal to 2. Mathematically, this corre- 
sponds to the following: (a) no distribution in er, which 
is taken to be 4 ev; and (b) an ionization potential of 
16 ev in the uniform ionization case, and a first ioniza- 
tion potential of 16 ev in the staggered ionization 
potential case. 

The effect of the distribution in Er is to make the 
agreement of the uniform ionization potential results 
become slightly poorer for small values of Er and 
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Fic. 1. The ionization probabilities P,, given by Eqs. (5), that 
follow from the direct knockout, or stripping, model are plotted 
as functions of 7. 


slightly better for large values of Ey, with no net change 
in the overall agreement. The results of the staggered 
ionization potential theory are brought more closely in 
line with the experimental results, but they are still too 
poor to be acceptable. All these conclusions are quanti- 
tatively shown in Table I. 

From an examination of the trends, it appears that a 
slightly staggered ionization potential in conjunction 
with a distribution in Er about as large as the one 
considered above would also yield agreement with 


experiment. However, it is not worthwhile to pursue 
this point until more complete experimental data 
concerning Er is obtained. 


3. THE “STRIPPING” MODEL 

The theory presented in I is an evaporation theory. 
It insists that a certain amount of internal energy Er, 
generated by the collision, is thoroughly distributed 
among the outer electrons before ionization occurs. 
It is by no means clear a priori that this must be so. 
An alternative approach would be to assume that there 
is little time for an exchange of energy between the 
electrons of a given atom before ionization takes place. 
Such an assumption would require that those electrons 
soundly struck during the over-all atomic collision would 
be directly knocked out of the parent atom. This idea 
is implied in the terminology currently being used to 
describe the collision-ionization cross-sections. They are 
popularly called the “stripping” cross sections. 

To test the validity of such a model of the collision- 
ionization process, the following assumptions are made: 
(1) When two electrons, one from either atom, make a 
particularly violent collision, each will be knocked out 
of the respective parent atom. Electron-nucleus 
collisions are assumed not to be a factor in the ioniza- 
tion process. (2) The single initial electron deficiency, 
present in singly ionized atom-neutral atom collisions, 
can affix itself with equal probability to either projectile 
or target, if they are similar. 

Using the Poisson distribution [Eq. (3) ], where now 
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n, instead of v, denotes the number of electron-electron 
collisions, the probability P, that the observed atom is 
n-fold ionized is given by: 


P.(m)=} exp(—A), 
P,,(n)=43(n" exp(—n)/n!] 
+3[i"" exp(—n)/(n—1)!]. (5) 


The first term represents the probability that the 
observed atom was not the deficient one and had n 
electrons knocked out, while the second term gives the 
probability that the observed atom was the deficient 
oné and had m—1 electrons knocked out. In either case, 
the same number of electron-electron collisions occurred, 
so that 7 is the same for both terms. 

Strictly speaking, the Poisson distribution is mathe- 
matically valid for randomly timed events in which, 
on the average, 2 events occur per unit time. It gives 
the probabilities that various numbers of events n will 
occur in a given time interval T, which is related to % by 


(6) 


If the time axis were broken up into a great many 
intervals all of the same duration 7, then # would be 
the average number of collisions occurring per 
interval T. 

The use of the Poisson distribution to represent the 
distribution in the number of electron-electron collisions 
thus involves a physical assumption of sorts. It is 
motivated by the reasoning that if, for many identical 
atomic collisions (i.e., each with the same collision 
parameters and, therefore, the same collision duration 
T), the average number of electron-electron collisions 
that occur per atomic collision is 7, then the probability 
that n electron-electron collisions will occur in one 
over-all atomic collision (i.e., in the time 7) is given by 
the Poisson distribution. 

The probabilities P,, given by Eq. (5) are plotted in 
Fig. 1, as functions of %, which, in turn, is a function of 
the collision parameters. Thus % is the analogue of 
Er in the evaporation theory. It is not necessary to 
carry out the last step, however, to see that agreement 
with the experimental data cannot be achieved. As can 
be seen in Table I, the peak heights are too low and 
the heights of the intersections of the various curves 
are also in very poor agreement with the data. Even 
more than this, the order of occurrence of the various 
intersections is also in poor agreement with the experi- 
mental data. 

Thus, it appears that the direct knock-out, or 
stripping, model cannot account for the data, thereby 
lending additional support to the assumptions inherent 
to the evaporation model. 


n 


A=s1. 
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The results of a numerical calculation of the polarization asymmetry factor, 5 (6) =[6(6) ]}#, and the single 
scattering cross section for the scattering of electrons by the unscreened Coulomb fields of gold and aluminum 
at energies of 75 kev and 121 kev are presented. The results for gold at 121 kev are compared with the Mohr 
and Tassie calculations for the same element and energy which include the effects of screening. This com- 
parison (indicating a Mott asymmetry about 50% greater for the screened field at angles near 165°) suggests 
the desirability of more detailed investigation of screening effects in order to be confident of Mott scattering 
as a means of measuring the polarization of electrons in this energy region. 


INCE Mott scattering provides a means of meas- 

uring the polarization of 6-rays, it has acquired 
renewed interest with the discovery of nonconservation 
of parity in the 6-decay interaction.’ Accurate measure- 
ment of 8-ray polarization as a function of energy can 
provide information concerning the coupling constants 
involved in 6-decay theory.'! Mott scattering is particu- 
larly useful at electron energies near 100 kev. 

The measurement of electron polarization by means 
of Mott scattering assumes the applicability of the Mott 
theory for the scattering of electrons by point nuclei.’ 
This theory predicts that when a beam of polarized 
electrons is scattered by a heavy nucleus, the scattered 
electrons will show an azimuthal asymmetry about the 
axis of the incident beam. This asymmetry depends on 
the polarization of the incident beam as well as on the 
incident energy, the scattering angle, and the charge of 
the nucleus. Numerical calculations of the asymmetry 
and the single scattering cross section for Z= 80, 48, and 
13 have been reported previously.’ Using these results, 
an experimental measurement of the asymmetry in 
electron scattering can be used to estimate the polariza- 
tion of the incident electrons. 

The purpose of this note is twofold. First we wish to 
present some numerical results which were not published 
previously. These results are for gold, Z=79, and 
aluminum, Z= 13. (Since gold is often used for targets in 
polarization studies, the data provided here may be 

ore useful than those for mercury, Z=80, which were 
published previously. Corresponding data for aluminum 
pre presented because this element has a small Mott 
Asymmetry and can thus be used to determine instru- 

ental asymmetries.‘ Table I shows the results for these 
elements at energies of 75 kev and 121 kev, where all 


Huantities are defined in the same way asin reference 3.5) 


1C.S. Wu, in Proceedings of the Rehovoth Conference on Nuclear 
Structure, September, 1957, edited by J. Lipkin (North-Holland 
ublishing Company, Amsterdam, 1958), pp. 352-356. 

2N. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 

(Oxford University Press, Oxford, 1949), second edition, 

p. 74-85. 

3.N. Sherman, Phys. Rev. 103, 1601 (1956). 

4D. F. Nelson and R. W. Pidd, Phys. Rev. 114, 728 (1959). 

5 These data were calculated by the Univac at the Livermore 
bite of the University of California Radiation Laboratory at the 
ime the earlier calculations were made, They were carried out 


The second purpose of this note is to discuss the effect 
of electron screening which is ignored in the Mott 
theory used for the calculations above. Calculations of 
the single-scattering cross section and polarization 
asymmetry with an exponentially screened field have 
been reported for gold at 121 kev by Mohr and Tassie.® 
(They also give results at lower energies.) These calcula- 
tions assumed that the precise form of the screened field 
is not important and included various approximations in 
the numerical work (whose effects on the phase shifts 
were ‘estimated to be accurate to 0.01 in nearly all 
cases”). Although it is difficult to make a precise esti- 
mate of the effect of these features on the accuracy of 
the results, it may nevertheless be of interest to compare 


TABLE I, Mott single scattering cross sections and polarization 
asymmetry factors (do/dQ is given in barns/steradian). 


E=75 kev (8 =0.49) 
S(8) da/dQ 


E =121 kev (8 =0.59) 
S(0) da/dQ 


Gold Z=79 
2.349 108 
1.600 X 10° 
3.790X 104 
1.494 X 104 
7.591 X 108 
4.482 X 108 
2.936X 108 
2.093 X 108 
1.612 X 10° 
1.336X 108 
1.194X 108 


1.535X10-% 5.724 108 
1.906X 10? 3.728 108 
1.949X 10 8.462 104 
—3.751X10 3.284 104 
—1.407X10 1.681 108 
—2.559X10" 1.017 104 
—3.481X10" 6.912108 
—3,903XK10 5.160 108 

1 

1 

1 


3.347 X 10-3 

1.61610? 

1.446X 103 
— 6.133 10 
— 1.586X 10 
— 2.666 X 10 
—3.601X 10 
—4.136X 10 
—4.058X 10 
—3.264X 10 
—1.824X 10 


—3.687X10 4.172 108 
—2.854XK107 3.615108 
—1.552XK107 3.329% 108 


Aluminum Z=13 

6.318X 104 —2.611X10 
4.086X 108 — 2.10210 
8.414X 10? —5.819X 10 
2.798 X 107 — 1.092 10 
1.21710? —1.655X 10 


* 1.545108 
3 
3 
2 
2 

6.327X10! = —2.167X 10 
2 
2 
2 
2 


1.003 X 104 
2.079 X 108 
6.991 X 108 
3.088 X 10? 
1.635 X 10" 
9.908 X 10! 
6.696 X 10! 
4.978 X 10! 
4.040 10! 
3.568 X 10! 


— 3.192 10-4 
— 2.338X 1073 
—6.359X 10-3 
— 1.193 10 
— 1.823 10? 
— 2.42210? 
—2.869X 10? 
—3.046X 10 
—2.851X10 
—2.225X 10? 
— 1.229X 10? 


3.753 X 10! —2.519X 10 
2.480 X 10! — 2.62210 
1.804 10! —2.401X10 
1.438X 10! — 1.842 10 
1.254 10! — 1.008X 10? 


expressly for scattering experiments being conducted at the Uni- 
versity of Michigan,‘ but may now be of interest in the measure- 
ment of 8-ray polarization. 4 

6 C. B.O. Mohr and L. J. Tassie, Proc. Phys. Soc. (London) 67, 
711 (1954), 
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Fic. 1. Comparison of single scattering cross sections of gold 
at 121 kev. 


the Mohr and Tassie screened field scattering cross 
section and asymmetry factor with those of the un- 
screened Coulomb field reported here. 

In Fig. 1 we compare the normalized single scattering 
cross sections given by 





da/dQ 
R(6,8,Z) alt ang ARGO, 
[Z%e4(1—B2) esct(0/2) ]/4miects 


for B=v/c=0.59 corresponding to 121 kev and for 
Z=79. In Fig. 2 we compare the Mott asymmetries 
given by 6(6:,02)=5(6,)S (02), where 6:=62=6. The be- 
havior of the single scattering cross section at small 
angles can be understood in terms of a classical picture 
where small angle scattering corresponds to an impact 
parameter greater than the range of the screened field. 
The behavior of both the screened field scattering cross 
section and asymmetry at large angles, as indicated by 
Mohr and Tassie, is not so easy to understand. The 
asymmetries, 6, differ most at large angles (~50% at 
angles near 165 degrees) while the classical picture would 
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Fic. 2. Compari- 
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suggest that the effects of screening should approach a 
minimum for scattering in the backward direction. 

It is possible that the differences between the Mott 
asymmetries are attributable to numerical approxima- 
tions more than to the effect of screening. As was dis- 
cussed in reference 3, the value of 6=.S is very sensitive 
to small variations in the terms from which S is calcu- 
lated. It was shown that, since S~FG*+F*G, this 
means differences of less than 2% in the values of F and 
G can lead to differences in 6 of about 15%. The errors 
in the Univac calculation are estimated to be less than 
1%, but the screened field calculations may have con- 
siderably larger approximation errors. (Mohr and Tassie 
also indicate that the polarization at angles greater than 
90° is particularly sensitive to small inaccuracies in the 
phase shifts.°®) 

The amount of the difference between the screened 
and unscreened field calculations of the Mott asym- 
metries at large scattering angles at 121 kev, indicate 
the desirability of more detailed investigation of screen- 
ing effects for all scattering angles. This is especially 
important if theoretical results for Mott scattering are 
to be used in the evaluation of experiments measuring 
electron polarization. 
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Absolute differential cross sections were measured for the 
reactions N!°(p,p)N15, N'5(p,a0)C” (ground state), and N15(p,a1)- 
C* (first excited state). Thin gas targets, enriched up to 98% 
in N!5, and a 6-mil CsI (TI) crystal detector were used. Numerous 
angles were studied for bombarding energies between 1 Mev and 
3.6 Mev. Spins and parities are discussed where resonances 
suggest the existence of excited states in O'*, Results are as follows: 

E, (kev) 
1028 paoary . 
1210 paoa 37 
1640 pm 
1890 ao 


Resonant mode Spin, parity 


INTRODUCTION 


N previous work at this laboratory,! the level 

structure of the O'* nucleus has been studied by 
observation of the gamma rays resulting from the 
proton bombardment of N'®. Bombarding energies from 
800 kev to 4020 kev were used, covering the excitation 
range from 12.9 Mev to 15.9 Mev in O'®. A number of 
new states were observed. Spin and parity assignments 
and limitations were made on the basis of yield and 
angular distribution measurements. In the present 
work, the absolute differential cross sections and 
angular distributions of the reactions: 


N+ p— N+ p, 
‘12 


— C (ground state)+ao, 
— C?*(4.43-Mev excited state) +a, 


were studied by observation of the particles.” Essentially 
the same energy range was covered. It was hoped that 
further limitations could be placed on the character 
of the states of O'* in this energy region. 


METHOD 


The proton beam from an electrostatic generator 
was collimated and allowed to enter the target chamber 
(see Fig. 1) through a nickel foil, 1000 A thick. Scattered 
and reaction particles were detected by a 6-mil thick 
CsI(Tl) crystal cemented to a Dumont 6291 photo- 
multiplier tube. The beam and detector collimators 
defined a reaction volume which varied with the angle 
of observation. An angular spread of +4° was accepted 


+ Supported in part by the U. S. Atomic Energy Commission. 

* Now at Universidade de Sao Paulo, Sao Paulo, Brazil. 

1S. Bashkin and R. R. Carlson, Phys. Rev. 106, 261 (1957). 

2 Preliminary reports of the present work have been given: 
Jacobs, Bashkin, and Carlson, Bull. Am. Phys. Soc. Ser. IT, 1, 212 
(1956) ; Carlson, Douglas, Bashkin, and Broude, Bull. Am. Phys. 
Soc. Ser. IT, 3, 199 (1958). 

3 Bashkin, Carlson, Douglas, and Jacobs, Phys. Rev. 109, 344 
(1958). 


E> (kev) Resonant mode Spin, parity 
1985 ay 

3000 Pager, 

3300 pm 

3350 ao 

3520 Pocoary 2") 3 “— 


At the 1210-kev resonance, the incident energy for which the ao 
yield is maximum depends on the angle of observation. This is 
probably the result of interference and has bearing on the spin 
and parity assignment of this level. The anomaly at 1890 kev 
cannot be positively identified as due to resonance. 


by the detector. Graphical calculation was used to 
obtain the effective solid angle of the detector. The 
error which the uncertainty in solid angle contributed 
to the final measured cross section is listed in Table I. 

Figure 2(a) shows the electronic circuitry used with 
the particle detector. The pulses from the particle 
detector were sorted by the 256-channel pulse-height 
analyzer. Figure 3 shows a pulse-height distribution 
obtained at 1210-kev bombarding energy with a thin 
target of N'® gas. The peaks result from the different 
reaction particles and elastically scattered protons. 
Pulse-height distributions such as that shown in Fig. 3 
were recorded at a large number of bombarding 
energies, including all resonance energies, and numerous 
observation angles. The variation of pulse height with 
bombarding energy and observation angle was one 
means of identifying the source of each peak. Another 
means was the resonant behavior of the peaks. 

The yield of a particular process was obtained by 
adding the number of counts under a peak. Some 
background, partly due to 4.43-Mev gamma rays, 
underlay the a; and C” peaks. By rotating a 5-mil 
thick tantalum shutter in front of the CsI(TI1) crystal, 
the charged particles were excluded from the detector, 
allowing a direct measurement of the background. A 
background correction, which was less than 10% at 
resonance but larger off resonance, has been applied to 
the a; and C” yields. The C” yield agreed with that of 
the ao particles at corresponding center-of-mass angles. 

In addition to taking complete pulse-height spectra 
at many energies, the yields of the various particles 


“12 


were measured with scalers which responded to pulses 
above appropriately chosen discriminator levels. The 
discriminators were set by requiring them to gate the 
256-channel analyzer at the valleys in the pulse-height 
distribution, so that a given particle yield was simply 
the difference between two scaler readings. This 
technique facilitated the taking and reduction of data 
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Fic. 1. Gas target chamber. 


for regions where the yield was almost entirely due to 
elastically scattered protons. 

Reaction gamma rays were detected with a fixed, 
conventional NaI(TI) crystal detector (see Fig. 1). 
The associated electronics is illustrated in Fig. 2(b). 
The 10-channel analyzer was set to count 4.43-Mev 
gamma rays and high-energy capture¥gamma rays. 
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Fic. 2. Block diagram of electronic circuits. (a) Particle 
detector; (b) gamma-ray detector. 


Since a 4.43-Mev gamma ray appears for every ay 
particle, the gamma-ray yield was a convenient monitoy 
on the incident proton energy. Maxima in the gamma 
ray yields were located to an absolute accuracy of +1% 
by the beam deflecting magnet.' These resonanc¢ 
energies are well known.'*5 The bombarding energ 
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Fic. 3. Pulse-height distribution. 


4 Lidofsky, Jones, Bent, Weil, Kruse, Bardon, and Haven 
Bull. Am. Phys. Soc. Ser. II, 1, 212 (1956). 
5 F. B. Hagedorn, Phys. Rev. 108, 735 (1957). 
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Fic. 4. Cross sections for elastic scattering and (p,a) reactions on N' at backward angles. The former is in the center-of-mass system 
and the latter are in the laboratory system. The center-of-mass angle for elastic scattering is 160.8°. 


as known to +0.2% or better, relative to these known 
amma-ray resonances. The center of the reaction 
olume as seen by the gamma-ray detector differed 
om that seen by the particle counter, so that the 
article yields are displaced from the gamma-ray 
ields. This displacement is less than 5 kev. Since the 
article angular distributions were monitored with the 
43-Mev gamma-ray yield at its maxima, the distri- 
tions were obtained at energies slightly off resonance. 
Pressure in the target chamber was measured with 

oil manometer. The chamber wall temperature was 


TABLE I. Sources of error. 


Absolute cross 
sections 


Relative cross 





Pressure 

Temperature 

Beam integration 

Slit geometry 

Total rms error excluding 
counting statistics and 
background subtraction 

Typical total rms error for 

N!5(p,p) N15 

N"5(p,a0)C# 

N!5(p,a1)C* 








measured frequently; however, during most of the 
runs the operation of a cold trap made the gas tempera- 
ture in the reaction volume lower than that at the 
walls. This was determined by means of a direct 
thermocouple measurement and by comparison of 
yields with and without the cold trap in operation. 
A correction of (8.0+0.5)% was applied for this effect. 
The cold trap was initially used to eliminate condensable 


TABLE II. Absolute laboratory cross sections in mb/sterad. 


y Lab 
(Mev) angle (°) Iowa Minnesota Wisconsin 


535+0.5" +0.0% 
508 +0.54 


535 +16 
497+15 
165+5 
148+5 
120+4 
9343 
110+3 
14444 


H!(p,p)H? 2 
2.00 40.0 


He‘(p,p)He* 2.22 100.0 
C2(p,p)C2 2.20 101.5 

-: 122.0 
O'(p,p)O% 131.7 
113.3 
86.8 


.00 35.0 


162 +5» 
143+7°¢ 
121+6° 
94434 
113+34 
Rutherford 147+54 
scattering 
467 +9¢ 
Root-mean-square deviation 


AM(p,pyAe 0.98 159.5 478+15 


2.2% 


«H.R. Worthington ef al., Phys. Rev. 90, 899 (1953). 

b G. Freier et al., Phys. Rev. 75, 1345 (1949). 

¢H. L. Jackson et al., Phys. Rev. 89, 365 (1953). 

4F, Eppling unpublished data, University of Wisconsin, reported in 
Los Alamos Scientific Laboratory Report, LA-2014 (unpublished). 

e Rutherford scattering cross section has error resulting from energy 
uncertainty. 
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Fic. 5. Cross section for elastic scattering and (p,a) reactions on N™ near 90°. The former is in the center-of-mass system and the 
latter are in the laboratory system. The center-of-mass angle for elastic scattering is 90.0° for a laboratory angle of 86.2°. 


vapors but was abandoned when the chamber was 
found to be essentially vapor free. In order to investigate 
any localized beam-heating effects, measurements were 
made as a function of beam current. Beam currents 
typically used were about 0.05 microampere. This was 
varied over two orders of magnitude without showing 
any effect as large as 1%. 

The target gas was nitrogen, enriched to either 95% 
or 98% in N'*. Cross sections were corrected for the 
residual N™ content. The chamber pressure was 
typically 2.5 mm of Hg, although pressures from 0.4 
mm to 6 mm of Hg were tried while searching for any 
apparent dependence of cross section on chamber 
pressure. There was no effect greater than 1%. At 
1.2-Mev bombarding energy, 2.5-mm pressure gave a 
calculated effective target thickness of 2 kev for the 
detector at 90°. 

We measured® the width of the sharp 1.7-Mev 
anomaly in the elastic scattering from N“ to be 6.5 kev. 
It has been reported’ to be 4 kev wide. The possible 
additional width in our measurement may be attributed 
primarily to variations in entrance foil thickness. The 
resulting beam spread is considerably less than the 
width of any of the resonances considered in the 
present work. 

®6See Bashkin, Carlson, and Douglas, Phys. Rev. 114, 1552 
(1959), folowing paper. 

7 Hagedorn, Mozer, Webb, Fowler, and Lauritsen, Phys. Rev. 
105, 219 (1957). 


The beam left the target chamber through 3750 
nickel foil and was collected in a Faraday cage i 
which a high vacuum was maintained. Secondar 
electron suppression was provided by the repeller 
biased at 300 volts below ground. A magnetic field o 
about 100 gauss was also found necessary to ensuré 
secondary electron suppression. The collector cup wag 
connected to a standard, condenser-discharge typé¢ 
current integrator. A summary of the sources of erro 
is given in Table I. 

Differential elastic scattering cross sections fo 
protons on hydrogen, helium, carbon, and oxygen wer 
measured at a number of angles and energies chosen t 
correspond to previous measurements by others. Th 
cross sections at these chosen angles and energies ar 
very slowly varying quantities. Elastic scattering fro 
argon was also measured. In Table II, the prese 
results are compared with the results of other labor 
tories and with the Rutherford value. 

The angular variation of the calculated effecti 
solid angle of the detector was checked by measuri 
the cross section for the elastic scattering of proto 
by argon at 980-kev bombarding energy and for fourte 
laboratory angles from 44° to 159.5°. In this range tl 
measured cross section followed a csc*(6/2) angulz 
variation to within +1%, @ being the center-of-mas 
angle of observation. 
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Fic. 6. Angular distri- 
butions of alpha particles 
resulting from proton bom- 
bardment of N'. The bars 
indicate the uncertainty 
due to counting statistics 
and background subtrac- 
tion. The curves are experi- 
mental. Schematic cross- 
section curves are drawn in 
the center as guides. Indi- 
cated energies are correct 
to +0.2% assuming the 
resonance energies given in 
Table IV. See text. 
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RESULTS 

Figure 4 shows the differential cross sections for the 
reactions and elastic scattering at backward angles. 
Inset are the yields of 4.43-Mev and capture gamma 
rays which were measured simultaneously with the 
particles. The gamma-ray yield curve is displaced in 
energy by an amount less than 5 kev to take account of 
the different reaction centers of the gamma detector 
and particle detector. The counting statistics con- 
tributed less than +3% to the uncertainty in the cross 
section for elastic scattering, and the over-all un- 


certainty in the absolute differential cross section for’ 


elastic scattering is +3.5%. For the reactions, the 
absolute differential cross sections at resonance are 
believed known to +5% for the ao particles, and to 
+8% for the a particles. The latter includes a contri- 
bution due to background subtraction. The uncertainty 
in the relative differential cross section for any of the 
above processes is due almost entirely to counting 
statistics and background subtraction. These errors are 
point size or smaller for the elastically scattered protons 
and a» particles shown in Fig. 4. 

Figure 5 shows corresponding results for lab angles 
near 90° (90° in the center-of-mass system for the 


re ee 
10) 30 120 150 


ANGLE 


60 90 
CENTER OF MASS 


elastic scattering curve). The same errors apply. In 
addition to the results shown in Fig. 4 and Fig. 5, data 
were taken at lab angles of 66.7°, 131.0°, 140.1°, and 
151.7°. The same general structure shown in Fig. 4 
and Fig. 5 appeared at the other angles. 

Angular distributions of the alpha particles and 
scattered protons were measured at or near the peaks 
of resonances. The gamma-ray yield was used to 
monitor the energy. The results are shown in Fig. 6 for 
the alpha-particle groups and in Fig. 7 for the elastically 
scattered protons. 

The present data on the elastic scattering of protons 
are in good agreement with the findings of Hagedorn® 
in the energy range (Z,<1800 kev) common to the two 
experiments. Typical numerical comparisons of the two 
sets of data appear in Table III. 

At the 1028-kev resonance, Schardt, Fowler, and 
Lauritsen® measured a differential (p,a) cross section of 
3545 mb/sterad at 137.8° (lab), whereas we obtain 
46+3 mb/sterad at that resonance at 134.5° (lab). 
At the 1210-kev resonance, our relative angular distri- 
bution of the ap particles is in very good agreement 


8 Schardt, Fowler, and Lauritsen, Phys. Rev. 86, 527 (1952); 
referred to as SFL. 
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with that reported by Hagedorn and Marion.® However, 
Hagedorn and Marion, who normalized their data to 
the absolute measurements of SFL, found an integrated 
(p,ao) cross section of 300 mb at this resonance; we 
find 380+50 mb (see Table IV). It thus appears that 
our absolute (p,ao) yield differs from that given by SFL. 
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3x0 60 90 120 

CENTER OF MASS ANGLE 
Fic. 7. Ratio of cross section for elastic scattering of protons 
by N" to cross section for Rutherford scattering as a function of 
center-of-mass angle. The curves are labeled with the laboratory 
proton energy at which they were obtained. Crosses on the two 
lower curves are from reference 5. For clarity of presentation, the 
curves have been displaced upward from their proper positions by 


brackets. 
A discrepancy is also seen on consideration of the 


(p,a:) data. Of course, the integrated cross section 
for the (p,a;) reaction should agree with that obtained 


°F. B. Hagedorn and J. B. Marion, Phys. Rev. 108, 1015 
(1957). 
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TABLE III. Comparison of N'®(p,p)N"® cross sections.* 


160.1° 
Cal. tech. 


245-424 


150+ 16 
120+ 13 


160.8° 

Iowa 
259+9 
134+5 
109+4 


90.0° 
Cal. tech.» 


310434 


235+26 
180+ 20 


90.0° 
Iowa 


Bombarding\, 

energy (kev) \, 
1100 334+11 
1450 257+ 9 
1800 188+ 7 


* Cross section given in mb/sterad in the center-of-mass system at the 
center-of-mass angle. 
b See reference 4. 


from the yield of the 4.43-Mev gamma rays. It does not. 
The values listed in Table IV are consistently 0.58+0.02 
times those in Table I of our previous paper.’ Those 
earlier absolute values were themselves based on a 
normalization to the gamma-ray measurements of SFL. 
Finally, Kraus, French, Fowler, and Lauritsen” have 
measured the a; distribution at the 1210-kev resonance, 
and while our relative distribution is in excellent 
agreement with their distribution, a total cross section 
of 380 mb may be deduced from their paper, in contrast 
to our result of 250 mb. 

In view of these disagreements, we have put our 
previous gamma-ray yields on an absolute basis. 
Using the (now available) calculated efficiencies of 
Nal(T1) crystals," our data yield a total cross section 
of 290+ 60 mb for the emission of 4.43-Mev gamma rays 
at the 1210-kev resonance. This value agrees with our 
particle measurements. In passing, it may be worth 
mentioning that the particle work of references 5, 8, 9, 
and 10 was carried out with N' imbedded in solid 
targets and a magnetic analyzer. The gamma-ray data 
of SFL were obtained with Geiger counters. 

Evidence in favor of the lower value for the (p,a1) 
cross section appears in Hagedorn’s analysis® of his 
elastic scattering work. At the 1640-kev (p,a1) reso-| 
nance, he extracted a total reaction cross section of 170) 
mb and commented that he could not explain the 


TABLE IV. Characteristics of states in O'® formed 
by proton bombardment of N*. 


Measured* 
total cross 
section for 
(p,a1) (mb) 


380 +50 250+35 
nonresonant 190 +15 
3+1 ~20 
28 +64 
435 +40 
290 25° 


Measured* 
Excitation total cross 
energy in section for 
O18 (Mev) (p,a0) (mb) 


Bom- 
barding 
energy 

(kev) 


Spin 
Width 
(kev) 
1210+3> 22.5+1> 
1640 +3» 68 ) 
1890 +20¢ 

1985 +20 

3000 +30 

3300 +35 

3350450 

3520 +40 


¢ nonresonant 
14.92 38+4 

15.20 
15.25 
15.41 


nonresonant 
18+2 


~ 
125+20 140 +304 


® Angular distributions were integrated and corrected to resonanc 
energy. Errors are rms and include contribution from correction to resonanc 
energy. 
> From reference 5. 
© It is not clear that this anomaly is due to an excited state of O'* at thi 
excitation energy. See text and reference 9. 
4 Gamma-ray cross section from reference 1 multiplied by 0.58 correctio 
factor. 
¢ Combined effects of 3300-kev and 3350-kev states. 
10 Kraus, French, Fowler, and Lauritsen, Phys. Rev. 89, 29 
(1953). 
 Wolicki, Jastrow, and Brooks, Naval Research Laborato 
Report, NRL-4883 (unpublished). 
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difference from our previous value of 340 mb.' Now, 
however, we have a total reaction cross section of 190 
mb at that resonance, in good agreement with Hage- 
dorn. Hagedorn reports a total reaction cross section of 
630 mb at the 1210-kev resonance, as do we. The later 
experiments, therefore, are in satisfactory absolute 
agreement. 

The differential cross section for the ao particles has 
been replotted on a log scale in Fig. 8 for an angle of 
observation of 159.5° (lab). The bars indicate the 
standard deviation due to counting statistics. An 
anomaly is evident at a bombarding energy of 1890 
kev. A similar anomaly has been reported by Hagedorn 
and Marion’ at 1870 kev. In Fig. 6, one sees that the ao 
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Fic. 8. Logarithmic plot of cross section for N'®(p,ao)C” 
reaction. Bars on points indicate counting statistics (rms). The 
background was negligible. 


particles exhibit a very strong angular dependence at 
1890 kev. 

Near 1870 kev, Hagedorn and Marion® also noted 
a small anomaly in the 0° yield of 4.43-Mev gamma rays. 
We have looked for signs of this anomaly with the 
crystal arrangement of Fig. 1, the results being shown 
in Fig. 9. The simultaneously measured ap yield is 
included for comparison. Statistics are smaller than 
the point size for the gamma-ray yield. No anomalous 
behavior is seen in the 1800-1900 kev energy region, and 
if an anomaly exists at our angle of observation 
(110°+30°) it is less than 3% of the yield. 

The aq-particle yield is extremely small in the 
1800-1900 kev energy interval, and is also subject to a 
arge background correction due to scattered protons. 
Hence a large error (a factor of 2) applies to these data. 
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Fic. 9. Yield of 4.43-Mev gamma rays and ap particles in 
arbitrary units. Statistical uncertainty is less than point size for 
gamma rays. The background was negligible. 


Within this error, Fig. 6 indicates that the a;-particle 
yield is a weak function of angle. 

The elastic scattering of protons by N' has also 
been carefully surveyed in the interesting energy 
region from 1750 kev to 2000 kev (see Fig. 10). No 
anomaly is seen, and if such exists it is less than 5% 
of the yield, in agreement with the finding of Hagedorn 
and Marion.’ 

The energy region between approximately 1000 kev 
and 1250 kev contains structure in the reaction particle 
yields which has previously been studied only in a 
fragmentary manner. We have made simultaneous 
measurements of protons, ao and a; groups, and gamma 
rays. The reaction results are shown in Fig. 11. A 
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Fic. 10. Elastic scattering cross section between 1750 kev and 
2000 kev. For clearity of presentation the curves have been 
displaced upward from their proper position by adding to the 
cross section the arbitrary numbers given in brackets. Note, also, 
the false zero to the ordinate scale. 
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Fic. 11. Logarithmic plot of the yields of the reactions 
N!5(pyary)C®, N'9(p,a1)C™*, N'(p,ao)C#, and N'5(p,y)O'*. The 
laboratory angle was 159.5°. The dotted curve shows the (p,a1) 
yield corrected for penetrability. The same arbitrary ordinate is 
used for both gamma-ray yields. 


1.0-mil thick CsI(Tl) crystal was used here. The 
capture gamma rays show the well-known resonance at 
1028 kev, '=125 kev. The a; particles associated with 
this resonance show a peak of sorts at 1085 kev and the 
4,43-Mev gamma rays show a ledge at about the same 
energy. The difference between the peak positions of 
the (p,a») and (p,a;) reactions can be accounted for by 
the variation in penetrability across the resonance. 
The (p,a;) yield, corrected for penetrability, is shown 
as the dotted curve in Fig. 11. The particles show a peak 
at about 1000 kev. This peak energy was found to 
depend on the angle of observation, as reported earlier 
by Hagedorn and Marion.’ However, the (p,a0) cross 
section integrated over angle peaks at about the same 
energy as the capture gamma-ray yield. 

A similar effect occurs at 1210 kev where it was 
noticed that the peak yields of the ao and a; groups 
usually did not occur at exactly the same bombarding 
energy. The peaks were no more than 6 kev apart at 
any angle of observation, however. Such small shifts 
were quite obvious in the present work because all 
groups of particles were observed at the same time at a 
given bombarding energy. Figure 12 shows a logarithmic 
plot of the cross sections observed at 159.5° around the 
1210-kev resonance. By plotting these data on three 
separate sheets and superimposing the curves, the 
shifts indicated were obtained. The C” curve gives 
information about ao particles emitted in the forward 
direction. In Fig. 13 these shifts, i.e., the ao peak yield 
energy minus the a; peak yield energy, are plotted as a 
function of the ao center-of-mass angle. The energy 
differences are believed known to +1 kev. By com- 
parison with the gamma-ray monitor the peak yield 
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energy of the a; group was shown to remain fixed to 
within +2 kev. Most of the variation must therefore be 
ascribed to the a» group. SFL observed this difference 
in peak yield energies at one angle of observation. Their 
measurement is included as the square in Fig. 13. 


DISCUSSION 


The above cross sections and their energy dependence 
may be expressed in terms of such parameters as the 
angular momenta, parities, and reduced widths of 
excited states of O'®. A complete treatment would also 
include interference effects involving several levels. 
Here we shall discuss those conclusions which can be 
drawn from the qualitative behavior of the cross 
sections. They supplement previous conclusions! and 
are summarized in Table IV. 

As noted above, the present results for bombarding 
energies below 1.8 Mev are generally in good agreement 
with those of Hagedorn. In the neighborhood of 1028 
kev, the present data indicate that a single state is 
involved in the (p,7), (p,ao), and (p,a1) processes. The 
a, particles seem not to show the large shift of peak 
position with observation angle that is noticed in the 
a yield. 

There is still some uncertainty in connection with 
the spin and parity of the 1210-kev resonance. Hage- 
dorn® finds that the elastic scattering, the a» angular 
distribution, and the angular correlation of the a 
particles and the 4.43-Mev gamma rays all indicate 
3—. The 4.43-Mev gamma-ray angular distribution is 
consistent with either 3— or 4+. The a angular 
distribution is consistent only with 4+. The shifts in 
Fig. 13 also have bearing on this question. Such shifts 
are due to interference terms in the differential cross 
section." In the present case, interference between the 
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plot of the cross section 
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is J M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 21 
258 (1952). 
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1— state at 1028 kev, which has an appreciable ampli- 
tude at 1210 kev, and a 1210-kev state with spin and 
parity 3— would give shifts symmetric about 90°. 
If the 1210-kev state had spin and parity 4+, the shifts 
would be antisymmetric about 90°. The single-level 
approximation” is used for the elements of the collision 
matrix for the interfering levels. The curve of Fig. 13 
is almost symmetric about 90°, adding weight to the 
choice of 3— for the 1210-kev resonance. The slight 
indication of asymmetry could arise from a broad 0+ 
level at 11.25 Mev" in O'%, which is below threshold for 
the N'5+ system. It should be mentioned that the 
shifts cannot influence the total cross sections since the 
postulated interference terms integrate to zero. 

At 1640 kev, the present results on proton scattering 
reinforce the assignment® of 1+. The present value 
obtained for the cross section clears up a disagreement 
between the results of Hagedorn’s analysis® and the 
previous work.! 

The anomalus behavior of the ao yield at 1890 kev 
(see Fig. 8) may arise from a level in O'*, but a possible 
alternative explanation, already suggested,’ is inter- 
ference between other states in O'*, Detailed calculation 
is necessary to decide between these alternatives. 

The spin-parity assignment! at the 1985-kev state 
depended primarily on the angular distribution of 
the 4.43-Mev gamma rays, and this is unchanged. The 
failure to observe this state in the proton scattering 
(see Figs. 4, 5, and 10) indicate a small value of l',/T' 


In fact, our re-evaluation of the absolute gamma-ray 
yield leads to a value of 0.01 for the ratio. 

Limitations on spin and parity assignments for the 
higher resonances can be made from the total reaction 
cross sections and the total width using the single level 
approximation and the Wigner limit. Allowed spins and 
parities are 


3000 kev 3300 kev 3350 kev 3520 kev 
3—,4+ 1+, 2-,3+ 1—, 2+, 3- —,2+,3-,4+ 
13 A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 


(1958). 
4 J. W. Bittner and R. D. Moffat, Phys. Rev. 96, 374 (1954). 





Fic. 13. ao peak-yield energy 
minus a; peak-yield energy in 
kev near 1210-kev resonance as 
a function of center-of-mass 
angle of ao. The circular points 
are the present data. The 
square is from reference 8. 
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As compared with previous considerations! the in- 
creased number of possibilities results from the reduced 
(p,a1) cross section. 

For the 3000-kev resonance the near absence of any 
effect in the elastic scattering at 90° in the center of 
mass argues for formation with an odd orbital angular 
momentum. Since all states which decay by ap emission 
are formed with channel spin 1—, the 3000-kev state 
must be 4+. It then follows! that the broad 3350-kev 
state is 2+. 

For the 3300-kev resonance there is a pronounced 
dip in the elastic scattering at 90°. This can only occur 
if the state is formed with even angular momenta. Of 
the three possibilities above, only the 2— case satisfies 
all requirements. 

The 3520-kev resonance does not show in the elastic 
scattering at 90°; however, this resonance is relatively 
weak at the backward angle so the apparent absence at 
90° is not conclusive. If one takes the absence at 90° 
as due to odd angular momenta formation, the 3520-kev 
state is restricted to 2+ and 4+. This conclusion must 
be bolstered by a detailed fitting, however. 
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Cross Section for Elastic Scattering of Protons by Nt} 


S. BasHkin, R. R. Cartson, AND R. A. DovuGtas* 
State University of Iowa, Towa City, Towa 
(Received January 28, 1959) 


The elastic scattering cross section for protons on N' was measured for bombarding energies from 900 kev 
to 4000 kev and for angles of 90°, 125.3°, 149.4°, and 160.9° in the center-of-mass system. A gas target 
chamber and a 6-mil thick CsI (T1) crystal detector were used. The cross section was measured to an absolute 
accuracy of +3.5%. An anomaly was observed at 3880+ 40 kev corresponding to a state in O"' at 11.00 Mev 
previously seen in the yield of gamma rays in the N'*(p,p’y)N" reaction. 


HE elastic scattering of protons by N"™ yields 
information about states in the compound nu- 
cleus O', Since the binding energy of a proton in O° is 
7.35 Mev, the information obtained from elastic scatter- 
ing will concern excited states of excitation generally 
greater than 7.35 Mev. Hagedorn ef al.' and Ferguson 
et al.2 have pointed out that the analysis of elastic scat- 
tering data from one- to two-Mev bombarding energy 
is sensitive to the value of the absolute cross section 
between anomalies. Spin and parity assignments in this 
range are therefore in doubt because measurements of 
elastic scattering have differed by as much as 10%.) 
For this reason it was felt that publication of our results® 
on the elastic scattering of protons by N™ would be 
useful. 

The experimental method was the same as that used 
in bombardment of N™ in the gas target chamber.’ In 
the present case tank nitrogen (99.6% N™) was used as 
the target gas. Figure 1 shows a pulse-height distribu- 
tion obtained with the CsI(T]) crystal detector. Most 
of the data were taken with a discriminator set just 
below the proton peak in the pulse-height distribution. 
For bombarding energies greater than 2480-kev inelastic 
protons are energetically possible. Similarly, above 3120- 
kev alpha particles from the N“(p,a)C" reaction are 
possible. Neither group produces pulses which can be 
confused with those from elastic protons however. 

Figure 2 shows the present results. All of the anom- 
alies, except that at the highest bombarding energy, 
have been observed prior to our initial report® by at 
least one of the laboratories!“ which have reported on 
elastic scattering of protons by N“. The anomaly at 
3.88 Mev has been confirmed by Olness ef al.° The large 
peak in the elastic scattering at 3880+40 kev corre- 

t Supported in part by the U. S. Atomic Energy Commission. 

* Now at Universidade de Sao Paulo, Sao Paulo, Brasil. 

1 Hagedorn, Mozer, Webb, Fowler, and Lauritsen, Phys. Rev. 
105, 219 (1957). 

2 Ferguson, Clarke, Gove, and Sample, Chalk River Project 
Report PD-261, 1956 (unpublished). 

3G. W. Tautfest and S. Rubin, Phys Rev 103, 196 (1956). 

4 Bolmgren, Freier, Likely, and Famularo, Phys. Rev. 105, 210 
>! a Vorona, and Lewis, Phys. Rev. 112, 475. (1958). 

6 Bashkin, Carlson, and Jacobs, Bull. Am. Phys. Soc. 1, 212 
(1956). Douglas, Carlson, Bashkin, and Broude, Bull. Am. Phys. 
Soc. Ser. IT, 3, 198 (1958). 

7 Bashkin, Carlson, and Douglas, preceding paper [Phys. Rev. 


sponds to the excited state at 11.00 Mev in O" which 
was observed in the N"(p,p’y)N"™ reaction.® The ener- 
gies at which these anomalies were found agree very well 
with other measurements. The anomaly at 1.74 Mev 
was found to have an apparent width of 6.5 kev. This 
was attributed to unevenness in the gas-target-chamber 
entrance foil since Hagedorn et al.* have shown this 
anomaly to have a width of 4 kev. Olness ef al.' found 
this anomaly to have a width of 6 kev however. The 
cross sections in Fig. 2, therefore, may not be correct on 
the narrower anomalies because of this possible energy 
spread. However, for broad anomalies and the regions 
between anomalies the cross section is believed correct 
to +3.5% since the absolute error in the cross section, 
exclusive of counting statistics and background sub- 
traction, was +3% and the error due to both of the 
latter was always less than 2%. 

Table I gives a comparison of cross-section values 
found at the various laboratories. Comparison energies 
were chosen at which the energy dependence of the 
cross section was relatively small. It is interesting that 
the present results tend to be consistently lower than 
the Chalk River® or Cal. Tech.! results and in good 
agreement with the Minnesota‘ results. According to 
Ferguson ef al.’ this lower value is in the direction to 
allow pure s-wave nonresonant scattering below 2 Mev. 

The elastic-scattering curve does not show any effects 
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TABLE I. Absolute center-of-mass cross section in mb/sterad. 


90° 90° 90° 154° 153° 160.9° 140.9° 152° 168° 
Chalk Iowa Minn.* Dukee Cal. Tech.4 Chalk Iowa Minn. Stanforde Duke 
River® River 

401+13 150-412 141+5 130+9 135+4 
K 270+12 249+9 11449 12346 107+4 10147 109+3 
1650 20149 187+6 185+8 19346 111+9 119+5 109+4 5 107+8 11343 
2000 140+6 13745 13346 146+4 90+4 95+4 9143 
2800 117+4 115+4 112+5 11743 90+3 86+3 ‘ 8343 
3300 7543 78+3 83+3 5742 59+. 5742 


* See reference 2. 
b See reference 4. 
© See reference 5. The data from Duke (and Stanford) have been taken from the published graphs, making the third digit questionable. 
4 See reference 1. 
¢ See reference 3. 
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Decay of Co** and Mn**} 


P. KrENLE,* Brookhaven National Laboratory, Upton, New York 
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R. E. SEGEL,t Aeronautical Research Laboratory, Dayton, Ohio 
(Received January 23, 1959) 


Scintillation spectroscopy and coincidence techniques have been used to measure the decay schemes of 
Mn* and Co**, both of which decay to Fe®*. Gamma-ray energies and intensities were measured with the 
aid of a large NaI(T1) crystal and a three-crystal pair spectrometer. Combining these data with y-y and 
8-y coincidence measurements, decay schemes are constructed for both nuclei. The log ft values for the 
various 8 branches are examined and all of the 8 branches from Co** show higher than usual log ft values 
for allowed transitions. The Co** decay to the second excited state in Fe®* is inhibited by a factor of ~10° 
while the Mn** decay to the same state is inhibited even further. The allowed Mn* decay to the first excited 
state in Fe** is also slowed, while Mn* decays to higher states proceed at more normal speeds. A discussion 
of the 8-transition rates in terms of shell model assignments is given, from which some explanation of the 
8 rates results. The high inhibitions of the decays to the second excited state in Fe®* do not seem susceptible 


to a simple shell-model explanation. 


HE nuclei Mn** (8-, 7;=2.55 hr, Qg=3.70 Mev) 
and Co** (8+, EC; 73=77 day; Qec=4.60 Mev) 
both decay to Fe**. Both of these radio-nuclei show 
anomalously high log ft values for the more energetic 
8 branches, and consequently the nuclei are relatively 
long lived. The rather high decay energy available in 
both cases renders decay to some of the more highly 
excited states in Fe®® energetically possible. The work 
reported here presents unambiguous decay schemes for 
Mn** and Co*® which have been derived chiefly from 
gamma-ray spectra and coincidence measurements. 
From these decay schemes the log ft values for the vari- 
ous B branches are deduced. Consideration of these 
log ft values enables us to make some comments on the 
systematics of the 8 decay for these nuclei. 
For both the Mn* and the Co*® decay the following 
measurements were made: 


(1) Pulse-height spectra were taken with a 5-in. 
diameter 4-in. thick NaI(Tl) crystal. These spectra 
were taken with the source placed a large distance 
(~40 in.) from the crystal in order that the crystal peak 
efhiiciencies calculated! for an incident parallel broad 
beam could be used. Most of the gamma-ray intensities 
quoted were obtained from these spectra. 

(2) Spectra were taken with a three-crystal pair 
spectrometer. The superior response function of the pair 
spectrometer, as opposed to a single crystal, enabled 
the positive identification of weak higher energy 
(>1.2 Mev) gamma rays and the determination of 
their intensities. 

(3) B-y coincidences were measured using an anthra- 
cene crystal 8 spectrometer. In these measurements a 
coincidence was required from a 0.015-in. thick anthra- 


t Work performed at Brookhaven National Laboratory under 
the auspices of the U. S. Atomic Energy Commission. 

*Permanent address: Technische Hochschule, 
Germany. 

t Guest Scientist et Brookhaven National Laboratory. 

1 Miller, Reynolds. and Snow, Rev. Sci. Instr. 28, 717 (1957). 
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cene crystal which was placed in front of a thick anthra- 
cene crystal. The thick crystal served as the spectrom- 
eter while the thin crystal coincidence requirement 
rendered the 6 channel insensitive to gamma rays. 

(4) y-y coincidences were measured using a 3-in. 
X3-in. NaI(Tl) crystal in coincidence with the 5-in. 
X4-in. crystal. 


All of the spectra were recorded on a 100-channel 
pulse-height analyzer. For the coincidence work, the 
100-channel analyzer was gated by a fast (10~7 sec)-slow 
coincidence circuit. Where necessary, accidental coinci- 
dences were subtracted. 
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Fic. 1. Co®*:; Pulse-height spectrum from 
5-in.X4-in. NaI (TI) crystal. 
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Fic. 2. Co®*: Pulse-height spectrum from three-crystal pair spec- 
trometer. Zero pulse height corresponds to E,=1.02 Mev. 


The energy levels in Fe*® have been studied by 
Buechner and Sperduto* who report levels at 0.845, 
2.085, 2.66, 2.94, 2.96, 3.12, 3.37, 3.39, 3.44, 3.60, 3.83, 
and 3.86 Mev. This work probably represents the most 
precise determination of the energy of the Fe®® levels 
and therefore the gamma-ray energies quoted in the 
present work are taken where possible from the energy 
level values of Buechner and Sperduto.? However, the 
Buechner and Sperduto work only includes levels up to 
an excitation energy of 3.86 Mev and, therefore, the 
energy of higher excited states is taken from the gamma- 
ray energy determinations of the present work. For 
those gamma rays which represent transitions between 
levels below 3.86 Mev the energies measured here are 
consistent with, but somewhat less precise than, energy 
differences from the (p,p’) work. 

The spin of the ground state of Fe** is 0 and the parity 
even,’ as is the case with all even-even nuclei. The 0.85- 
Mev first excited state has a 2+ assignment,’ and angular 
correlation and polarization measurements*® require a 


2 W. W. Buechner and A. Sperduto, Massachusetts Institute of 
Technology Annual Progress Report, 1957 (unpublished). 

3 Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes, A=40 to A=92, Atomic Energy Commission Report 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 
1955). This compilation contains a review of much of the earlier 
work on the mass 56 nuclei. 

( 4 _——. Lazzairne, and Bettoni, Nuovo cimento 5, 356 
1957). 

5 Diddens, Huiskamp, Severiens, Miedema, and Steenland, 

Nuclear Phys. 5, 58 (1958). 
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4+ assignment to the 2.08-Mev second excited state. 
Spins and parities of other states will be discussed below 
as the experimental evidence is presented and combined 
with the results of other workers. 


Co** 


Co** was produced by the Fe**(p,n)Co® reaction by 
bombarding a 0.510 in. iron foil with 10-Mev pro- 
tons from the Brookhaven National Laboratory 60-in. 
cyclotron. 

The pulse-height spectrum observed in the 5-in. 4-in. 
NalI(TI) crystal is shown in Fig. 1. Strong lines are seen 
at 0.51 (annihilation radiation) 0.85, 1.24, 1.76, 2.02, 
2.60, and 3.26 Mev and possible weaker lines at 1.04, 
1.37, 2.24, 2.99, and 3.48 Mev. A certain caution is 
necessary before assigning these weak peaks as being 
due to separate gamma rays because of the interference 
from Compton and pair escape peaks from higher energy 
strong lines (of course, this does not apply to the 3.48- 
Mev line). However, it is shown below that the presence 
of all of the above lines was confirmed. 

The spectrum as recorded by the three-crystal pair 
spectrometer is shown in Fig. 2. All of the lines men- 
tioned above of energy > 1.04 Mev appear to be present 
in the pair spectrometer spectrum. The line at ~2.24 
Mev is very weak, but was reproducibly present. In 
some of the spectra there were indications of a weak 
line at ~ 1.52 Mev. However, the identification of such 
a line must be considered as quite uncertain and we do 
not include this line in our decay scheme. 
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Fic. 3. Co®*: Pulse-height spectrnm from 5-in.Xx4in. NaI (TI) 
crystal in coincidence with a window centered on 0.85 Mev from 
3-in. X3-in. NaI (T]) crystal. 
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The gamma-ray spectrum in coincidence with the 
(0.85-Mev line is shown in Fig. 3. A comparison of Fig. 3 
with Fig. 1 shows that all of the other gamma rays 
appear to be in coincidence with the 0.85-Mev line. 
This result is to be expected because the spin of Co* is®7 
4, and therefore the 8 decay will primarily populate 
levels of spins 3, 4, or 5. Levels of such high spin could 
be expected to decay primarily to the 2+ first excited 
state and/or to the 4* second excited stae. The second 
excited state de-excites virtually exclusively through 
the first excited state and therefore all gamma rays 
could be expected to be incoincidence with the 0.85-Mev 
first excited state to ground-state transition. 

The spectrum in coincidence with the prominent 
1.24-Mev gamma ray, which represents the transition 
between the first and second excited states, is shown in 
Fig. 4. Strong peaks are present at 0.51 (not shown), 
0.85 (not shown), 1.04, 1.76, and 2.02 Mev. The 1.04- 
Mev line is thus confirmed and identified as being due 
to a transition to the second excited state. A weak, but 
definite, peak is present at 1.37 Mev. The weak 2.24- 
Mev line also appears to be in coincidence with the 1.24- 
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Fic. 4. Co®*: Pulse-height spectrum from 5-in.X4-in. NaI (TI) 
crystal in coincidence with a window centered on 1.24 Mev from 
3-in.X3-in. NaI(T1) crystal. Strong peaks at 0.51 and 0.85 Mev 
are not shown. 


6 Jones, Dobrowolski, and Jefferies, Phys. Rev. 102, 78 (1956). 
7 Baker, Bleaney, Llewellyn, and Shaw, Proc. Phys. Soc. 
(London) A69, 353 (1956). 


KIENLE AND R. E. 


SEGEL 


TABLE I. Gamma transitions in Fe®* seen in present work. 


In coinci- In coinci- 
dence with dence with 
0.85 Mev? 1.24 Mev? 


Photons per 
100 trans- 
mutations 


Parent 


_ Ey 
nucleus in Mev 


0.85 
1.04 
1.24 
1.37 
1.76 


Yes 
Yes 


Co 
Co 
Co 
Cos 
Co 
Co 
Co** 
Co 
Co 
Cos 
Co 
Mn* 
Mn** 
Mn*é 
Mn* 
Mn*6 
Mn** 
Mn‘ 


Yes 
Yes 
Yes 
Yes 
Yes Yes 
Yes Yes? 
Yes No 
Yes No 
Yes No 
Yes No 


Yes 
Yes 


Yes 
Yes 


Mev line, though this identification must be regarded 
as somewhat tentative. 

The gamma rays seen in the Co** decay, along with 
those from the Mn*® decay, are tabulated in Table I. 
The Co®* gamma-ray spectrum obtained here is in good 
agreement with that obtained by Cook and Tomnovec.* 
All of the gamma rays seen by these workers are also 
found here with the exception of their weak (2%) 0.975- 
Mev line. A weak line at this energy cannot be excluded 
by our data. The only line reported in the present work 
not seen by Cook and Tomnovec’ is the 2.24-Mev line. 
Both the present work and that of Cook and Tomnovec® 
are in rather serious disagreement with the spectrum 
measured by Howard, Pond, and Jastram.’ The spec- 
trum of Howard ef al. shows a strong (25%) gamma ray 
at 1.50 Mev which has not been seen in other studies 
and consequently this work must be considered as being 
of questionable validity. A summary of previously re- 
ported Co** gamma-ray spectra is given by Diddens, 
Huiskamp, Severiens, Miedema, and Steenland.° 

The total decay energy available for Co*® is deduced 
to be 4.60 Mev from the 1.50-Mev end-point of the 
positron spectrum.‘° The predominant mode of posi- 
tron decay is to the 2.08 Mev, 4* second excited state.*” 
The decay to the 2+ first excited state is second for- 
bidden and consequently too weak to have been 
detected. 

The gamma-ray spectrum in coincidence with 
0.8 <Eg,<1.4 Mev showed only gamma rays at 0.85 
and 1.24 Mev, which were of equal intensity. The spec- 
trum in coincidence with 0.3<£3<0.4 Mev is shown 
in Fig. 5 where, in addition to the strong 0.85 and 1.24 
lines evidence is seen for a transition at 1.04 Mev. A 


8 C.S. Cook and F. M. Tomnovec, Phys. Rev. 104, 1407 (1956). 

® Howard, Pond, and Jastram as reported in private communi- 
cation to reference 3. 

1 Sakai, Dick, Anderson, and Kurbatov, Phys. Rev. 95, 101 
(1954). 
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weak, 0.46-Mev positron branch to the 3.12-Mev state 
is therefore indicated. No evidence was found for any 
other positron groups being present. The results on the 
positron decays presented here are in agreement with 
those reported by Sakai; Dick, Anderson, and 
Kurbatov,” but again disagree with the results of 
Howard et al. 

The decay scheme deduced for Co** from the measure- 
ments described above is shown in Fig. 10. The only 
uncertainty is in regard to the 2.24-Mev gamma ray 
which fits either between the 3.12- and the 0.85-Mev 
levels or between the 4.32- and the 2.08-Mev levels. 
The energy of this line seemed inconsistent with 2.27 
Mev in the pair spectrometer spectrum, and the line 
appeared to be in coincidence with the 1.24-Mev transi- 
tion that emanates from the 2.08-Mev state and there- 
fore it seems preferable to assign this line as a transition 
from the 4.32- to the 2.08-Mev state. However, the 
experimental uncertainties are sufficient such that this 
assignment cannot be considered as definite. 

The log ft values for the various 8 (K capture and/or 
8+ emission) branches can be derived from the decay 
scheme and the measured gamma-ray intensities. These 
log ft values are given in Fig. 10. A discussion of the 
various log ft values will be given after the Mn** meas- 
urements have been described. 





COUNTS PER CHANNEL 

















\ 








| i 1 


05 1.0 1.5 
Y ENERGY (MEV) 





Fic. 5. Co®*: Pulse-height spectrum from 5-in.X4-in. NaI (Tl) 
crystal in coincidence with positrons of energy 0.3-0.4 Mev. 
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>. 6. Mn®5: Pulse-height spectrum from 
5-in.X4in. Nal (TI) crystal. 


Mn** 


Mn* sources were prepared by irradiating metallic 
manganese in the Brookhaven National Laboratory 
research reactor. 

The pulse-height spectrum observed for Mn* in the 
5-in.X4-in. Nal(Tl) crystal is shown in Fig. 6. The 
entire spectrum can be accounted for by lines at 0.85, 
1.81, 2.10, 2.52, 2.66, 2.95, and 3.37 Mev. The 2.66-Mev 
line shows up as a small “hump” on the high side of the 
stronger 2.52-Mev line. The other peaks in the spectrum 
can be accounted for as being escape peaks from higher 
energy lines. The pair spectrometer spectrum, shown 
in Fig. 7, shows all of the lines mentioned above ex- 
cepting, of course, the 0.85-Mev line. The 2.52- and 
2.66-Mev lines are clearly resolved. The energies and 
intensities of the gamma rays found following the Mn** 
decay is given in Table I. Our results are in good agree- 
ment with those obtained by Groshev, Demidov, 
Lutensko, and Delekhov." 

The spectrum in coincidence with the 0.85-Mev 
gamma ray is shown in Fig. 8. Peaks corresponding to 
lines at 0.85, 1.81, 2.10, and 2.52 Mev appear to be 
present. The 0.85-Mev peak is due to the fact that some 
pulses from Compton tails from the higher energy 
gamma rays fall in the window centered at 0.85 Mev. 
The absence of the 2.66-, 2.95-, and 3.37-Mev peaks 
indicate that these gamma rays represent ground-state 
transitions. 

The gamma-ray with 


spectrum in coincidence 


11 Groshev, Demidov, Lutensko, and Delekhov, Atomnaya 


Energ. 3, 9 (1957). 
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Fic. 7. Mn**: Pulse-height spectrum from three-crystal 
pair spectrometer. 


1.2<E3<1.4 Mev is shown in Fig. 9 and consists en- 
tirely of a single 0.85-Mev gamma ray. The 6-energy 
window was selected to detect possible 8 transitions to 
the 2.08-Mev second excited state in Fe®* and such 
transitions would evidence themselves by the appear- 
ance of the 1.24-Mev peak in the gamma-ray spectrum. 
From the absence of such a peak an upper limit of log 
ft >9.0 can be placed on the intensity of the 8 branch 
to the 2.08-Mev state. This result is quite interesting in 
view of the fact that the 3+ assignment” to the ground 
state of Mn* means that the 6 decay to the 4* 2.08-Mev 
state should be allowed, and yet it appears to be highly 
inhibited. 

A search was carried out for a 8 branch to the 3.12- 
Mev state by looking for 1.04-1.24 Mev y-y coinci- 
dences. The failure to observe such coincidences en- 
abled us to put an upper limit of log ft >6.5 for the 
intensity of the 6 branch to the 3.12-Mev state. 

The decay schemes for both Mn* and Co* are given 
in Fig. 10. Included in Fig. 10 are the log ft values for 
the various B- and (K+ *) branches. A dotted line 
marks the absence of the decay of Mn** to the second 
excited state in Fe**, as the high log ft value for this 
8 branch is of special significance. Also included are 
spin assignments for several of the states, which come 
mainly from the works of Dagley, Grace, Gregory, and 
Hill on the Mn** decay and Diddens e/ al.° on the Co** 
decay, as well as the present work. 

12 Childs, Goodman, and Kieffer, Phys. Rev. Letters 1, 296 


(1958). 
18M. A. Grace (private communication). 
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The decay schemes given in Fig. 10 are in general 
consistent with previous work on Mn** and Co**, The 
Mn*® decay to the 3.37-Mev state had not been re- 
ported when the present work was begun, but has since 
also been found by Groshev ef a/."' as well as by Dagley 
et al.. The Co*® decay scheme found here is in agree- 
ment with the decay scheme given in reference 5 but is 
more complete as we include the 1.37-, 2.24-, and 3.48- 
Mev lines and confirm the placement of the 2.99-Mev 
line. The Co** decay to the 4.32-Mev state has not been 
previously reported. Cook and Tomnovec’ reported the 
3.48-Mev line but erroneously assigned it as a ground- 
state transition. However, Cook and Tomnovec did not 
make any coincidence measurements and therefore their 
decay scheme could only be regarded as tentative. 

The decay schemes found here are also in the main 
consistent with the various published spin assignments. 
The 3+ assignment® to the 3.45-Mev state implies an 
allowed decay from Mn* to this state. An upper limit 
of 0.3 photons per 100 transmutations for the 2.60-Mev 
gamma ray can be deduced from the Mn*® data thus 
implying a lower limit of log ft >5.5 for the 6 branch 
from Mn** to the 3.45-Mev state. As other allowed 8 
branches to states in this energy region have log ft 
values ~5.5 the failure to observe a decay to the 3.45- 
Mev state within the sensitivity of the present experi- 
ment is nevertheless consistent with the 3+ assignment 
to this state. 





COUNTS PER CHANNEL 














i] 
o 
Nn 











1 1 ! L 
10 IS 20 25 


y ENERGY (MEV) 





Fic. 8. Mn**; Pulse-height spectrum from 5-inX4-in. NaI (TI) 
crystal in coincidence with a window centered on 0.85 Mev from 
3-in.X3-in. NaI (Tl) crystal. The spectrum is somewhat distorted 
at the high-energy end because of malfunctioning electronics. This 
difficulty was not present when the other spectra were taken. 
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An anomaly appears to exist in regard to the decay 
of the 3.84-Mev state. Diddens ef al.° assign 3+ to this 
state and find the 1.76-Mev gamma to the 4* 2.08-Mev 
state a virtually pure M1. Under these conditions, one 
would expect the 2.99-Mev gamma ray to the 2+ 0.85- 
Mev state to be stronger by ~ (2.99/1.75)'=5 while, 
in fact, the 1.75-Mev line is ~30 times stronger. Be- 
cause of this anomaly of about a factor of 150, we regard 
the spin of the 3.84-Mev state as being uncertain. 
Furthermore, Buechner and Sperduto? find a closely 
spaced doublet in the region of 3.84 Mev. If both levels 
of this doublet are fed by the Co** 6 decay the 1.76 
“line” would, in reality, consist of two lines and the 
interpretation of the nuclear alignment results would 
be less unambiguous. 

Before proceeding to a discussion of the results of this 
and other experiments a note is in order concerning the 
question of energy resolution. All of the energy meas- 
urements in the present work were made with NalI(TI) 
scintillation spectrometers with an energy resolution of 
at best ~5% and therefore gamma rays closer together 
than ~100 kev would not have been separated. It is 
known from the work of Buechner and Sperduto? that 
there are levels separated by less than 50 kev in Fe®® 
below 3.86 Mev, and above this energy the levels can 
be expected to become denser. Therefore, except where 
a well isolated level is indicated by the (p,p’) work, the 
levels shown in Fig. 10, and consequently the de- 
excitation gamma rays, could, in fact, represent closely 
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Fic. 9. Mn**; Pulse-height spectrum from 5-in. X4-in. NaI (T]) 
crystal in coincidence with electrons of energy 1.4-1.6 Mev. 
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Fic. 10. Decay schemes for Mn** and Co®®. All energies are in 
Mev. The numbers accompanying the # branches indicate the 
measured log ft values. The dotted line from the ground state of 
Mn * to the second excited state of Fe®® indicates a # transition 
searched for but not found. 


spaced multiplets. Should this be the case, some of the 
log ft values shown would be too low by ~0.3. The 
above considerations apply mainly to the Co*® decay. 


Discussion 


The shell model predicts that for the mass 56 nuclei 
the last neutron is in a p, shell and the last proton is in 
an f7/2 shell. As we are in a region where the shell-model 
nucleon assignments appear to be very reliable, we can 
assume the parity of both Mn* and Co* to be even. In 
fact, the next two higher shells are fy and p; both of 
which contain odd parity nucleons and therefore it 
seems virtually certain that both the neutron and the 
proton are in odd parity orbits. Hence the total parity 
of both Mn** and Co*® must be even. Combining the 
above deductions with the measured spins,®:7"” we have 
the ground state of Mn*®, 3+ and that of Co*®, 4*. 

The pattern of log ft values shown in Fig. 10 is most 
striking. The 8 transitions appear to fall into three 
groups: 


(1) The decays from Mn** to the 2.66-, 2.95-, and 
3.37-Mev states in Fe®*, The log ft for all of these transi- - 
tions is ~5.5, which is quite reasonable for allowed 
transitions. 

(2) The decays from Co** to the 3.12-, 3.45-, 3.84-, 
4.10-, and 4.32-Mev states. These transitions have log 
ft values ranging from 6.1 to 7.3. At least some of the 
transitions are known to be allowed,° and yet the transi- 
tion rates are lower by about a factor of 10 than what 
is normally expected for allowed 6 transitions. 

(3) The decay of Mn* to the 0.85-Mev first excited 
state and the decay of both Mn** and Co** to the 2.08- 
Mev second excited state. These decays should all be 
allowed on the basis of the rather well established spin 
and parity assignments, and yet they show high log ft 
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values. This is especially true of the decays to the second 
excited state where the Co** decay to this state is in- 
hibited by ~ 10°, and the Mn* decay by an even greater 
factor. 


Some insight can be gained into the §-decay inhibi- 
tions by considering the shell-model assignments for the 
various states involved. As mentioned previously, the 
ground states of all three nuclei should contain protons 
in an unfilled f7;2 shell and neutrons in an unfilled p; 
shell. The neutron configuration must be considered as 
somewhat less certain as contributions from the p; and 
fy configurations might also be present. 

The 8 decay of Mn* can, in a shell-model picture, be 
considered as a decay of a single p; neutron. In order 
to form a low-lying state of Fe®® an f7;2 proton is required 
and therefore the transition is /-forbidden. However, 
more highly excited states in Fe*®* should be formed by 
the promotion of one of the f7/2 protons to the p shell, 
and the decay to these states should be allowed. The 
2.66-, 2.95-, and 3.37-Mev states are at a suitable ex- 
citation energy to be formed by a proton being promoted 
from the f7/2 to the p; (or possibly p;) shell and therefore 
it is reasonable to suppose that the relatively unin- 
hibited 6 transitions to these states are because a single 
p; neutron in Mn*® can transmute into a p; protons. 

In the Co* decay it is an f7/2 proton which undergoes 
the decay. Similarly to the Mn°** case, the decay to the 
ground-state configuration is /-forbidden as this would 
involve an fz/2— py nucleon transformation. However, 
contrary to the case in the Mn* decay, higher excited 
states for an allowed decay are not available as the /; 
neutron shell is already filled. To recapitulate, for the 
Mn** decay a p;— p; decay is possible, while for Co** 
there is no ‘‘space”’ available for an f7/2— f7/2 transition. 

The above considerations could explain why the Co*® 
decays to the higher excited states of Fe®* are about a 
factor of 10 slower than the Mn* decays to states in the 
same energy region. Unfortunately, nowhere do both 
nuclei decay to the same state. However, this appears 
to be pure chance as all of the Mn*® decays are to 2* 
states, which would require a second forbidden transi- 
tion from Co**®. The one state (outside of the second 
excited state which is discussed separately below) seen 
in the Co decay to which a @ transition is energetically 
favorable from Mn* is the 3.12-Mev state. The absence 
of a Mn** 8 branch to this state would be readily under- 
standable if the 3.12-Mev level was a 5* state. This spin 
assignment is consistent with the fact that no gamma 
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transition is seen from the 3.12-Mev state to the 2+ first 
excited state. However, we must regard this assignment 
as tentative pending a more direct measurement of the 
spin of the 3.12-Mev state. As mentioned above a 8 
branch from Mn* to the 3.45-Mev state is energetically 
possible but, even if uninhibited, could have been too 
weak to have been detected 

In the above discussion it has been more or less as- 
sumed that there are no states with a nucleon in the 


J; shell in the excitation energy region of interest. One 


would expect the f; shell to lie not very far above the 
p; shell, though no reliable method appears to be avail- 
able to estimate the energy spacing between the various 
shells. If this spacing is fairly small, as is most probably 
the case, then one would not expect the configuration 
of a level to be pure, but rather to consist of a mixture 
of several configurations. It could be, in fact, that the 
Co*® decay is not even more inhibited because some of 
the higher excited states contain some /; admixture. 

The log ft=7.0 for the decay of Mn°**® to the 2* first 
excited state is about a factor of 30 slower than what 
would normally be expected for an allowed transition. 
This retardation could be due at least in part to the 
l-forbiddenness mentioned above. 

The strong inhibitions in the decay to the second 
excited state (log ft=8.7 for Co**, log ft >9.0 for Mn**) 
are difficult to understand. The transitions would, of 
course, be /-forbidden as is the transition to the first 
excited state. The second excited state could also be 
expected to show a high degree of collective motion 
which should also inhibit the transition. However, one 
would not expect the /-forbiddenness inhibition and the 
k-forbiddenness inhibition to operate in cascade, as they 
both are similar in origin. Furthermore, it should be 
noted that 8 decays to vibrational states are seen in 
other nuclei, and these 6 branches appear to be much 
less inhibited. 

Combining all of the recent evidence, it can be stated 
that the decay schemes of both Mn** and Co*® are now 
well established, and that the spins and parities of many 
of the levels in Fe®® that are reached through these 
decays known. In spite of this rather large amount of 
detailed data, anomalies of an apparently systemmatic 
nature remain in the 8-decay transition rates. 
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Neutron-Proton Capture Cross Section* 
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The mean lifetime of thermal neutrons in water is measured with a large moderator (radius ~7 diffusion 
lengths), for which the correction for escape is only about 5%. The geometry is such that the perturbing effect 
of the immersed BF; neutron detector can be almost rigorously calculated. The value obtained is r= 206.3 
+5.0 usec, giving the neutron-proton capture cross section as (0.330+0.008)X10~* cm?. A possible 
systematic error from higher modes in the neutron distribution is discussed. 


I. INTRODUCTION 


OST of the recent measurements of the absorption 
mean lifetime of thermal neutrons in water, 
from which the neutron-proton capture cross section is 
calculated, have been made with small moderators 
which permit the neutron counters to be placed outside 
the moderators.' In this way the counters do not 
perturb the moderating medium, but there results 
the disadvantage that a large correction must be made 
for escape of neutrons from the moderator. Those 
experiments which have used large moderators have 
yielded results whose principal uncertainty has been 
the perturbing effect of the neutron counter or neutron 
source assembly.2 The present article reports the 
results of measurements with a large moderator in 
which a neutron counter is used in such a way that its 
perturbing effect can be almost rigorously evaluated, as 
shown by Holzer and Crouch.’ Since it has been demon- 
strated by Meads, England, Collie, and Weeks that 
higher modes persist for an appreciable time in very 
large moderators,” there is a possibility of systematic 
errors from this cause. In future measurements a 
technique for controlling mode content will be used; 
however, the present measurement is felt to be of some 
interest because of the small escape correction and the 
virtual elimination of the neutron detector as a source 
of systematic error. The measurement is of possible 
interest also as an example of a time-of-flight measure- 
ment in which the particles are generated randomly in 
time and follow a flight path which is a random walk 
trajectory.*® 
*This work was supported by the U. S. Atomic Energy 
Commission. 
t Now at Bettis Atomic Power Division, Westinghouse Electric 
Corporation, Pittsburgh, Pennsylvania. 
1G. von Dardel and N. G. Sjéstrand, Phys. Rev. 96, 1245 
(1954); A. Bracci and C. Coceva, Nuovo cimento 4, 59 (1956); 
Ramanna, Mani, Iyengar, Iyengar, and Joshi, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Vol. 5, p. 24. 
2G. von Dardel and A. W. Waltner, Phys. Rev. 91, 1284 (1953); 
Meads, England, Collie, and Weeks, Proc. Phys. Soc. (London) 
A69, 469 (1956). 
3 F. Holzer and M. F. Crouch (to be published). 
4A similar source arrangement has been used by P. Dietrich, 
Z. Physik 144, 392 (1956), and by M. F. Crouch and R. D. Sard, 
Phys. Rev. 85, 120 (1952). Description and applications of the 


present arrangement are given by R. W. Stooksberry, thesis, 
Case Institute of Technology, 1956 (unpublished) ; M. F. Crouch, 


Two large cylindrical moderators are used, one 
having a diameter of 30 in. and a height of 42 in., and 
the other measuring 4 in. less in each dimension. (See 
Fig. 1.) The two are used to give an indication of the 
magnitude of the leakage of neutrons at the boundaries. 
Both consist of distilled water confined in cylindrical 
aluminum tanks (gauge 14 3S 3 #). An axial cylindrical 
air hole in each tank defines the inner boundary of the 
moderator. A -in. wall 2-in. i.d. Lucite tube capped at 
the bottom serves both as this boundary and to water- 
proof a 2-in. diameter 12-in. BF; neutron counter 
centered at the moderator mid-plane. Inside the 
Lucite tube above and below the active part of the 
neutron detector there are 2-in. diameter cardboard 
guard rings.® These guard rings are coated with boron 
with the same concentration per unit length as the BF; 
detector and extend to both ends of the moderator. 

The neutron source is held in a flat brass container 
positioned at the midplane of the moderator approxi- 
mately 1 in. from the Lucite tube. Beside it are the 
Nal(TI) scintillation crystal for gamma detection and 
a 2-in. photomultiplier tube, extending radially outward. 
These components are contained in a close-fitting 
waterproof cylindrical brass housing. The source is a 
Po—Be source emitting ~200 neutrons/sec. It has 
been shown that about 60% of the neutrons produced 
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Fic. 1. Experimental arrangement. 


Nuclear Sci. and Eng. 2, 631 (1957); M. F. Crouch and D. E. 
Diller, Phys. Rev. 90, 361(A), 335(E) (1953). 
5D. E. Diller and M. F. Crouch, Phys. Rev. 93, 362(A) (1954). 
6A. R. Tobey and C. G. Montgomery, Phys. Rev. 81, 517 
(1951). 
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Fic. 2. Counter impedance Z as a function of the z coordinate. 


by the source reaction Be*(a,n)C'* are associated with 
4.43-Mev gamma rays.°:’ The detection of a gamma ray 
is used to establish a reference time of neutron produc- 
tion from which the interval to subsequent detection in 
a BF; proportional counter is measured for a large 
number of events. 

The neutron- and gamma-detector pulses are 
amplified and discriminated by A-1 amplifiers.* To 
permit determination of the chance coincidence rate 
the single detector counting rates are also recorded. 
The time analyzer records the resulting neutron delay 
distribution on 35-mm film.’ Following each exposure, 
125-kc/sec timing markers, supplied by a pulsed 
crystal marker generator, are superimposed on the 
film. 

After correcting the data for chance coincidences, the 
observed mean lifetime are determined by applying 
the method of Peierls," using the interval.from 74 psec 
to 282 usec (24 8-microsecond channels). On semilog 
graph paper straight lines through these data points 
lie above the points for the interval from 0 to 74 
microseconds. This is assumed to be due to slowing 
down and mode decay effects. 


II. RESULTS 


Table I lists the measured values of the mean life- 
time, together with dimensions and other parameters 
needed in the calculations, and the values of the mean 
lifetime obtained by applying the correction for 
escape. 

Holzer and Crouch’ have given an expression for the 
impedance (ratio of neutron density gradient to neutron 
density) at the surface of an axial counter as a function 
of the angle 6 which measures the departure from purely 
radial flow. For the present experiment the impedance 


7R. Gold, Nucleonics 13, No. 11, 114 (1957). 

8 W. H. Jordan and P. R. Bell, Rev. Sci. Instr. 18, 703 (1947). 
®M. F. Crouch, Rev. Sci. Instr. 25, 924 (1954). 

0B. Chance, Rev. Sci. Instr. 17, 398 (1946). 

"R. Peierls, Proc. Roy. Soc. (London) 149, 467 (1935). 
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TABLE I. Parameters used in the calculations. 


height of cylinder 
radius of cylinder 


radius of hole 


hole radius/counter 


radius 


wall absorption/BF; 


absorption 


counter absorption 


parameter 


diffusion coefficient 


coefficient of r 
buckling 


observed mean lifetime 


Large geometry 


107.3 cm 
38.4 cm 
2.86 cm 


0.858 
0.29 


0.302 
(3.62+0.11) 

X 104 cm?/sec 

0.0756 cm™! 
241.6 sec"! 
197.6+6.3 usec 


Smaller geometry 


97.1cm 

33.3 cm 
2.86 cm 
0.858 


0.29 


0.302 
(3.62+0.11) 

X 104 cm?/sec 

0.0880 cm 
318.0 sec”! 
192.5+6.2 usec 


mean lifetime 207.5+7.0 psec 


205.0+7.0 usec 


Z is given by 
Z= (0.2959+-0.0196 tand+0.00470 tan?6) cm7. 


Two solutions to the diffusion equation are considered. 
These are the “‘constant-impedance approximation,” 


S(r,2) =[J0(0.0756r)+0.557 ¥ 9(0.0756r) ] cosrz/107.3, 
and the ‘‘asymptotic approximation,” 
S(r,2) = [J (0.07757) +0.654V 9(0.0775r) } 


X cosrz/107.3—0.0123[ J 9(0.0292ir) 
— 5.951H) (0.0292ir) ] cos3mz/107.3. 


The quantities z and r are in cm, and the parameters 
are those for the larger geometry: The curves of 
impedance vs z for these two approximate solutions 
and for the actual counter are shown in Fig. 2. Since 
the actual counter impedance lies between the imped- 
ance curves for these two solutions, and is very close to 
the constant-impedance curve in the region where the 
counter is sensitive, and since the values of < for the two 
solutions differ only very slightly, it appears reasonable 
to conclude that the constant-impedance analysis is 
adequate. 

The mean lifetime 7 is calculated from the observed 
mean lifetime 7» by the relation 7=79(1—DB?*ro)", 
where B? is the buckling and D is the neutron diffusion 
coefficient. The moderators used here are so nearly 
infinite, i.e., the buckling is so small, that generous 
estimates of 3% uncertainty in D and 2% in its coef- 
ficient give negligible contribution to the error in 7, as 
shown in Table I. 

Combining the two results gives 


7=206.3+5.0 usec. 


Thus the neutron-proton capture cross section is 
calculated to be 


o-= (0.330+0.008) x 10-* cm?. 


III. DISCUSSION 
Proper technique for making mean lifetime measure- 
ments with large moderators requires attention to the 
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problems of neutron detector absorption, source 
perturbation, and mode content control (or use of an 
integrating technique). The first of these has been 
properly dealt with in the present experiment. The 
second may produce some slight systematic error; its 
magnitude is difficult to evaluate. The third represents 
the principal source of possible systematic error. The 
studies of Mead, England, Collie, and Weeks,? using a 
very large moderator and a comparatively low-energy 
neutron source showed definite evidence of a mixture 
of modes present after rather long delays, yet the 
composite decay curve was very nearly exponential. 
The ‘mode suppression factors” calculated (for a 
fission source) by Holzer and Crouch’ show that in the 
present case there is some appreciable suppression of 
higher modes, though somewhat smaller moderators 
would be necessary for complete suppression. Moreover, 
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the agreement of measured mean lifetime values for the 
two sizes of moderators used, and the similarity in 
shape of the delay distributions at early delay times, 
suggest that the admixture of higher modes is probably 
small. Nevertheless the present measurement must be 
considered to have some possible systematic error from 
this cause. 

A new measurement is in progress at this laboratory 
in which source perturbation is greatly reduced and 
mode content controlled by a mode synthesis procedure. 
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Elastic Scattering of 3.7-Mev Neutrons from S, Fe, Co, Ni, Cu, and Zn{ 
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The differential cross section for the elastic scattering of 3.7-Mev neutrons from sulfur, iron, cobalt, 
nickel, copper, and zinc has been measured in a ring geometry using a modified Bonner-type scintillation 
detector. The measurements were taken over an angular range between 10° and 160°. Angular resolution 
effects have been removed by a suitable iterative procedure. Multiple-scattering effects have been removed 


by an approximate analytical treatment. 


I. INTRODUCTION 


HE present series of measurements of the differ- 

ential cross sections for 3.7-Mev neutrons 
elastically scattered from sulfur, iron, cobalt, nickel, 
copper, and zinc are a continuation of similar measure- 
ments reported by us.'” 

In a recent set of measurements? we used a Bonner- 
type detector consisting of a network of spheres. A 
series of tests showed, however, that the use of more 
than one small scintillant fails to achieve the expected 
increase in over-all detector efficiency for counting 
elastically scattered neutrons. This deficiency is 
attributed to the varying efficiency with which light 
is collected from the individual scintillators. In fact, 
a detector made with only one cylinder of plastic 
scintillant 0.1 inch in diameter and 0.1 inch high 
produced nearly the same proton recoil counting rate 


f Assisted by the U. S. Atomic Energy Commission. 

* Research fellow, Bartol: Now at Université de Montreal. 
Contents of this paper submitted to the Delhi University, Delhi, 
India, in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy. 

1W. D. Whitehead and S. C. Snowdon, Phys. Rev. 92, 114 
(1953); S. C. Snowdon and W. D. Whitehead, Phys. Rev. 94, 1267 
(1954). 

2H. S. Hans and S. C. Snowdon, Phys. Rev. 108, 1028 (1957). 


in the acceptable part of the spectrum as did the 
detector that made use of eight spheres of plastic 
scintillant 0.1 inch in diameter. 

Since there appears to be no large gain in counting 
rate accompanying the use of a multiple plastic ball 
detector over that of the single plastic cylinder, and 
since the angular resolution corrections are simplified 
with the detector of smaller physical size, we have 
carried out the present measurements with a single 
plastic cylinder detector. 


II. EXPERIMENTAL PROCEDURE 


Figure 1 shows the scattering geometry. Neutrons 
of about 3.7 Mev are produced by allowing a 40- 
microampere, 1.0-Mev deuteron beam to impinge on a 
deuterium gas cell filled to one atmosphere pressure. 
The mean energy of neutrons in the forward direction 
is 3.66 Mev with a spread in energy of about 400 kev. 
The forward-direction neutron detector consists of a 
0.1-inch diameter, 0.1-inch high plastic scintillator 
placed directly on the face of a DuMont type K-1382 


photomultiplier. For purposes of normalizing each data 


run, a scintillation detector, similar to the forward- 
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Fic. 1. Ring geometry for scatterer. 


direction detector, detects neutrons emitted by the 
source at an angle of about 40°. 

Scattering angles between 10° and 160° are obtained 
by using a series of three ring scatterers: a 7-inch mean 
diameter ring with a ?-inch square cross section, a 
5-inch mean diameter ring with a {-inch square cross 
section, and a 3-inch mean diameter ring with a 3?-inch 
square cross section. A ring is mounted so that its axis 
coincides with the deuteron beam axis as shown in Fig. 
1. Movement of a ring along this axis provides the 
desired variation of scattering angle. 

Analysis of the pulses derived from recoil protons 
and electrons was accomplished using a 20-channel 
analyzer. A precision pulse applied at the last dynode 
of the photomultiplier was used continuously to monitor 
changes in all electronics except the photomultiplier. 
Frequent checks were made of the stability of the high 
voltage applied to the photomultiplier. In addition, 
frequent checks were made of the gain of the amplifier 
plus pre-amplifier system. 

A similar electronic detection and stability monitoring 
system was used for the neutron monitor photo- 
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Fic. 2. Detector response: (a) response of proton recoil scintil- 
lation detector for several channels of the multichannel pulse- 
height analyzer as a function of neutron energy. The response in 
all channels for neutrons of 3.66 Mev, the forward direction energy, 
is taken as unity. The unlabeled curve, normalized to unity at 
3.66 Mev, is a plot of the n-p cross section divided by the neutron 
energy. The figure (b) contains the same information as (a) except 
that it is plotted in a form more suitable for determining the 
scattering ratio spectra. 
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multiplier. Since, in this case, it was not necessary to 
have detailed pulse-height analysis, a single-channel 
analyzer was used to accept the upper part of the recoil 
proton spectrum and reject the test pulse. 

A typical run of data for the determination of the 
differential elastic scattering cross section at a fixed 
angle is as follows. The recoil proton pulse-height 
spectrum of the direct neutron beam is observed for a 
standard number of counts in the neutron monitor 
scaler; a background spectrum is observed for the same 
number of monitor counts by interposing the attenuator 
between the source and the detector; the scattering ring 
then is placed in location and a pulse-height spectrum 
recorded for the same naémber of monitor counts. From 
these three spectra a “ratio spectrum” is computed by 
taking, for each channel, the ratio of scattered neutron 
counts corrected for background to the direct neutron 
counts corrected for background. A typical ratio spec- 
trum is shown in Fig. 3. 

The structure of a typical ratio spectrum may be 
interpreted by considering the following features: 
(1), the change in energy of the scattered neutron with 
respect to the energy of the direct neutron beam; (2), 
the presence of inelastically scattered neutrons and 
associated y-rays produced in the scattering rings. In 
order to investigate the effects of energy changes in the 
ratio spectrum, one makes use of the connection between 
the angle of emission and the energy of the neutron 
emitted in the d-D reaction.’ Proton recoil pulse-height 
spectra are obtained at several angles of emission. Each 
pulse-height spectrum is normalized to unit neutron 
flux by dividing by the expected neutron yield for that 
angle.‘ The ratio of this normalized spectrum to a 
similar spectrum for zero-angle gives directly the ratio- 
spectrum for 100% scattering of neutrons having an 
energy corresponding to the selected angle. Figure 2 
shows the measured detector response for several useful 
channels. The limiting curve in Fig. 2(a) is a curve of 
o(Ey)/Ey normalized to unity at Ey=3.66 Mev. The 
validity of assuming this curve to be the zero channel 
response was strengthened by demonstrating that the 
yield of the proton recoil pulses taken at the inflection 
end point varies as o(Ey)/Ey times the neutron yield 
from the d-D reaction. Figure 2(b) is a plot of Fig. 
2(a) versus channel for several neutron energies useful 
in reducing the data. 

Figure 3 reveals the method by which the neutron 
scattering ratio is found in a typical case. For a given | 
scattering angle the energy of the scattered neutron is 
computed. The ratio spectrum for 100% scattering at | 
this energy is found from Fig. 2(b). This ratio spectrum 
is multiplied by a number which is adjusted until a 
good fit is obtained with the measured ratio spectrum 
in the upper channels where only elastic scattering is 
expected to be present. Curve (a) in Fig. 3 shows the 


8 J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 103 
(1956). 
* Fuller, Dance, and Ralph, Phys. Rev. 108, 91 (1957). 
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result of this fitting process. The rise in the measured 
ratio spectrum as shown in curve (b) of Fig. 3 is due to 
the presence of inelastically scattered neutrons and 
y-tays associated with those inelastic events. The 
number found in the curve-fitting process is normalized 
to unit angular sensitivity of the neutron detector by 
dividing by the measured angular sensitivity given in 
Fig. 4. The result is then the neutron scattering ratio S. 
The neutron scattering ratio may be written as 


S=Si+S2+S3+--:, (1) 


where Sj, S2, etc., are the contributions to the scattering 
ratio from neutrons singly scattered, doubly scattered, 
etc. The principal contribution is from single scattering 
Si, where 

T(0;) ( Ro 


ths ~~) a(O)ne—ewrn(ritrag VY, (2) 
V T(0) RR 


The number of scattering nuclei per unit volume is n, 
and o(@) is the differential cross section for scattering 
into the laboratory angle 6. All geometrical quantities 
are shown in Fig. 5. /(6;) is the yield of the d-D reaction 
at an angle 6,. Analogous expressions for double, triple, 
etc., scatterings contain double, triple, etc., volume 
integrals. 

In order to obtain the desired single-scattering ratio 
S, from the net scattering ratio S, multiple-scattering 
contributions amounting to about 15% must be re- 
moved or accounted for. Our previous work? made use 
of a Monte Carlo technique in which one follows many 
case histories of a neutron traversing the scattering ring. 
We have subsequently shown that, in the case of our 
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Fic. 3. Typical scattering ratio curve. Part (a) is a multiple of 
the detector response ratio in Fig. 2(b) for a neutron energy of 
3.50 Mev. Part (b) is the measured scattering ratio. The deviation 
between parts (a) and (b) is due to the presence of inelastically 
scattered neutrons and their associated y rays. 
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Fic. 4. Response of scintillation detector to neutrons entering 
at several angles with respect to the axis of the detector. The 
response is normalized to unity for neutrons entering along the 
axis. 


previous work, a very close approximation to the 
Monte Carlo result may be obtained by the following 
simple analytical method. Assume that it is quite 
probable that each of the multiple scatterings that 
subsequently enter the neutron detector has a large 
probability of occurring in the following way. All 
neutron scatterings except one are zero-angle scat- 
terings, the remaining one being scattered through an 
angle appropriate to send it in the direction of the 
neutron detector. As a partial justification for this 
assumption, we note that neutron scattering at this 
energy is strongly peaked in the forward direction. The 
result of this assumption is to permit each higher order 
scattering ratio to be evaluated in terms of a single 
volume integral. Thus Eq. (1) becomes 


f= 
: ~(= *) ato -0um rit+re) 
,. 


1 
+—o—n?(ri+12)?+--: . ewtn(ritragVY, (3) 
2! 
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Fic. 5. Details of scattering geometry. The point F (zy) is 
depicted within the cross section of the scattering ring. S and D 
represent the location of the source and detector, each of which 
may be considered as geometrical points when compared with the 
extent of the ring cross section. 
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cannot of course be completely true. However, the 
scattering ratio calculated using Eq. (4) agrees with the 
more accurate Monte Carlo method within a statistical 
act accuracy of 6% in the particular case of zirconium.? 
. Since the explanation for the approximation given by 
Eq. (4) is plausible, we have assumed that the use of 
Eq. (4) reduces the multiple-scattering contribution to 
not more than 5%. 

In order to make use of Eq. (4) to obtain the differ- 
ential elastic scattering cross section o(@) from the 
measured scattering ratio S, the following method is 
employed. Expand all quantities in the integrand except 
those in the exponential about their mean values, 
retaining terms up to the second order. For con- 
venience, the center of the cross section of the ring is 
used in defining the mean values of the quantities 
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Fic. 6. Measured differential cross section for the elastic 3.7 MEV 
scattering of 3.7-Mev neutrons by sulfur. 


Since the sum in the bracket is e’!"{"'+") we see that, 
using the above approximation, Eq. (2) for S; now 
holds for the net scattering ratio S if oto: is replaced by 
Pnonel. Thus 


T(0:)/ Ro \? 
s-f T ( -) oO) e-em dV. (4) 
V I(0) RiR, 


Physically, this means that the attenuation of the 
neutron beam into and out of the ring occurs only by 
true absorption and not by elastic scattering. This 
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Fic. 8. Measured differential cross section for the elastic 
scattering of 3.7-Mev neutrons by cobalt. 


involved. Evaluate the volume integrals numerically 
for each location of the ring assuming a trial value for 
the nonelastic cross section ¢nonei. Since the expansion 
of (6) will involve the first and second derivatives of 
o(6), these are approximated by first finding the o(6) 
that obtains if all quantities under the integral except 
the exponential are treated as constants. The first and 
second derivatives of this ¢(@) then are found by using 
an 11-point Lagrange differentiation formula.’ Carrying 
out these operations yields a value for the differential 
cross section which is quite accurate except for the 
assumed gponet. However, since the total cross section 
is measured for each element in the same geometry and 
oe amar since the nonelastic cross section gnonet is equal to 

‘ Swt— J o(0)dQ, it is possible to carry out a calculation 
icity nae which yields o(@) that is consistent with the above 


7. Measured differential cross section for the elastic — 
scattering of 3.7-Mev neutrons by iron. 5 W. G. Bickley, Math. Gazette 25, 19 (1941). 
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relation. This calculation, of course, also gives the 
correct Gnonel- 


III. EXPERIMENTAL RESULTS 


Figures 6-11 show the experimental results of our 
measurement of the differential cross sections for the 
elastic scattering of 3.7-Mev neutrons from sulfur, iron, 
cobalt, nickel, copper, and zinc. All quantities plotted 
are in the center-of-mass coordinates. The solid curves 
drawn through the points are visual estimates of the 
best curves to be obtained from the data points. The 
error bars represent the resultant standard deviation 
of the measurements compounded from estimates to be 
given in the section on errors. 

Previous measurements of the differential cross 
section for the elastic scattering of 3.7-Mev neutrons 
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Measured differential cross section for the elastic 
scattering of 3.7-Mev neutrons by nickel. 


have been made by Morgan® for the elements sulfur 
and copper. These measurements are some 30 to 50% 
higher than our measurements. A possible explanation 
may be that the measurements reported by Morgan® 
include some inelastically scattered neutrons since his 
detector, a Hornyak-type scintillator, is known not 
to discriminate against inelastically scattered neutrons 
as effectively as the Bonner-type detector. 

A comparison of our differential cross sections for 
iron and zinc at 3.7-Mev with those of Beyster, Walt, 
and Salmi’ at 4.1 Mev shows fair agreement. The 
general features agree over all angles common to both 


6]. L. Morgan, reported in Brookhaven National Laboratory 
Report BNL-400, edited by D. J. Hughes and R. S. Carter (un- 
published). 

7 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956); 
M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 
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Fic. 10. Measured differential cross section for the elastic 
scattering of 3.7-Mev neutrons by copper. 


sets of data; the extreme forward scattering and ex- 
treme backward scattering, however, differ by as much 
as 40%, 

Table I presents the results of a Legendre polynomial 
analysis of the solid curves in Figs. 6-11 using a method 
of analysis developed especially for this purpose.* The 
table presents the coefficients By, in the expression 


1 
o (0) =— > (2L+1)B,P1(cos6), 
4a 
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Fic. 11. Measured differential cross section for the elastic 
scattering of 3.7-Mev neutrons by zinc. 


* Snowdon, Eisenbud, and Marshall, J. Appl. Phys. 29, 950 
(1958). 
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Taste I. Legendre coefficient By, in o(x) = (1/43) 2 (2L+1)BiP1(x). Units of o(«) are barns per steradian. 


6 
Ftot el 
Ttot 


Tnonel 


Sulfur 


1.797+0.075 
0.679+0.037 
0.535+0.060 
0.156+0.025 
0.068+0.035 
0.017+0.013 
0.007+0.010 
1.80 +0.08 
2.58 +0.09 
0.78 +0.12 


Total and integrated cross sections are in barns. 


Iron 


1.898+0.100 
0.989+0.034 
0.769+0.078 
0.479+0.027 
0.232+0.045 
0.039+0.013 
0.016+0.010 
1.90 +0.10 
3.41 +0.14 
1.51 +0.17 


Nickel 


1.822+0.100 
0.917+0.034 
0.716+0.078 
0.461+0.027 
0.2330.045 
0.050+0.013 
0.017+0.010 
1.82 +0.10 
3.33 +0.15 
1.51 +0.18 


Cobalt 


1.97340.100 


1.051+0.034 
0.804+0.078 
0.533+0.027 
0.267+0.045 
0.061+0.013 
0.029+0.010 
1.97 +0.10 
3.59 +0.15 
1.62 +0.18 


1.810+0.100 


Copper 


0.863+0.034 
0.684+0.078 
0.476+0.027 
0.274+0.045 
0.058+0.013 
0.016+0.010 
1.81 +0.10 
3.38 +0.15 
1.57 +0.18 


1.747+0.100 


0.871+0.034 
0.736+0.078 
0.515+0.027 
0.321+0.045 
0.119+0.013 
0.054+0.010 
1.75 +0.10 

3.59 +0.17 


where all quantities refer to the center-of-mass co- 
ordinates. 
IV. ERRORS 

The uncertainty in the final differential cross section 
is estimated from six sources of error in addition to the 
counting statistics. 

(1) The uncertainty in the multiple-scattering cor- 
rection inherent in the approximate analytical treat- 
ment. This is estimated to be not more than +5% and 
is largest near the minima in the curves. 

(2) The uncertainty in the solution of Eq. (4) for 
o(@) by a finite rather than an infinite iteration. It is 
estimated that this approximation leaves a residual 
uncertainty in o(@) of about +5% at the minima of 
the curves. 

(3) Geometrical uncertainties. 
+1%. 

(4) Variations in background between successive 
ring-in, ring-out readings including scattering-in of 
background neutrons, attenuation of background 


These amount to 
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Fic. 12. Comparison of measured differential cross section with 
optical model calculations for sulfur. Solid curve is case (1) and 
dotted curve is case (2). 


1.84 +0.20 


neutrons, and variations difficult to detect. Auxiliary 
tests indicate that the uncertainty for this measurement 
is not greater than about +3%. 

(5) Target pressure and foil thickness variations. 
These variations change the effective energy and flux 
distribution of the emitted neutrons and represent an 
uncertainty of about +3%. 

(6) The polarization of neutrons from the H?(d,n)He*® 
reaction.? Under our experimental conditions the 
polarization is not greater than 7%. Assuming that the 
scatterings are 100% effective in distinguishing spin-up 
from spin-down neutrons, the polarization would then 
lead to a 7% error. However, the measured polarization 
asymmetry for copper is not larger than 40%"°; hence, 
we conclude that the uncertainty caused by the 
polarized neutron source is probably less than 3%. 
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Fic. 13. Comparison of measured differential cross section wit 
optical model calculations for iron. Solid curve is case (1) and 
dotted curve is case (2). 

*R. E. Segel and S. S. Hanna, Phys. Rev. 106, 536 (1957) 
These authors present a summary of recent measurements of thé 
polarization of the H?(d,n) He’ reaction. 

1 McCormac, Steuer, Bond, and Hereford, Phys. Rev. 108, 11 
(1957). 
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The statistical uncertainty in the measurements was 
determined by the standard deviation of the neutron 
scattering ratio obtained in the curve-fitting process. 
This contribution varies from about +5% for small 
angles to about +20% for the backward angles. Since 
a liberal estimate is given for each source of error it was 
felt that the root-mean-square error would be a realistic 
estimate of the net uncertainty. 

Some checks on more subtle flux variations within 
a run, and on the presence of time-dependent systematic 
errors were made by examining the internal consistency 
of the data. In particular, at least three independent 
measurements of the entire angular distribution were 
made for each element. The deviations of each run from 
the mean of three runs were in close agreement with 
that expected from the statistical errors in each indi- 
vidual run, indicating satisfactory reproducibility in 
the data. Another check was made by measuring the 
neutron scattering ratio at three angles with rings of 
different diameter and hence different geometry. The 
measurements showed no systematic variation in S$ as 
a function of ring diameter. 

In addition, for completeness, the table gives the 
total elastic cross section given by the value of Bo, the 
total cross section measured in this experiment, and the 
nonelastic cross section. 


V. DISCUSSION 


Bjorklund and Fernbach" have carried out optical 
model calculations at 4.1 Mev in which the parameters 
determining the shape of the central potentials were 
determined mainly by using the 14-Mev data. The 
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Fic. 14. Comparison of measured differential cross section with 
optical model calculations for cobalt. Solid curve is case (1) and 
lotted curve is case (2). 


"F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 
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Fic. 15. Comparison of measured differential cross section with 
optical model calculations for nickel. Solid curve is case (1) and 
dotted curve is case (2). 


strengths of the central potentials and of the spin-orbit 
terms then were varied to produce a best fit to the 
4.1-Mev data of Beyster, Walt, and Salmi.’ A com- 
parison of our data for iron and zinc with the calcu- 
lations of Bjorklund and Fernbach indicates a dis- 
crepancy that is of the order of the difference between 
the two sets of data. Since there are no calculations at 
3.7 Mev comparable in detail with those of Bjorklund 
and Fernbach at 4.1 Mev, our data are compared in 
Figs. 12-17 with the computations of Reilly and 
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Fic. 16. Comparison of measured differential cross section with 
optical model calculations for copper. Solid curve is case (1) and 
dotted curve is case (2). 
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TaBLE II. Integrated cross sections from optical model. 


Case (1) 
Tcompound el 


(barns) 


0.38 
0.38 
0.38 
0.38 
0.38 


Oshape el 
(barns) 


1.90 
2.31 
2.24 
2.12 
2.11 


vo 
Element (fermi) t 


S 1.20 
Fe 1.20 
Co and Ni 1.20 
Cu 1.20 
Zn 1.20 


0.100 
0.100 
0.100 
0.100 
0.100 


2.80 
3.58 
3.50 
3.44 
3.44 


Francis” at 3.7 Mev. These workers employ a diffuse 
surface potential well and account for compound elastic 
scattering but omit the spin-orbit interaction. 

The optical potential used by Reilly and Francis was 
of the Woods-Saxon type,’® 


Two sets of parameters were chosen: case (1) used 
Vo=42.0 Mev, §=0.1, 


R=0.8+1.2A! fermi, a=0.35 fermi; 
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Fic. 17. Comparison of measured differential cross section and 
optical model calculations for zinc. Solid curve is case (1) and 
dotted curve is case (2). 

2 E. D. Reilly and N. C. Francis, Knolls Atomic Power Labo 


ratory (private communication). 
3 R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 


Orot Prone! 
(barns) (barns) 


Case (2) 
Tnonel 
(barns) 


0.72 
1.20 


1.30 
1.47 


Tshape el 
(barns) 


Foompound el 
(barns) 
0.45 
0.28 
0.28 
0.28 
0.28 


(barns) 
3.04 
3.49 
3.53 
3.65 
3.68 


ro 
(fermi) E 


ee ee eet ee 
NRYwKL 
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and case (2) used 


V»=42.0 fermi, 
R=0.8+1.25A! fermi, 


€ given in Table II, 


a=0.35 fermi. 


The parameters in case (1) gave a very good fit to our 
total cross section measurements, but did not give a 
very good fit to the nonelastic cross sections computed 
by subtracting our integrated elastic cross sections from 
our corresponding total cross sections. On the other 
hand, if the parameters in case (2) are used, the non- 
elastic cross sections may be fitted very well but at the 
expense of the good fit to the total cross sections 
obtained in case (1). No further adjustment of the 
parameters in the optical model was carried out. Table 
II summarizes the results of the present calculations. 
In each case an estimate had to be made of the con- 
tribution to the elastic scattering due to compound- 
elastic scattering. The estimated compound-elastic 
contribution is roughly consistent with that obtainable 
from the theory of Hauser and Feshbach" and is as- 
sumed to be isotropically distributed. 
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A precise set of measurements of the variation of the transmission of liquid bismuth with energy in the 
range 0.1 ev to 10 ev has been made. After correction for neutron capture, Doppler effect and liquid dif- 
fraction, a value of Vo= —4.34+0.14 kev is obtained as the depth of the potential well having a radius equal 
to the classical electron radius. This gives —0.26+0.14 kev as the strength of the intrinsic neutron-electron 


interaction after subtraction of the Foldy term. 


INTRODUCTION 


HE strength of the nonmagnetic neutron-electron 

interaction has been the subject of numerous 
experimental and theoretical investigations. The meas- 
urements to date have yielded an attractive interaction 
of the order of 4000 electron volts expressed as the 
effective potential acting over a sphere having a radius 
equal to the classical electron radius. Foldy' has 
pointed out that a spin and velocity independent 
interaction of 4080 electron volts is expected purely on 
the basis that the neutron possesses an anomalous 
magnetic moment. The difference between this value 
and the observed interaction strength is denoted by the 
term intrinsic neutron-electron interaction and _ is 
expected to arise if the neutron virtually dissociates 
part of the time into two oppositely charged particles, 
as is postulated by current meson theories concerning 
nuclear structure.? All measurements to date indicate 
that the intrinsic neutron-electron interaction is small 
or zero to within the experimental error of a few hundred 
electron volts. Calculations of the expected value of 
the intrinsic neutron-electron interaction based on 
current meson theoretical ideas of the structure of the 
neutron indicate a much larger value for this interaction. 
Thus the magnitude of the intrinsic neutron-electron 
interaction provides a stringent test for any meson 
theory, and the accurate experimental determination 
of this quantity is of prime importance. 

The cross section for the nonmagnetic neutron- 
electron interaction is about 106 smaller than ordinary 
neutron-nucleon interactions and cannot be detected 
directly by current methods. The three methods which 
have been successfully used have taken advantage of 
he considerably larger interference term between the 
scattering of neutrons by the nucleus and by the 
electrons of the same atom. The first results were given 
by Havens, Rabi, and Rainwater,’ who measured the 
energy dependence of the total cross section of liquid 
ead and liquid bismuth and interpreted their results in 
erms of the variation of the interference term as the 


* This work partially supported by the U. S. Atomic Energy 
“ommission. 

1L. L. Foldy, Phys. Rev. 87, 693 (1952). 

2 E. Fermi and L. Marshall, Phys. Rev. 72, 1139 (1947). 

3 Havens, Rabi, and Rainwater, Phys. Rev. 72, 634 (1947). 

4 Havens, Rabi, and Rainwater, Phys. Rev. 82, 345 (1951). 


neutron wavelength is changed. Fermi and Marshall? 
and later Hamermesh ef al.’ observed the angular 
dependence of the scattering of neutrons from krypton 
and xenon. The latest reported results were by Hughes 
et al.,6 who measured the total reflection of neutrons 
from the interface between bismuth and liquid oxygen. 
An account of these measurements, as well as a detailed 
treatment of the theory involved, are given in an 
excellent review paper by Foldy.’ 

The measurements of Havens, Rabi, and Rainwater 
were made with the neutron velocity spectrometer 
system in conjunction with the Columbia 36-inch 
cyclotron where, because of low intensities, it was 
difficult to obtain sufficient statistical accuracy. By 
the use of the same method and the much higher 
neutron fluxes available with a neutron crystal spec- 
trometer at a nuclear reactor, results with much 
higher statistical accuracy were expected. This paper 
presents the results of such a set of measurements on 
liquid bismuth. A preliminary account of this work has 
been reported previously.® 


METHOD 


For an isolated atom, the scattering amplitude is 
given by 
a=ay+Zan-f, 


where @y=nuclear scattering amplitude, a,,=non- 
magnetic neutron-electron scattering amplitude, Z 
=atomic number, and /f=electronic form factor. 
Integration of a? over all directions gives the total 
scattering cross section in the center-of-mass system: 


ia ont2Z (anon) f+Zon. (f*) m0. 


The last term gives a negligible contribution within the 
limits of error of these measurements and will hence- 
forth be omitted. The method of measuring ¢,,, consists, 
then, of measuring the cross section at several neutron 
energies and determining the coefficient of f, which is 
assumed to be a known function of energy. Before the 
5 Hamermesh, Ringo, and Wattenberg, Phys. Rev. 85, 483 
€ 
ne Harvey, Goldberg, and Stafne, Phys. Rev. 90, 497 
(1953). 
7L. L. Foldy, Revs. Modern Phys. 30, 471 (1958). 


8 Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. Ser. IT, 
1, 62 (1956). 
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latter can be done, however, corrections must be made 
for neutron capture by the nucleus, the effect of thermal 
motion, and the effect of liquid diffraction. Each of 
these effects will be discussed subsequently. 

Since the interference term is only a small percentage 
of the main nuclear term, cross section measurements 
to better than 0.1% must be made in order to obtain 
significant results. The choice of material for investiga- 
tion must also be made carefully since most materials 
exhibit large variations of cross section with energy 
from other effects, and these mask the effect to be 
measured. Liquid bismuth was chosen for these meas- 
urements because (a) it has a small and adequately 
well-known capture cross section, (b) it does not have 
the crystal diffraction effects exhibited by most solids, 
(c) it has negligible spin incoherence, (d) it has a high 
atomic number, giving a relatively large effect, (e) its 
large atomic weight reduces the amount of Doppler 
correction and hence minimizes possible uncertainties 
arising from this correction, (f) it is monoisotopic, and 
(g) it is readily available. The only other available 
material which appears suitable for this type of in- 
vestigation is gaseous argon at high pressure. Although 
argon is superior to liquid bismuth in many respects, 
it has not been used because the desired effect is smaller 
and its appreciable capture cross section is not suf- 
ficiently well-known. However, recent work® on the 
Columbia University crystal spectrometer at the 
Brookhaven National Laboratory reactor, extending 
its range to 11 A, may make it possible to determine the 
capture cross section with adequate accuracy. 


EXPERIMENTAL EQUIPMENT 
The Spectrometer 


The Columbia University neutron crystal spectrom- 
eter in conjunction with the BNL reactor was used as 
a source of monochromatic neutrons for these measure- 
ments. This spectrometer is similar to other single 
crystal spectrometers which are used for high precision 
neutron spectroscopy.” A sodium chloride crystal 
(200 planes) was used as a neutron monochromator. A 
proportional counter filled with BF; was used for 
neutron detection. The main requirement of this 
determination is accurate measurement of transmission. 
Therefore, the various factors concerned were ex- 
tensively studied : 

(a) The knowledge of the neutron energy and the 
lack of perfect resolution contributed a_ negligible 
amount to the uncertainty of the final results of this 
experiment since the observed transmission of liquid 
bismuth varied very slowly with neutron energy. 

(b) The contamination of the diffracted neutron 
beam with higher order neutrons was determined by 

® Gould, Taylor, and Havens, Phys. Rev. 100, 1248A (1955). 


1 See, for example, Sailor, Foote, Landon, and Wood, Rev. Sci. 
Instr. 27, 26 (1956). 
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HIGHER ORDER CONTAMINATION 
a 








te) 
0.! 





PERCENT 


U 
NEUTRON ENERGY (ev) 


Fic. 1. Higher order contamination in reflection from the pile 
neutron beam incident on the 200 plane NaCl crystal mono- 
chromator of the neutron crystal spectrometer. 


measuring the transmission of various thicknesses of 
cadmium in the region below 1 ev. A few measurements 
were made at energies above 1 ev by observing the 
counting rate at resonance through thick samples of 
indium, gold, and silver. These results, which were 
used for correcting the data for higher order contamina- 
tion, are shown in Fig. 1. It is apparent that uncertain- 
ties in the amount of contamination are unimportant 
because of the slow variation of the transmission with 
energy. 

(c) It was observed for this system, as for an earlier 
one," that the counting rate produced by the BF* 
detection system was not strictly proportional to the 
intensity of neutrons reaching the BF* counter. The 
counting rate loss was determined from measurements 
of the transmission of a standard piece of solid bismuth 
taken at the full intensity of the spectrometer and at an 
intensity reduced to about one-third by a bismuth 
filter placed in the neutron beam. Repeated measure- 
ments over the course of three years indicated that the 
counting rate loss corresponded to a dead time, cal- 
culated in the usual way, of 3.00.3 microseconds and 
did not change appreciably. At the maximum intensity 
of the spectrometer, this correction can amount to 3% 
for a transmission of about one-quarter. Although the 
counting losses were approximately proportional to the 
neutron intensity, as for true dead time, possible 
variations from this behavior were not determined with 
high precision. Instead, the neutron intensity was 
always reduced by suitable filters to a value such tha 
the dead time correction was less than 0.2% and, 
therefore, the uncertainty in this correction negligible. | 

(d) Corrections for background were determined atj 
frequent intervals during each transmission measure 
ment by rotating the crystal one or two degrees off the 
diffraction peak and subtracting these results from 
measurements made with the crystal on peak. 


The Liquid Bismuth Cell 


A diagram of the sample holder used to contain th 
liquid bismuth for these measurements is shown ir 


1 E, Melkonian, Phys. Rev. 76, 1744 (1949). 
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Fig. 2. The neutron beam passes through the compart- 
ment in contact with a platinum resistance ther- 
mometer. A mixture of He with 2% Hz is used to 
move the liquid bismuth out of this compartment for a 
“sample out” measurement or into this compartment 
for a “sample in” measurement. Earlier measurements, 
which used He without the Hz, resulted in oxidation of 
the liquid bismuth from the small contamination of Oz 
in the He. Those portions of the cell which come into 
ontact with liquid bismuth were fabricated of low 
arbon steel, which is one of the best structural materials 
or containing molten bismuth from the point of view 
pf corrosion resistance. The vacuum jacket and radia- 
ion shields help to maintain the sample at a uniform 
emperature by reducing heat losses to a minimum. 
temperature regulating device, which uses a platinum 
esistance thermometer as a sensing element, maintains 
he cell at a temperature within 3°C of the required 
emperature, a range which produces negligible change 
n transmission. The bismuth sample was supplied by 
merican Smelting and Refining Company and was 
laimed to be of purity better than 99.99%. It received 
pecial handling throughout to avoid contamination 
ith material having high capture cross sections. 


RESULTS 


Ten separate determinations on two samples of 
quid bismuth were made over the course of about 
yo years. Each determination consisted of a series of 
ansmission measurements at three or four widely 
paced values of the neutron energy. To eliminate 
ossible variations of the sample in the time taken for 
ne series of runs, all of the data at a particular energy 
ere not taken at once but rather broken up into five 
» ten determinations interspersed with measurements 
the other energies. Each transmission measurement 
bnsisted of many cycles following the pattern, open 
mple—sample—open, in order to minimize reactor 
ifts. Background data in the same pattern were taken 
priodically. Data were computed on the 409.2 R 
emington-Rand computer at Brookhaven National 
boratory. After a preliminary calculation using all 
the data from one run at a particular energy, those 
rcles were rejected whose deviations from the mean 
ceeded 2.5 times the standard deviation. The number 
cycles rejected in this manner, without determining 
e cause of the high deviation, was about the number 
pected from statistical considerations. The remaining 
cles were used to compute the final average trans- 
ssion for that particular run. The distributions of 
cle by cycle transmissions of each set of data were 
nd to be acceptable on the basis of Pearson’s 
i-squared test. The standard spectrometer corrections 
dead time and order contamination were then made 
d cross sections computed on the basis of g/cm? of 
ple obtained from the density of liquid Bi and the 
| dimensions. The results, after corrections to be 
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Fic. 2. Diagram of liquid bismuth cell. Stupekoff seals in the brass 
plate are used for the electrical connections. 


described, are listed in Table I. There is some decrease 
of calculated cross section with time. This is attributed 
to an effective decrease of the sample thickness resulting 
from a buildup of deposits on the walls of the chamber. 
This uncertainty in sample thickness makes calculation 
of absolute cross sections unreliable. However, the 
measurement of the magnitude of the neutron-electron 
interaction depends primarily upon the variation of 
the cross section with energy, and the procedure of 
taking data described above eliminates the effect of a 
long term change of sample thickness. The results 
were ultimately normalized to a free bismuth atom 
cross section of 9.29 barns.” 


CORRECTIONS 


There are three major corrections to be made on the 
cross section data in order to interpret them in terms 
of neutron-electron interaction. These corrections are 
(a) neutron capture, (b) Doppler effect, and (c) 
liquid diffraction. Correction implies subtraction of 
these effects from the observed cross section values to 
give the results which would have been obtained had 
these effects not been present. 


Neutron Capture 


A correction for radiative neutron capture was made 
on the basis of 32 millibarns!? at KT and a 1/v behavior, 
i.e., ¢-=0.0178 \ barns, where A is the neutron wave- 


12 Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325, 
(Superintendent of Documents, U.S. Government Printing Office, 
Washington, D. C., 1958), second edition, 
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4.41+0.47 
4.91+0.50 
4.02+0.30 
4.15+0.41 
3.96+0.29 
4.87+0.18 
4.49+0.26 
4.16+0.25 
4.25+0.23 
3.88+0.26 


4.41+0.47 
4.91+0.50 
4.02+0.30 
4.15+0.41 
3.96+0.29 
4.86+0.18 
4.46+0.26 
4.22+0.23 
3.83+40.26 


4.12+0.25 


0.2861+0.0303 
0.3182+0.0325 
0.2604+0.0192 
0.2687 +0.0263 
0.2568+0.0187 
0.3147+0.0119 
0.2893 +0.0169 
0.2667 +0.0162 
0.2735+0.0148 
0.2479+0.0170 


9.2904+0.0133 
9.2973+0.0133 
9.2967 +0.0068 
9.2915+0.0100 
9.2798 +0.0067 
9.2643+0.0040 
9.2202+0.0055 
9.2085+0.0051 
9.2148+0.0050 
9.1724+0.0060 


9.2430+0.0050 
9.1852+0.0094 
9.1886+0.0094 
9.2081+0.0109 
9.1405+0.0076 


9.2302+0.0116 
9.2285+0.0082 
9.2457 +0.0041 
9.2406+ 0.0062 
9.2348+0.0039 
9.2099+-0.0031 
9.1674+0.0034 
9.1553+0.0031 
9.1611+0.0031 
9.1283+0.0047 





9.2304+0.0116 
9.2134+0.0033 
9.2046+0.0067 
9.1934+0.0041 
9.1659+0.0034 
9.1260+0.0034 
9.1263+0.0031 
9.1274+0.0036 
9.0938+0.0034 


9.1542+0.0043 
9.1420+-0.0050 
9.1705+0.0038 
9.1627 +0.0046 
9.1601+0.0038 
9.1197+0.0029 
9.0806+0.0042 
9.0758+0.0042 
9.0837 +0.0034 
9.0512+0.0038 


300° 
500° 
500° 
500° 
500° 
300° 
300° 
300° 
300° 
300° 





® Normalized to oo =9,29. 
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length in A. A sample of the same bismuth used for 
these measurements was investigated by Langsdorf on 
a pile oscillator’ and found to have the capture cross 
section for bismuth listed to within the accuracy stated, 
which has a standard deviation of 6%. 

After these measurements were completed, the 
capture cross section of the sample used was measured 
by another method, since no pile oscillators were in 
operation, to see whether it was still the same, that is, 
to see whether material having high neutron capture 
had been dissolved by the liquid bismuth, since this 
could produce an appreciable error in the deduced 
value of the neutron-electron interaction. In order ta 
perform this measurement, the liquid bismuth samples 
used were allowed to solidify and were then machined 
into the form of a good transmission sample. Measure 
ments were made in the neighborhood of 10 A, which i 
much larger than the wavelength of the Bragg break 
At this energy the large coherent cross section has 
vanished, and only a residual incoherent temperatur¢ 
dependent cross section and the capture cross sectio 
remain. Similar measurements were made on a portioy 
of the original bismuth sample which had been set asid 
and had not gone through the melting process for thi 
experiment. The results of these measurements ar 
listed in Table II. Data read from the “T=300°K 
curve in BNL 325” are included for comparison. It i 
evident that there has been no significant change i 
the capture characteristics of the liquid bismuth sampl 
used during the course of the measurements. 


Doppler Effect 


In the region of high atomic mass and not too lo 
neutron energy, the Doppler effect on an otherwi 
constant cross section is fairly small and is given by 





\Oev 
/ few lev fwreeed O.lev| | | 
rt n ‘ 








oi — 3 
. 2 4,2" S 





Fic. 3. Electronic form factor as a function of \Z!. Values of A, 
corresponding to this experiment are indicated. 


8 A. S. Langsdorf (private communication). 


4G. Placzek, Phys. Rev. 86, 377 (1952). 
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TABLE II. The data for the determination of the capture cross section of the bismuth sample before and after the measurements 
compared’ with the standard sample which was not used in the measurements and the standard values from BNL 325. 


Aoi =@stand 
—Gsample 1 
(barns) 


Trample 1 
(barns) 


r E Ostand 
(A) (1073 ev) (barns) 





~—0.017 40.035 
40.031 40.033 
— 0.036 +0.035 


0.657+0.025 0.640+0.024 
0.557+0.025 0.588+0.022 
0.610+0.025 0.574+0.024 


1.08 
0.82 
0.62 


8.75 


0 that for oo=9.29 b, 


60 = 0.0134 ? 
=0.0181 d? 


300°C 
500°C. 


at 
at 


Liquid Diffraction 


Even though liquid bismuth does not exhibit the 
iffraction effects shown by crystalline materials, 
here is a small variation of cross section with energy 
aused by the diffraction of neutrons arising from the 
Act that each bismuth atom is surrounded by other 
ismuth atoms at approximately the same distance so 

at some regularity exists in the liquid. This effect has 
een examined in great detail by Placzek ef al.,!> who 
ive the following formulas for the relative change in 
oss section arising from the effect of liquid diffraction : 


yes loo= = (Ag2p!/8mr)I, 


here Ao=neutron wavelength (cm), p=number of 
articles/unit volume, <3, ~3 for close packing of 
articles. The quantity J depends on the liquid structure 
the sample. The calculations for many reasonable 
rms of distribution of atoms indicate that 7 must be 
bout 2.85. For mercury, Placzek ef al.!® analyzed the 
hta of Hendus and found /= 2.82. It was expected that 
would be slightly smaller for bismuth than for 
ercury; therefore, for bismuth 7 was taken as 2.80. 
ing J = 2.80, the liquid diffraction term becomes 


60 = — 0.0976 i? 300°C 
— 0.0959 »? 500°C. 


at 
at 
of interference between 
the electrons of another 
was studied in detail by 


The question of the effect 
e nucleus of one atom and 
s been raised by Weiss.'® It 


o 
BNL 
325 
(barns) 


Ao? =Astand 
—@Osample 2 
(barns) 


Aoi/d 
(barns/A) 


Osample 2 Aa2/d 
(barns) (barns/A) 

—0,0019 +0.0040 

+0.0031 +0.0033 

—0,0031 +0.0030 

—0,0007 +0.0019 


0.555+0.020 0,002 +0.032 


0.65 
0.0002 +0.0032 0.57 
0.56 


0.0002 +0,0032 


Placzek!’ and was shown to have an insignificant effect 
on this experiment. 

Table III gives the details of these corrections for 
one case to illustrate their magnitudes. Table I gives 
the value of the cross section of bismuth at the various 
energies after corrections for all effects mentioned 
above. 

INTERPRETATION OF RESULTS 

An inspection of Table I shows that there is a very 
definite decrease in the cross section of bismuth with 
increasing wavelength in each run. To interpret this 
variation in terms of the strength of neutron-electron 
interaction, the variation of the average electronic 
form factor with energy must be known. The average 
electronic form factor, f, was computed on the basis of 
both the Fermi-Thomas model of the atom and the 
Hartree functions. In the 0.1-1A region of neutron 
wavelengths, which is of interest here, both calculations 
give essentially the same results. Figure 3 shows the 
dependence of f, computed from the Fermi-Thomas 
model, upon the wavelength. For each energy or 
wavelength at which neutron transmission measure- 
ments were made, a value of f was determined from an 
expanded version of Figure 3. The corrected cross 
section of the bismuth atom is then expected to be a 
linear function of f. Figure 4 shows the plot of ¢ vs f 
for Sample 2. A straight line fits the observed points 
fairly well, lending confidence to the validity of the 
corrections made. However, calculations were carried 
out separately on each of the ten runs and averaged 
only at the end for the final result. Table I gives a list 
of the slope and intersections for the ten runs made. 
The slope 6 is related to the well depth by 


b=2Z (anon. yh 


TaBLE IT. Sample calculation for the data on liquid bismuth at 300°C showing the corrections 
for capture, Doppler effect and liquid diffraction on data. 


ba 
(barns) 


+0.0034 
+0.0036 
+0.0031 
+0.0109 


oe 
(barns) 


9.0307 
9.1122 
9.1593 
9.2089 


Placzek, Nijboer, and Van Hove, Phys. Rev. 82, 392 (1951). 
BR. Weiss (private communication). 
G. Placzek (private communication). 


Capture 


—0.0161 
— 0.0096 
—0.0051 
—0.0025 


Correction Sum 


of 
corrections 


+0.0530 
+0.0152 
+0.0018 
— 0.0008 


Liquid 
diffraction 
+0.0801 
+0.0287 
+0.0080 
+0.0020 


Fvorrected 


(barns) 


9.0837 
9.1274 
9.1611 
9.2081 


Doppler 


—0.0110 
—0.0039 
—0.0011 
—0.0003 
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F1G. 4. ocorr vs f for Sample 2 averaged over the five runs 
after individual normalization to o9=9.29. 


where on-=4n[3(M/h?)a®V ? and M=neutron mass, 
V=depth of potential well, a=e?/mc?=2.82X10-* 
cm=classical electron radius giving 6=6.48X10-° V, 
when 6 is in barns and V is the depth of potential well 
in ev. 

The values of V as computed are listed in Table I. 
Since only approximate values of the sample thickness 
were used in calculating the cross sections, the intercepts 
do not give the true free atom bismuth cross section 
Vo is obtained from V by multiplying by the ratio 
9.29/a9. These values are also included in Table I. 

Table IV gives averages for several groups of measure- 
ments taken on the same sample and also gives the 
results for two different temperatures of liquid bismuth 
as well as the final average for all runs. The differences 
between the groupings are only slightly outside of the 
standard deviations and will be assumed to have no 
significance. 

The average result from all ten runs is Vo= —4.34 
+0.09 kev, when the error is based on counting statistics 
only. The standard deviation based upon the spread of 
values about the mean is +0.12. We will adopt this 
value as the error arising from the transmission measure- 
ments. The only additional significant source of error 
appears to be the uncertainty of J in the correction for 
the effect of liquid diffraction. The maximum possible 
value for J is 3.00, so we take +0.20 as a reasonable 
estimate of the outside limit of uncertainty. Division by 
2.5 gives +0.08 as an estimate of the standard deviation 
on J, giving an uncertainty of +0.08 on V. The un- 
certainties in the corrections for capture and the 
Doppler effect are small compared with the uncertainty 
in the liquid diffraction correction. The variation of a, 
with energy due to the higher energy resonances has 
also been determined over the energy interval of 
interest and found to be negligible. Combining errors 
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TABLE IV. The results of the experiments on the different samples 
at two different temperatures, and the average of all runs. 


AV =Vroiy —Vo 
(kev) 


~0.2640.19 


Vo (kev) 


4.16+0.16 
4.42+0.10 
4.42+0.10 
4.13+0.17 
4.34+0.09 


Sample 1 (300° and 500°) 
Sample 2 (300° and 500°) 
300° (Sample 1 and Sample 2) 
500° (Sample 1 and Sample 2) 
All 10 runs 


—0.29+0.20 
—0.26+0.14 


® Standard deviation, based upon spread of values about the mean, i 
+0.12. 


then gives Vo=—4.34+0.14 kev as the final value 
This value is consistent with results obtained from a 
the other measurements’ but has a much smalle 
uncertainty. The difference between this and the Fold 
term (—4.08) is —0.26+0.14 kev as the intrinsi 
neutron-electron interaction. Although this is attractive 
as expected, and larger than the uncertainty, it is sti 
not accurate enough to indicate a definite nonzer 
intrinsic interaction. Averages of these results wit 
those of Hughes ef al.6 (—3.86+0.37 kev) and Hame 
mesh ef al.’ (—3.90+0.81 kev) gives Vo= —4.27+0. 
kev and an intrinsic interaction of —0.19+0.13 ke 
In view of the difficulty of obtaining significant 
better statistical accuracy by this method, and t 
inherent uncertainty of the correction for liqu 
diffraction, it is probably not worthwhile at this ti 
to perform any further measurements on liquid bismut 
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Slow-Neutron Resonances in Eu!*! and Eu!*t 


FaurRi Domanic* AND EUGENE T. PaTRONIS, JR. 
Brookhaven National Laboratory, Upton, New York 
(Received December 9, 1958) 


The total neutron cross sections of Eu!*! and Eu'®* have been measured between 1 and 10 ev using a high 
resolution crystal spectrometer. The Breit-Wigner parameters have been obtained for the 1.055, 2.717, 
3.368, and 3.710-ev resonances in Eu'!, and for the 1.725, 2.456, 3.294, 3.944, 6.16, and 8.87-ev resonances 
in Eu'®’, The values of the radiation widths for the 1.055, 2.717, 3.368, and 3.710-ev resonance in Eu!®! are 
almost identical, whereas out of the six resonances in Eu'®* five are almost identical, and one is about 30% 


higher. 


I. INTRODUCTION 


A LTHOUGH much data has been accumulated on 
neutron resonances, accurate values of the radi- 
tion widths, [',, have been obtained for only a few 
ases.! Within each of the three isotopes, In", Eu!, 
nd Hf!"’, the results indicate that the values of the 
adiation widths are not always constant. For each of 
he isotopes In"® and Hf!” only two values of I’, were 
easured?* which were found to be distinctly different. 
owever, in Eu! five values have been reported? *~® 
hich appear to fall into two groups. The grouping 
ggests that two values of I’, correspond to the two 
yssible spin states for slow-neutron capture. This 
ssumption is supported by the activation of the 
someric state in Eu'®” which was reported by Wood.’ 
The analysis of Eu data is complicated by the 
resence of the two isotopes Eu’! and Eu'®*, both of 
hich contain closely spaced resonances. Recently 
amples of enriched Eu’! and Eu! have been made 
vailable. The measurements to be discussed were 
dertaken to obtain more accurate values of the 
diation widths to see if the division into two groups 
pes indeed occur, and to compare the radiation widths 
r the two isotopes. 


II. EXPERIMENTAL DETAILS 


Total neutron cross-section measurements with the 
YL crystal spectrometer have been described previ- 
sly.5-° The resolution of the spectrometer was 0.17 
ec/meter and the Be(1231) crystal planes were used. 

samples, in the form of europium nitrate dissolved 
D.O, were prepared from enriched stable isotopes.” 


Work performed under the auspices of the U. 
hergy Commission. 

ICA Fellow, on leave from the University of Ankara, Ankara, 
rkey. 

H. H. Landon, Phys. Rev. 100, 1414 (1955). 

H. H. Landon and V. L. Sailor, Phys. Rev. 98, 1267 (1955). 
BG. Igo and H. H. Landon, Phys. Rev. 101, 726 (1955). 

H. H. Landon, Bull. Am. Phys. Soc. 1, 347 (1956). 
B Sailor, Landon, and Foote, Phys. Rev. 93, 1292 (1954). 
BN. Holt, Phys. Rev. 98, 1162(A) (1955). 
PR. E. Wood, Phys. Rev. 95, 453 (1954). 
BL. B. Borst and V. L. Sailor, Rev. Sci. Instr. 24, 141 (1953). 
P Sailor, Foote, Landon, and Wood, Rev. Sci. Instr. 27, 26 
D56). 

These samples were obtained on loan from the Isotope 
search and Production Division of the Oak Ridge National 
boratory, Oak Ridge, Tennessee. 


S. Atomic 


Two such samples of each isotope were prepared. The 
enrichment of Eu! was 95.0% and of Eu!®!, 91.9%. 
The 1/NV values were 3038 barns and 16 129 barns for 
Eu!®*, and 3305 and 22 080 barns for Eu!®. The thick- 
nesses were known to better than 1%. A small correction 
to the observed transmission was made for the presence 
of the NO; radical and D,O. 


III. RESULTS AND ANALYSIS 


The observed total cross sections of Eu'®! and Eu'* 
are shown in Fig. 1. Resonance energies are listed in 
Tables I and II. In general, our energy values are in 
good agreement with other measurements. Two reso- 
nances in Eu'®* reported by Harvey and Block" at 
4.81 ev and 7.60 ev were not observed by us. On the 
other hand, the resonance reported at 5.47 ev in Eu! 


TABLE I. A summary of the resonance parameters in Eu!®, 
The values of oo and L,° are for the isotope. 


Eo oo 
(ev) (barns) 


1.055+0.003 
1.80 +0.05 
.717+0.005 
.368+0.006 
.710+0.006 
37 +0.05 
+0.05 
+0.05 
+0.1 
+0.05 
+0.05 
+0.05 


2gT'n® 


r Ps 
(1073 ev) (107% ev) (1073 ev) 


3190+30 85+3 85+3 0.214+0.005 
1190+35 
7640+75 


2930+ 50 


9243 
9443 
95+4 


9243 
9243 
9444 


0.14 +0.01 
1.00 +0.05 
0.41 +0.02 


NNN Ut BW WwW db 


TABLE II. A summary of the resonance parameters in Eu!®, 
The values of oo and I’,° are for the isotope. 


Eo 70 r ry, 

(ev) (barns) (10°73 ev) (10°73 ev) 
1.725+0.005 
2.456+0.005 
3.294+0.006 
3.944+0.008 
6.16 +0.02 
8.87 +0.03 


2eI',° 
(107% ev) 

450+ 25 
7548+75 
3943+50 
3642+40 
1130+30 
5324+60 


93+5 
94+2 
96+3 
101+3 
13144 
105+5 


92+5 
92+2 
9543 
100+3 
130+4 
10145 


0.042+0.005 
0.85+0.03 

0.528+0.015 
0.56 +0.02 
0.28 +0.02 
1.27 +0.09 


J. A. Harvey and R. C. Block, Bull. Am. Phys. Soc. 1, 347 


(1956). 
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Fic. 2. Total neu- 
tron cross section o 
Eu!® in the region o 
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by Harvey and Block was found to be a double reso 
nance. The energy of these resonances shown in Fig. 2 
are 5.37 and 5.45 ev. There seems to be an unresolved 
resonance at approximately 7.0 ev which makes the 
curve asymmetric. 

The methods used in analyzing the total cross-sectio 
data for resonance parameters have been described 
previously.?"” In the case of Eu'® all the observed 
resonances were analyzed. Each resonance was correcte 
for second order contamination,” resolution, back 
ground due to adjacent resonances, and contaminatio 
due to the other isotopes. The Doppler correction i 
included in the method of shape analysis. 

The correction for instrument resolution has to b 
made for each resonance analyzed. However, since thi 
correction for the first four resonances is very small, 
was neglected except at the peaks. At the other resq 
nance the correction was calculated at several poing 
and the values for other points were obtained b 
interpolation. An example of such a correction curve 
shown in Fig. 3 for the 8.87-ev resonance. 

The Breit-Wigner shapes for each resonance wel 
generated using the computed parameters in order t 
see how good the experimental points fit these the 
retical curves. Typical fits are shown in Fig. 4 for t 
6.16-ev resonance, and in Fig. 5 for the 8.87-ev res¢ 
nance. Curve A is the true Breit-Wigner shape of t 
resonance, curve B represents the Doppler-broadene 
Breit-Wigner shape, and curve C is the resolutid 


The small resonance at the energy 2.45 ev in Eu'® is due 


ause the samples were too thin to obtain accurate values. The 
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Fic. 3. The resolution correction curve for the 8.87-ev 
resonance in Eu'®, 


1. Total cross section of Eu between 1 and 10 ev. ” 
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Fic. 4. Total neutron cross section of Eu'®* in the region of the 
6.16-ev resonance. Curve A is the true Breit-Wigner shape of the 
esonance, curve B represents the Doppler-broadened Breit- 

figner, and Curve C is the resolution triangle. 


riangle. Similar curves were obtained for each of the 
esonances analyzed but are not shown. 

In Eu! only four resonances (1.055, 2.717, 3.368, 
and 3.710 ev) could be analyzed to the precision required 
or this study. Although the 1.80-ev resonance appears 
o be a single resonance, it could not be analyzed 
ecause it is very weak. The observed peak cross section 
bf about 200 barns would require a much larger sample 
hickness to get data of the desired accuracy. The 
emaining resonances have not been analyzed for 
arious reasons, i.e., their cross sections may be too 
mall, they may be too close together, or the resolution 
orrection becomes excessively large. 

The resonance parameters obtained for Eu! are 
iven in Table I. It was found that the radiation widths 
pr these resonances are almost constant. The fit for 
he 3.710-ev resonance and for the neighboring large 
esonance at 3.368 ev are shown in Fig. 6 and Fig. 7. 

he experimental data are in good agreement with the 
heoretical curve B. The radiation width for the reso- 
ance at Hy)=3.710 ev, previously reported by Landon‘ 
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Fic. 5. Total neutron cross section of Eu'® in the region of the 
B7-ev resonance. Curve A is the true Breit-Wigner shape of the 
sonance, curve B represents the Doppler-broadened Breit- 
igner, and curve C is the resolution triangle. 
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Fic. 6. Total neutron cross section of Eu'*! in the region 
of the 3.68-ev resonance. 


as (69+7) X10- ev, was found to be (94+4) X10™ ev. 
This resonance was difficult to analyze with the natural 
europium samples which Landon used because of the 
neighboring large resonance, and the Eu'®* resonance 
at 3.944 ev. 

The resonance parameters obtained for Eu'® are 
given in Table II. Out of the six resonances measured, 
five of them have radiation widths which are almost 
identical, with an average of 98X 10~* ev. The resonance 
at 6.16 ev has a radiation width whose value of 
130X10- ev is 30% higher than the average value. 
It is highly unlikely that this is a double resonance 





CROSS SECTION (borns) 











1 
3.8 
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Fic. 7. Total neutron cross section of Eu'® in the region 
of the 3.71-ev resonance. 
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since the Doppler-broadened curve and the experi- 
mental curve agree so well, and since the shape is so 
symmetrical (see Fig. 4). 

The results reported here do not provide conclusive 
evidence for the existence of two distinct groupings of 
radiation widths. It is generally assumed that the 
Porter-Thomas distribution" for radiation widths would 
be quite narrow due to the large number of degrees of 
freedom, i.e., the large number of exit channels for the 
process. The value of I, for the Eu'®* resonance at 
6.16 ev is anomalously large, and would not fit such a 
distribution. The possibility cannot be excluded that 
this one resonance belongs to one spin state while the 
five remaining resonances belong to the opposite spin 
state. 

4 R. G. Thomas and C. E. Porter, Phys. Rev. 104, 483 (1956). 
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In Eu'®!, the two resonances at —6X10-! ev and 
0.327 ev, previously reported as having smaller Ty, 
were not remeasured. Since none of the four resonances 
reported here fall into this group, it would be worth- 
while to remeasure these and check the earlier results. 
The correlation between the activation’ of the isomeric 
state of Eu’ and the smaller values of I, tends to 
support the earlier results. It would be interesting to 
extend Wood’s activation measurements to higher 
energies using the enriched samples to see if the cor- 
relation is really significant. 
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Li'(n,t)He* Reaction at Intermediate Energies* 


S. J. BAmeE, Jr., AND R. L. Cubitt 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received November 6, 1958) 


The Li®(n,t)He* reaction cross section has been measured in a neutron energy interval extending from 
9 kev to 340 kev. The cross section descends from 1.77 barns at 9 kev to a minimum of 0.74 b at 100 kev 
before rising to a peak resonance value of 2.75 barns at 258 kev. The cross section from 9 kev to 90 kev is 
not proportional to E~+, but can be represented by ¢=3.96E~°** with o in barns and the neutron energy E 
in kev. Angular distributions of the tritons are presented for neutron energies of 150, 200, 258, 300, 350, 
and 565 kev. These distributions, measured in a relative manner, are placed on an absolute scale by normaliz- 
ing to the cross section data of this experiment, extended to 565 kev by use of previously measured cross 


sections. 


INTRODUCTION 


HEN Li® is bombarded by neutrons with energies 

between thermal and 1 Mev, three nuclear re- 
actions are energetically possible—elastic scattering, 
radiative capture, and the Li®(m,/)He* reaction. The 
(n,t) reaction cross section is 945 barns at thermal 
energies' and is expected to decrease with increasing 
neutron energy, obeying the 1/v law up to rather ap- 
preciable energies. At higher energies, between 140 and 
650 kev, Blair and Holland? have observed a strong 
resonance centered at 250 kev. This resonance also ap- 
pears in the total neutron cross section! of Li® and has 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

! Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955), and D. J. Hughes and R. Schwartz, 
Supplement No. 1, 1957. 

2 J. M. Blair and R. E. Holland (unpublished). These results, 
corrected for more recent measurements of the U** fission cross 
section, are given in Supplement No. 1 of reference 1. 

8’ Johnson, Willard, and Bair, Phys. Rev. 96, 985 (1954). 


been attributed to the presence of an excited state it 
Li’ at 7.46 Mev with J=5/2-.3 

Of particular interest is the behavior of the cros 
section at lower energies where the 1/v dependence o 
the cross section might be modified by the 250-ke 
resonance. Gorlov ef al.> report cross-section measure 
ments in the energy interval 9 to 700 kev. They observ 
the resonance due to the 7.46-Mev state of Li’, but at 
somewhat higher energy. The cross sections at the lowes| 
energies of 9, 20, and 50 kev are about 15, 32, and 479 
higher than a 1/v extrapolation of the cross section fro 
the thermal value. Since it might be expected that th 
cross sections at these energies should be smaller, corr 
sponding more nearly to the 1/v extrapolation, th 
present experiment was undertaken. The measuremen 
of this experiment are in essential agreement wit 
Gorlov ef al, However, the position of the resonanc 


4F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 
(1955) ]. 

®>Gorlov, Gokhberg, Morozov, and Otroshchenko, Dokla 
Akad. Nauk S.S.S.R. 111, 791 (1956) [translation: Soviet Phy’ 
Doklady 1, 705 (1956) ]. 
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determined by this experiment agrees more nearly with 
the position found by Blair and Holland. 

The angular distributions of the Li®(,t)He* reaction 
at various energies over the 250-kev resonance yield 
information regarding the properties of the 7.46-Mev 
level of Li’. Angular distributions have been measured 
by Darlington ef al.6 at four energies in this region. 
Measurements made by the late H. C. Martin, Jr., are 
presented for the first time in this paper. 


EXPERIMENTAL 
Li’ (n,t)He‘ Cross Section Variation with Energy 


The Li®(n,)He* reaction proceeds with an energy 
release Q=4.78 Mev, so both the triton and the alpha 
particle resulting from the disintegration are quite ener- 
getic. With the development of the Li®I(Eu) scintilla- 
tion crystal, it became possible to detect the absolute 
number of (,/) events occurring in a known mass of 
crystal. The detector for this experiment was a crystal 
14 inches in diameter and 2 mm thick, with a Li® 
abundance of 96%. It was encased in a lightweight, 
stainless steel can, having a 0.002-inch thick window 
between the neutron source and the crystal face. Con- 
ventional photomultipliers, amplifiers, and multichannel 
analysers were used in the experiment. 

The neutron source was the Li’(p,n)Be’ reaction 
produced in thin normal lithium layers by a proton 
beam from a 2.5-Mev Van de Graaff accelerator. The 
thickness of the Li target was measured by determining 
the proton energy difference between the threshold for 
neutron production at 0° (i.e., p= 1.883 Mev) and the 
energy of the maximum forward yield of neutrons. The 
accelerator beam energy was determined by electrostatic 
analysis of the mass 2 beam, and the neutron yield was 
measured for calibration purposes with a flat sensitivity 
‘long counter.” Two targets were used in the experiment 

ith thicknesses of 13 and 17 kev for protons at threshold 

nergy. The energies of the neutrons obtained at various 

proton bombarding energies were obtained from the 
ables of Langsdorf et al.’? Neutrons with energies from 
140 to 340 kev were obtained at 0° to the proton beam. 
Energies below 170 kev were obtained in separate runs 
nt angles of 120°, 60°, and 45° to the proton beam. 

Monoenergetic neutrons interacting with the Li® in 
he crystal produced a well-defined peak in the pulse- 

eight distribution from the counter. A small tail on the 
ow-energy side of the peak was caused by the escape 
bf one of the reaction particles when the reaction oc- 
urred near a crystal surface. This tail, which had a 
eight of about 2% of the peak height, extended at 
ower pulse heights into a background caused by gamma 
nd x-rays. It was possible to obtain the total number 
f the (v,f) reactions occurring in the crystal to an 

6 Darlington, Haugnes, Mann, and Roberts, Phys. Rev. 90, 

049 (1953). 


7 Langsdorf, Monahan, and Reardon, Argonne National Labo- 
atory Report ANL-5219 (unpublished). 
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accuracy of a few percent by integration of the number 
of counts contained in the tail and peak in the pulse- 
height distribution. 

The number of neutrons producing the (v,/) disinte- 
grations was determined with a flat-response long 
counter which had been previously calibrated on an 
absolute scale with a thin-walled U*® fission detector 
placed in the position at which the crystal was to be 
exposed. The fission detector, operated as a parallel plate 
ionization counter, contained a disk on which was depos- 
ited a uniform, thin layer of U."*O;. The weight of U* 
in this layer was determined very precisely by Diven® in 
an experiment performed to measure the fission cross 
section of U**®, The number of fission counts from the 
detector was related to the neutron yield from the target 
through the fission cross section.’ One of the greatest 
uncertainties in the experiment js the uncertainty of the 
fission cross section which we estimate to havea standard 
deviation of about +15% at 10-20 kev, improving to 
+5% above 150 kev. 

Because the Li®(n,t)He* cross section rises to high 
values for low-energy neutrons, it was necessary to 
determine the background in the Li®I crystal produced 
by thermal and epithermal neutrons. The experimental 
area was located in a sheet metal building about 20 feet 
above the ground, so the background was relatively 
low. A 1/r? determination of this background was made 
and the data were corrected accordingly. The maximum 
correction due to this effect was 20% at 120° and the 
lowest neutron energy. At 0° and at higher energies, the 
correction became negligible. Neutrons backscattered 
from the glass disk on which the crvstal was mounted 
and also from the photomultiplier would be expected 
to increase the number of (,/) events in the crystal. A 
calculated correction of 5 to 10% was applied to the 
data for this effect. The error in the calculated correction 
was estimated to be half its value. 


Li‘'(n,t)He* Angular Distribution 


The angular distribution of tritons from the Li®(,t)- 
He! reaction was measured by the late H. C. Martin, Jr., 
at neutron energies of 150, 200, 258, 300, 350, and 565 
kev. For these measurements the Li’(p,2)Be’ reaction 
was used to produce neutrons with a total energy spread 
of 20 to 25 kev. An evaporated target of metallic Li® 
about 1 mg/cm’ thick was placed in a thin-walled 
counter telescope system and exposed to the neutron 
source. Angular distributions were obtained by rotating 
the detector around the Li® target, and counting the 
reaction tritons as a function of angle. The tritons were 
detected by the counter telescope which consisted of 


two proportional counters followed by a scintillation 


counter. The gas pressure of the system was adjusted 
8B. C. Diven, Phys. Rev. 105, 1350 (1957). 
® Fission cross sections were taken from a recent compilation 
by W. D. Allen and R. H. Henkel in Progress in Nuclear Energy 
(Pergamon Press, Limited London, 1958), Ser. I, Vol. II, p. 31. 
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Fic. 1. Cross section of Li*(n,t)He* as a function of neutron 
energy. The round points are the data of this experiment; square 
points are those of Blair and Holland?; triangles are the results 
of Gorlov et al. With an arbitrary reduction of the energy scale 
by 4% and the cross section scale by 10%, the data of Gorlov et al. 
yield the crosses which agree well with the results of this experi- 
ment in the resonance region. The dashed line is a 1/v extrapola- 
tion of the thermal cross section of 945 barns 


so that the a-particles were stopped in the gas before 
getting to the scintillation counter. A triton which 
passed through the proportional counters and stopped 
in the scintillation counter was identified by a threefold 
coincidence and by pulse-height analysis in the third 
counter. The half-angle resolution of the detector was 
3.5°, The angular distributions were measured on a rela- 
tive basis and have*been-asszgned a relative standard 
error of +15%. The distributions were placed on an 
absolute basis by normalizing them to the total (m,t) 
cross section reported in this paper. 


Results 


The Li®(n,t)He‘* cross section values obtained in this 
experiment as a function of neutron energy are shown 
in Fig. 1. The points between 40 and 170 kev are the 
average of four sets of data taken at different angles 
from the neutron source. The results of Blair and 
Holland’ and of Gorlov ef a/.° are also shown in this 
figure. The results of Blair and Holland agree well with 
the present results, although their resonance peak ap- 
pears to be about 10 kev broader than the present peak. 
This greater resonance width could possibly be explained 
by different energy resolutions in the two experiments 
combined with slightly differing energy scales. The agree- 
ment of this experiment with Blair and Holland on the 
high-energy side of the resonance seems to be quite good, 
so their experimental points have been used to continue 
the cross section curve beyond 565 kev. The cross sec- 
tion in the resonance region above 150 kev is believed 
to have a standard deviation of about +8%. Below 
150 kev, the standard deviation increases to +10% at 
60 kev and to about +15% at the lowest energies. 

The cross-section points obtained by Gorlov ef al. 
are also shown in Fig. 1. Their experiment was done 
using ionization counters containing thin deposits of 
known weight of Li®F exposed to neutrons from a 
T(p,n)He’ source. The neutron flux in their experiment 
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was measured with flat energy response detectors com- 
posed of boron counters in paraffin assemblies. These 
counters were calibrated with a standard neutron source 
with the flux known to +7%. Experience in this labo- 
ratory indicates that this technique might yield results 
with a standard deviation of +10 to 15%, since “long 
counters” have been found to be not strictly flat in 
energy response." The resonance peak position found 
by Gorlov ef al. is 268 kev as compared to 258 kev for 
this experiment. Because of the result of this experiment 
and that of Blair and Holland,? as well as the total 
cross-section experiments,! it seemed reasonable to make 
the assumption that 258 kev is the correct value, so the 
data of Gorlov ef al. has been shifted down 4% in energy, 
and the absolute cross-section scale reduced by 10% to ' 
agree with the peak cross section of the other Li®(m,t)He* 
experiments. These modified points are seen to agree 
very well with the present data over the entire energy 
range. In addition, the modified data agrees well with 
the higher energy points of Blair and Holland. It should 
be noted that the unmodified data of Gorlov et al. are 
in reasonable agreement with the present results, con- 
sidering the experimental accuracy of both experiments. 

Cross sections at higher energies have been measured 
by Ribe.” The data of the present experiment join these 
higher energy data in a satisfactory manner. 

The relative angular distributions were placed on an 
absolute energy scale by normalizing to cross sections 
taken from the smooth curve in Fig. 1. These distribu- 
tions, which are shown in Fig. 2, can be compared to 
the results of Darlington ef al.6 which have been normal- 
ized to the corrected cross sections of Blair and Holland 
and are given in the compilation of Hughes and Carter.” 
The angular distributions given in reference 6 are 
normalized to an older set of the Blair and Holland data 
which was based on less accurate fission cross-section 
measurements. On a relative basis the two sets of angular 
distributions agree within +30%. 


DISCUSSION 


The present experimental results on the Li®(n,t)He* 
cross section are in reasonable agreement with previous § 
experimental results.| The character of the 7.46-Mev 
level of Li’ as derived by fitting the Li®(m,t)He* cross 
section in the 250-kev resonance energy region** remains 


10 A, O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 

1! Nobles, Day, Henkel, Jarvis, Kutarnia, McKibben, Perry, 
and Smith, Rev. Sci. Instr. 25, 334 (1954); and Haddad, Perry, 
and Smith (private communication), also see reference 9, page 26. 

12 F, L. Ribe, Phys. Rev. 103, 741 (1956). 

13—D. J. Hughes and R. S. Carter, Brookhaven National Labo- 
ratory Report BNL-400, June, 1956 (unpublished). 

t Note added in proof.—Recent measurements given by Gab- 
bard, Davis, and Bonner, Phys. Rev. 114, 201 (1959), are in| 
disagreement with earlier measurements of the same group in the 
energy range 25-150 kev, which are given in Neutron Cross Sec- 
tions, compiled by D. J. Hughes and J. A. Schwartz (Superin- 
tendent of Documents, U. S. Government Printing Office, Wash- 
ington, D. C., 1958), Brookhaven National Laboratory Rept. 
BNL-325, second edition. The data of the present experiment are 
in excellent agreement with the later results of this group. 
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the same. It should be pointed out that attempts to fit 
the older data*“ have not been completely successful. 
Of particular interest is the manner in which the low- 
energy cross section joins in with the cross section in the 
resonance region. Although the cross section at low 
energies is expected to vary approximately as 1/v, the 
thermal value of 945 barns extrapolated as 1/2 into the 
3-10 electron volt region lies about 6% higher than the 
measured value of the total cross section.! This deviation 
from the 1/2 law might be explained by the influence of 
the wide level in Li’ at about 6.6 Mev, which is below 
the Li®+- excitation energy of 7.245 Mev.‘ In the 9-100 
kev region covered in this experiment the cross-section 
variation with energy is slower than 1/v. This deviation 
might be due to the influence of higher lying levels in 
Li’. Futher efforts toward fitting this data might prove 
of interest. 

An experimental determination of the ratio of the Li®- 
(n,t)He‘ cross section to the He*(”,p)T cross section in 
the energy range of a few ev to 30 kev has been made by 
Bergman ef al.’® Assuming that the Li® cross section 
decreases as 1/0 with increasing energy, they found that 
the He’ cross section decreases with energy much faster 
than the 1/v law. This behavior of the He’ cross sec- 
tion was interpreted to imply that He‘ may have 
an excited state at an excitation 250 to 750 kev 
below the binding energy of a neutron in He‘. It 
is interesting to note that if the Li® cross-section varia- 
tion with energy determined by the present experiment 
is used with the ratio results of Bergman et al., the He’ 
cross section is found to vary as 1/v with energy be- 
tween 9 and 30 kev. Thus, the energy variation of 
o[ Li®(n,t) |/o[ He*(n,p) | does not necessarily imply the 
existence of an excited level in He’. 

The energy range of a few kev to 100 kev is one of the 
difficult ranges for measuring neutron induced reaction 
cross sections, because of the problem of measuring the 
neutron flux. The Li®(n,/)He* reaction taking place in 
Li®I(Eu) scintillation crystals gives promise of providing 
a simple measurement of the flux from monoenergetic 


4 J. J. Devaney, Los Alamos Scientific Laboratory Report 
LA-1960 (unpublished). 

16 Bergman, Isakov, Popov, and Shapiro, Atomic Energy Com- 
mission Report TID-7547, 1957 (unpublished), p. 191. 
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Fic. 2. Angular distributions of Li®(#,t)He*. The laboratory 
neutron energy for each distribution is given on the graph. The 


absolute cross-section scale was obtained by normalizing the dis- 
tributions to the smooth curve in Fig. 1. 


neutron sources such as the Li’(p,) Be’, Cu®(p,2)Zn®, 
and V*(p,n)Cr® reactions. In addition, the Li®I(Eu) 
crystal can possibly be used for broader energy spread 
sources with a time-of-flight technique, since there ap- 
pears to be a low-amplitude, fast component of the light 
emitted from the crystal. The experimental results of 
this experiment make possible flux measurements with 
a standard error of 10 to 15%. The largest part of the 
error comes from the uncertainty of the U** fission cross 
section. Future independent measurements of the Li®- 
(n,t)He* cross section at a few energies between 1 and 
100 kev would be very desirable, from the point of view 
of providing a simple method of measuring neutron 
fluxes in the low-energy range. 
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A time-of-flight technique has been used to measure angular distributions for the elastic scattering of 
neutrons from beryllium in the energy range from 2.6 to 6.0 Mev. Total neutron cross sections were also 
measured and the following nonelastic (total minus elastic) cross sections obtained: 2.60 Mev (0.27+0.13 
barn), 3.50 (0.43+0.10), 4.10 (0.51+0.08), 5.00 (0.602-0.08), and 6.00 (0.7340.07). Differential cross 
sections were also obtained for the inelastic neutrons leaving Be’ in the 2.43-Mev excited state. Integration 
of these angular distributions yielded the following inelastic cross sections: 3.50 Mev (0.23+0.04 barn), 
4.10 (0.25+0.04), and 5.00 (0.34+0.05). A continuous spectrum of neutrons was observed which corre- 
sponds to the direct (m,2n) reaction and/or the excitation of the Be® “level” at 1.7 Mev. This continuum 
was found to have an angular distribution roughly symmetric about 90°. The 2.43-Mev state of Be® was 
found to decay by neutron emission to the ground state of Be® with a branching ratio of 12+5%. 


INTRODUCTION 


HE nonelastic neutron cross section for beryllium 
at relatively low neutron energies (less than about 
8 Mev) is composed of a variety of components: (1) the 
(n,y) reaction, which is expected to be quite weak 
(measurements have been made! only at thermal 
energies where the cross section is about 10 mb), (2) the 
(na) reaction, the cross section for which has been 
measured most accurately by Stelson and Campbell? 
and does not exceed 110 mb, (3) the inelastic excitation 
of the low-lying levels of Be*, including the doubtful 
1.7-Mev level, and (4) the direct three- and (possibly) 
four-body breakup. Little effort has been made in the 
past to differentiate between items (3) and (4), and 
since all of the individual reactions produce two neu- 
trons (the decay of every Be® level leads eventually to 
a neutron and two a particles), the cross sections have 
generally been collected in the all-inclusive symbol o2,. 
Although it is obviously a difficult experimental problem 
to disentangle all of these neutron-producing reactions, 
it would be of considerable interest to know at least 
something about the relative cross sections. In addition 
to the reporting of measurements of the nonelastic cross 
sections, it is one of the purposes of this paper to draw 
some conclusions about these latter contributions. 

The measurement of nonelastic neutron cross sections 
for beryllium has been the subject of several investiga- 
tions.* The results have not been without contradiction 
both below 8 Mev (the lower energy region with which 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t A preliminary report of this work was given at the Washington 
Meeting of the American Physical Society, Bull. Am. Phys. Soc. 
Ser. II, 3, 165 (1958). 

t Summer visitor, 1957. 

1 Neutron Cross Sections, compiled by D. J. Hughes and 
J. A. Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U.S. Government Printing Office, 
Washington, D. C., 1958), second edition. 

? P.H. Stelson and E. C. Campbell, Phys. Rev. 106, 1252 (1957). 

3 See the recent summary by H. Goldstein, Nuclear Development 
Corporation of America Report NDA-2-65, 1957 (unpublished). 


this paper is concerned) and near 14 Mev. The tech- 
niques used in the low-energy region have varied con- 
siderably : the sphere method has been the most widely 
used,*~® but total-minus-elastic,® neutron regeneration,’ 
and neutron-neutron coincidence* measurements have | 
also been made. In addition, many experiments with 
continuous neutron spectra (e.g., fission or Po-a-Be neu- § 
trons) have been performed,’ but will not be discussed | 
here. The neutron regeneration results indicate a rapid 
rise of o2, from a “threshold” at 2.70 Mev (correspond- 
ing to the minimum bombarding energy for the inelastic } 
excitation of the 2.43-Mev level in Be’) to a value of | 
650 mb at 3.2 Mev. The nonelastic cross sections } 
(c2,+¢a) derived from this measurement are in ap- | 
parent disagreement with the somewhat lower values { 
obtained at all higher energies. The conclusion drawn’ | 
from the observation of the “threshold” is that in the | 
energy region below about 3.5 Mev, oz, arises solely | 
from the inelastic excitation of the 2.43-Mev level, to | 
the exclusion of multi-body processes and of the excita- | 
tion of the 1.7-Mev “level.” A second object of the} 
present investigation is a more detailed examination of 
the nonelastic cross section in the region of this! 
“threshold.” | 

Since a combination of the time-of-flight and total- | 
minus-elastic techniques was chosen for this experiment, } 
the process of obtaining nonelastic cross sections also 
yielded absolute differential elastic and inelastic scat-| 
tering cross sections. A subsidiary result has been the! 

4 Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955). 

5 Ball, MacGregor, and Booth, Phys. Rev. 110, 1392 (1958). 

6 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

7G. J. Fischer, Phys. Rev. 108, 99 (1957). 

8 Fowler, Owen, and Hanna, U. S. Atomic Energy Commission 
Report NYO-3864, 1954 (unpublished). 

9H. M. Agnew, Los Alamos Scientific Laboratory Report} 
LA-1371, 1952 (unpublished) ; and references therein to previous 
work; Dubovsky, Kamaev, and Makarow, Atomnaya Energ. 2, 
279 (1957); Vasil’ev, Kamarov, and Popova, Zhur. Eksptl. ij 
Teoret. Fiz. 33, 527 (1957) [translation: Soviet Phys. JETP 6, 
411 (1958)]; D. S. Young, Los Alamos Scientific Laboratory 
Report LA-2158, 1958 (unpublished). 
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measurement of the branching ratio for the decay of 
the 2.43-Mev Be’ level into Be’+-7. 


EXPERIMENTAL PROCEDURE 

The time-of-flight technique which was used to meas- 
ure the differential cross sections has been previously 
described in detail.!°~” The beryllium sample was in the 
form of a hollow cylinder, ? inches 0.d.X# inches i.d.X 2 
inches in length. Absolute cross sections were obtained 
by a direct comparison with the n-p scattering cross 
section, using a polyethylene cylinder.'’? The relative 
detector sensitivity was measured! by observing the 
counting rate in the detector as a function of the energy 
of the neutrons from the T(p,) and D(d,n) reactions, 
the cross sections for which are well-known." 


(=) 
< 
a 
w 
i 
o 
~ 
o 
z 
ec 
<= 
s 
2 
° 
m 
o 
w 
% o 
o 
o 
° 
a 
oO O.: 
4 
3 
- 
2 
w 
c 
w 
uw 
& 
o 






































ie) 
Cos 6 (c.m) 


representation of the 
The data are listed in 


Fic. 1. Schematic ‘‘three-dimensional” 
elastic scattering of neutrons by beryllium. 


Table IT. 


Differential and total cross section measurements 
were made at neutron energies of 2.60, 3.50, 4.10, 5.00, 
and 6.00 Mev. The differential cross sections were 
measured with an angular resolution of +7°, which is 
mainly the angular spread of the scattering sample at 
the neutron source. Gas targets of tritium and deu- 
terium were used; the neutron source information is 
summarized in Table I. 

For the total cross section experiments the detector 
was placed at 0° and a beryllium disk, 1 inch in diameter 
and 3 cm thick, was interposed between the target and 

10 % & ‘ranbe rg, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Paper A/Conf. 8/P/577 USA. 

1 L. Cranberg and J. S. Levin, Phys. Rev. 100, 434 (1955). 

2 L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 

13 See J. L. Fowler and J. E. Brolley, in Fast Neutron Physics, 
edited by J. B. Marion and J. L. Fowler [Interscience Publishers, 
Inc., New York (to be published) ], Chap. I. C. 


UTRON CROSS SECTIONS FOR Be 


TABLE I. Neutron sources and ene rey ieeenainn used. 


Source reaction 


Tip, n)He! 
T(p,n) He 
T (pn) He’ 
D (d,n) He’ 
D (d,n) He’ 


En(Mev) 


2.60 
3.50 
4.10 
5.00 
6.00 


4E in (kev)® 


® Total energy spread due to the thickness of the gas target with straggling 
neglected. 


the detector. The standard sample-in, sample-out tech- 
nique was used. The same targets and energy spreads 
(see Table I) were used for the total cross section meas- 
urements as were employed in other phases of the ex- 
periment. Backgrounds were determined both with 
evacuated targets and with shadow cones. 

The target-detector distance was 1.3 meters for all 
differential cross section measurements and was 1 meter 
for the or measurements. 


RESULTS 
A. Elastic Scattering Cross Sections 


The differential elastic scattering cross sections which 
were obtained at the 5 bombarding energies studied are 
given in Table II and are shown schematically in the 
“three-dimensional” plot of Fig. 1. Attenuation and 
multiple scattering corrections have been applied to 
the data. The accuracy of the integrated elastic cross 
sections (see Table III) is about +5%. 

The shapes of the angular distributions and the abso- 
lute cross sections are in good agreement with previous 


TABLE II. Differential center-of-mass elastic scattering 
cross sections for Be’+-n. 


Differential cross section (mb/sterad) 


3.50 Mev 4.10 Mev 5.00 Mev 6.00 Mev 
cos @ 

0.926 481 363 394 409 

0.886 

0.781 341 269 270 248 

0.650 

0.576 149 146 

0.415 

0.330 

0.243 

0.155 

0.066 
—0.110 
—0.279 
— 0.437 
—0).580 
—0.645 
—0.705 
—0.760 
—0.810 
—0.870 
—().892 
—(0).925 


64.3 
45.3 
27.3 
25.4 
31.9 
46.0 


59.9 
62.4 


68.6 


14 L. Cranberg and J. S. Levin, Los Alamos Scientific Laboratory 
Report LA-2177, 1959 (unpublished). 
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TABLE III. Total (¢7), total elastic (¢,,), and nonelastic (ox) 
neutron cross sections for beryllium. 


En(Mev) o x (barns) 


2.00 
3.50 
4.10 
5.00 
6.00 


o7 (barns) 


2.47+0.07 
2.12+0.06 
1.77+0.05 
1.83+0.05 
1.81+0.05 


on(barns) 


2.20+0.11 
1.69+0.08 
1.26+0.06 
1.23+0.06 
1.08+0.05 


0.27+0.13 
0.43+0.10 
0.51+0.08 
0.60+0.08 
0.7320.07 


work,'>6 with the exception of the 3.66-Mev measure- 
ment by the Swiss group.’” 


B. Total Cross Sections 


Total neutron cross sections for beryllium were meas- 
ured with the above technique at the 5 energies. Count- 
ing rate and in-scattering'* corrections were made to 
the data; the latter were based on the measured angular 
distributions and amounted to less than 0.2%. The total 
cross sections obtained are slightly smaller than some 
previous measurements,!-’ but are thought to be accu- 
rate to +3%. The values are given in Table ITI. 


C. Nonelastic Cross Sections 


The elastic scattering angular distributions of 
Table II and Fig. 1 were integrated to yield the values 
shown in Table III. When these cross sections are sub- 
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Fic. 2. Nonelastic neutron cross sections for beryllium for 
neutron energies up to 8 Mev. The solid line represents what is 
considered a reasonable average of all results. The solid circles are 
the present data and give ox =o7—¢,. The numbered points refer 
to the following measurements: (1) o2, (reference 7)+o4 (refer- 
ence 2). The line is the representation of four experimental points; 
the typical absolute error is indicated; (2) ox (sphere method) 
(reference 4); (3) o2, (reference 8)+o, (reference 2); (4) ox 
sphere method) (reference 5); (5a) ox (sphere method) (reference 
6); (5b) cx =or—c,, (reference 6). 


16D. J. Hughes and R. S. Carter, Neutron Cross Sections, 
Angular Distributions, Brookhaven National Laboratory Report 
BNL-400 (Superintendent of Documents, U. S. Government 
Printing Office, Washington, D. C., 1956). 

16 J. L. Fowler and H. O. Cohn, Bull. Am. Phys. Soc. Ser. IT, 
3, 305 (1958) ; and private communication. 

17R, Meier and R. Ricamo, Helv. Phys. Acta 26, 430 (1953). 

18 Hafner, Hornyak, Falk, Snow, and Coor, Phys. Rev. 89, 204 
(1953). 

8 Bondelid, Dunning, and Talbott, Phys. Rev, 105, 193 (1957). 
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tracted from the measured total cross sections, the non- 
elastic cross sections (¢x=or—¢,) result; these are also 
shown in Table ITI. 

The present measurements of ox are compared with 
previous results in Fig. 2; the caption indicates the 
methods of determining the various listed values. 

The fact that ox>o, for E,=2.60 Mev (i.e., below 
the threshold for the inelastic excitation of the 2.43-Mev 
level) indicates that multibody processes contribute to 
the nonelastic cross section, or that there is some in- 
elastic scattering to the 1.7-Mev “level”. With the 
present data alone it is not possible to distinguish be- 
tween the (n,2n) reaction and the Be*(n,n’)Be*(n)Be® 
reaction. If the 1.7-Mev “level” were not a true nuclear 
state,” then at 2.60 Mev the cross section ¢x—o, would 
necessarily be due to either the Be®(”,2)Be’(Q= — 1.67 
Mev) or Be®(,2n)2He*(Q= —1.57 Mev) reaction. 

The over-all shape of the nonelastic curve is in good 
agreement with all previous work except that of Fischer.’ 


TABLE IV. Differential center-of-mass cross sections in mb/ 
sterad for the excitation of the 2.43-Mev level in the Be®(n,n’)Be™* 
reaction. The absolute errors are +20%, whereas the relative 
errors are approximately +10%. 


En =5.00 Mev 
cosé da/dQ 


38.6 
38.4 
32.9 
34.2 
25.4 
14.6 
12.9 

9.8 


En =4.10 Mev 
cosé da/dQ 
0.916 29.4 
0.751 24.6 
0.524 22.4 
0.260 22.9 
—0.014 18.3 
—0.191 16.2 
—0.355 16.5 
—0.504 15.7 
—0.695 12.8 
—0.839 12.1 


Zn =3.50 Mev 
cos6 do/dQ 


0.910 269 
0.736 23.9 
0.497 23.3 
0.225 20.0 
—0.054 21.8 
—0.230 19.1 
—0.392 14.9 
—0.537 11.7 
—0.696 9.8 


0.919 
0.761 
0.540 
0.192 
—0.165 
— 0.483 
—0.735 
— 0.886 


Above 8 Mev this curve extrapolates smoothly to the 
cluster of points*® near 14 Mev. 


D. Inelastic Cross Section 


The measurement of the total and elastic cross sec- 
tions (and hence the nonelastic cross section) involves 
only the determination of the number of counts in iso- 
lated peaks in the time spectra; this is easily accom- 
plished. At energies lower than the elastic peak, how- 
ever, the neutrons from Be’+n exhibit a complicated 
spectrum : only the neutrons inelastically scattered from 
the 2.43-Mev level are monoenergetic, all other neutrons 
from multi-body processes or from inelastic scattering 
from other levels (all of which are broad) contribute to 
a continuous energy distribution. The inelastic group 
corresponding to the 2.43-Mev state is superposed on 
this continuum, making its separation difficult. Conse- 
quently, the inelastic cross sections are considerably 
less accurate (errors about + 20%) than the elastic cross | 
sections; the relative accuracy is about +10% since a 


% See, however, D. W. Miller, Phys. Rev. 109, 1669 (1958). 
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consistent method of extracting the inelastic group from 
the continuum was used. 

Angular distributions of the n’ group were obtained 
at 3.50, 4.10, and 5.00 Mev; there is, of course, no con- 
tribution at the lowest bombarding energy (2.60 Mev), 
and at 6.00 Mev the separation of the inelastic group 
was too ambiguous to be significant. The data are listed 
in Table IV and are shown in Fig. 3. The only measure- 
ment with which these data may be compared is that of 
Wagner and Huber” who found o,,(90°)=39+8 mb/ 
sterad at 3.7 Mev, a value about a factor of 2 higher 
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Fic. 3. Angular distribution of neutrons inelastically scattered 
by Be?(Q= —2.43 Mev) at three bombarding energies. The data 
are listed in Table IV. 


than the interpolation between the 3.50- and 4.10-Mev 
data of the present experiment. 

The angular distributions are peaked strongly forward 
at all three energies, more so than for any other meas- 
ured inelastic neutron group for this range of primary 
neutron energies, and are suggestive of a direct inter- 
action process. 

The total inelastic cross sections for the excitation of 
the 2.43-Mev level are easily obtained from an integra- 


21 R, Wagner and P. Huber, Helv. Phys. Acta 31, 89 (1958). 
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TABLE V. Components of the nonelastic cross section 
for beryllium. 


En on’ (2.43-Mev 
(Mev) ox (barns) level) (barns) 


2.00 0.27+0.13 0 
3.50 0.43+0.10 0.23+0.04 
4.10 0.51+0.08 0.25+0.04 
5.00 0.60+0.08 0.34+0.05 
6.00 0.73+0.07 ee 


Orx =OX —On' —Ca 


Ga 7 
(barns)* (barns) 


0.09 
0.10 
0.08 
0.05 


0.18+0.13 
0.10+0.11 
0.18+0.09 
0.21+0.09 


* From P. H. Stelson and E. C. Campbell, Phys. Rev. 106, 1252 (1957); 
the 5.00-Mev point is extrapolated. 


tion of the curves in Fig. 3. The values of o,, are listed 
in Table V where they are compared with ox and ag. 
The “residual nonelastic cross section” orx=ox—On: 
—dq is also given and represents the contribution due 
to inelastic scattering from other low-lying levels (1.7, 
3.1, 3.8 Mev) and from multi-body processes. Since orx 
is comparable with o,,, these results are in disagreement 
with previous experiments’:*! which indicated that 
ox—0q Was due entirely to inelastic excitation of the 
2.43-Mev level (i.e., that orx=0). 


E. Excitation Curves 


The total! and elastic scattering!® cross sections for 
beryllium are known to exhibit a resonance at 2.75 Mev. 
In order to determine to what extent the inelastic cross 
section also shows this peak, an excitation curve at 
W (lab) = 45° was measured for neutron energies between 
2.60 and 3.50 Mev. Since the inelastic neutrons have 
relatively low energies under these conditions, a co- 
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Fic. 4. Excitation curve for elastic and inelastic scattering 
(Q= —2.43 Mev) of neutrons by beryllium at ¥ (lab) =45°. The 
inelastic cross sections are also given in Table VI. 
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Fic. 5. Time spectrum of neutrons from Be’+n. 


incidence detector” was used in order to discriminate 
more strongly against background. Even so, no detect- 
able inelastic group was found below a bombarding 
energy of 3.00 Mev. In the region between threshold 
(2.70 Mev) and 3.00 Mev, the inelastic contribution is 
certainly rising rapidly but it is not surprising that the 
continuum “background” obscures this group at the 
lower energies. Certainly no strong resonance occurs in 
this energy region. 

Figure 4 shows the elastic and inelastic excitation 
curves. In addition to the 2.75-Mev resonance, the 
elastic cross section shows a maximum near 3.2 Mev 
Neither the total cross section''® nor the phase shift 
analysis of the elastic scattering'® suggest a second reso- 
nance in this region. It is probable therefore that this 
satellite peak is the result of interference between the 
2.75-Mev resonance (which is a d-wave resonance) and 
the underlying, broad p-wave state.'® [ This latter state 
has a large I’. and gives rise to the peak in the (n,qa) 
cross section near 3.0 Mev. | If no new level exists in this 
energy region, then the peak in the inelastic cross section 
must be explained as arising from the broad p-state. 
The fact that the threshold is at 2.70 Mev distorts the 
shape and makes the width appear somewhat more 
narrow than the (w,a) peak. This interpretation is con- 
sistent with the analysis® of the Be*(p,m) data in the 
region of the analogue states in B". 

Table VI lists all of the inelastic cross sections ob- 
tained at V(lab)=45°. 


F. Energy Spectra and Decay of 
the 2.43-Mev Level 


Time spectra covering the neutron energy range of 
the elastic and inelastic peaks were obtained at all 
bombarding energies and angles of observation. In 
general, the runs were only long enough to accumulate 
statistics sufficient to extract the elastic and inelastic 


* Cranberg, Beauchamp, and Levin, Rev. Sci. Instr. 28, 89 
(1957). 


*3 J. B. Marion and J. S. Levin (to be published). 
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TABLE VI. Differential laboratory cross sections at ¥=45° for 
the inelastic excitation of the 2.43-Mev level. The absolute errors 
are +20%, whereas the relative errors are approximately +10%. 
on’ (W =45°) 
(mb/sterad) 


2.70 0 
3.00 22 
3.10 
3.20 
3.30 
3.40 
3.50 
4.10 
5.00 


En(Mev) 


peaks. Therefore, in the majority of the spectra the 
shape of the continuum was not well enough defined to 
formulate any conclusions regarding its composition. 
In order to measure this continuum shape with a fair 
degree of accuracy, it was necessary to obtain a spec- 
trum from an extended run. These data are shown in 
Fig. 5. The peaks are shown in the typical double dis- 
play.” At this particular bombarding energy and 
angle (E,=3.50 Mev, ¥=140°), the inelastic peak is 
quite weak; cross section measurements were not at- 
tempted for peaks of lesser intensity. In addition to the 
elastic and inelastic groups, the peaks near time channels 
22 and 80, due to the (m,2m) reaction or the inelastic 
excitation of the 1.7-Mev “level”, are clearly discernible. 
The small peaks marked ‘2.43 decay” occur at the 
correct positions to be due to the neutron decay of the 
Be? level at 2.43 Mev to the Be® ground state. 

The spectrum of Fig. 5 consists both of neutron 
groups of discrete energy and of a neutron continuum. 
It is not difficult to convert a lime spectrum into an 
energy spectrum, but the process of applying the trans- 
formation function (which is appropriate only for the 
continuum) to the entire spectrum severely distorts the 
shapes of the discrete groups. This is evidenced in Fig. 6 
where the data of Fig. 5 have been transformed to an 
energy plot. The widths of the elastic and inelastic 
peaks are artificial; the energy resolution is, of course, 
much better than Fig. 6 indicates. The continuous part 
of the spectrum, however, is now presented in a much 
more meaningful fashion. 

Since the absolute differential cross section for the 
inelastic scattering to the 2.43-Mev level is known (see 
Fig. 3), it is possible to calculate the energy spectrum 
of the neutrons from the decay of this level to the ground 
state of Be’. A straight-forward but tedious computa- 
tion involving the kinematics of the recoiling Be** sys- 
tem leads to the shape shown by the dotted lines in 
Fig. 6. The magnitude of this plot has been adjusted to 
give the best fit to the data and corresponds to a branch- 
ing ratio of 124+5%. This may be compared with the 
upper limit of 10% set by Bodansky ef al.™ 

The possibility of y radiation from the 2.43-Mev level 


24 Bodansky, Eccles, and Halpern, Phys. Rev. 108, 1019 (1957). 
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Fic. 6. Energy spectrum of 
neutrons from Be%+-n (energy 
plot of the time spectrum of 
Fig. 5). The circles and crosses 
represent data from the two 
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was also investigated; although no evidence for such 
radiation was found, it was not possible to set an upper 
limit to ',/f smaller than that (1%) previously ob- 
tained.™ The spectra obtained in the present experiment 
do not permit one to distinguish between the several 
possible modes available* for the balance of the decays. 

The evidence presented in Table V for the magnitudes 
of crx depends on three subtractions so that the errors 


are appreciable fractions of the values obtained, and 


indeed, at E,=3.50 Mev one cannot say that there is a 
nonvanishing value for this cross section. On the other 
hand, the spectra of Figs. 5 and 6 for this same neutron 
energy show beyond question that orx is comparable to 
on for the 2.43-Mev level. 

Although it was not possible to obtain an accurate 
angular distribution for the continuum, it was observed 
that the yield was roughly symmetric about 90°, with 
a forward-to-90° ratio of about 3 or 4 at all bombarding 
energies. 


2.0 
NEUTRON ENERGY (MEV) 


CONCLUSIONS 


In the course of measuring neutron nonelastic cross 
sections for beryllium by the total-minus-elastic method 
some interesting information has been obtained con- 
cerning the inelastic process of the Be’+n system. The 
neutron energy spectrum in the region corresponding to 
an excitation of about 1.7 Mev in Be’ is quite similar to 
charged-particle spectra obtained from other reactions.” 
The present data do not permit a conclusion as to 
whether the (7,27) reaction or a Be’® level is involved. 
The magnitude of this effect, however, conclusively es- 
tablishes the fact that o2, for beryllium is not entirely 
the result of inelastic scattering to the 2.43-Mev level, 
and, in fact, a, is only about one half of o2,. 

Inelastic angular distributions suggestive of direct 
interaction have been measured and the small branching 
ratio for the decay of the 2.43-Mev level into Be® 
(ground state)+-” has been confirmed. 


2 See Moak, Galonsky, Traughber, and Jones, Phys. Rev. 110, 
1369 (1958) and references therein. 
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Upper and lower limits have been placed on the internal conversion coefficient of the 479-kev excited state 
of Li’. The limits are 16.6X10~7 and 5.8X10~’, yielding a multipole mixture of (100%-55%) M1 and 
(0%-45%) E2 for the gamma ray. Photoelectron emission from the source and the background counting rate 
impose the principal limitations on the accuracy of the experiment. 


I. INTRODUCTION 


GREAT deal of work has been done to identify 

the ground state and first excited state of Li’. 
Inglis' summarized most of the results and concluded 
that the states are a p;-p,; doublet. Elliot and Bell? and 
Swann, Metzger, and Rasmussen* found the mean life 
of Li’* to be (7.52.5) K 10~-" sec and (942) K 10~" sec, 
respectively, which would tentatively establish the 
gamma ray as M1. In view of the uncertainty involved 
in inferring multipole order from a lifetime measure- 
ment, it was felt desirable to measure the conversion 
coefficient. 

Because Be’ decays only by electron capture, it was 
necessary to detect the gamma rays directly, in order to 
find the conversion coefficient. This was done using a 
7.5 mg/cm? lead radiator, which was calibrated with a 
Cs®7C] source. 


II, SOURCE PREPARATION 


The source backing was a thin zapon film, less than 
50 ug/cm? thick, supported on an aluminum frame. The 
spectroscope baffles were arranged to intercept any 
electrons scattered from the frame. A thin layer of gold 
was evaporated onto the front side of the zapon to 
render it conducting. Insulin was spread over a region 4 
mm wide and 8 cm long in the center of the supporting 
film. The source material, Be’Cl. in HCI, was deposited 
on the insulin, and dried under a heat lamp. Usually 
another zapon film was placed over the backing film to 
protect the spectrometer in case the active material 
should flake off. The source material was extremely 
deliquescent in this case, however, and no covering film 
could be used. In spite of the precautions taken in 
making the source, the active material weighed 4.10.1 
mg, and had a strength of about 13 millicuries. A com- 
parison source of Cs'*’Cl, of the same size, was prepared 


+ This work was supported by the U. S. Atomic Energy Com- 
mission and was submitted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy at Carnegie Institute 
of Technology, Pittsburgh, Pennsylvania. 

* Now at Westinghouse Reactor Evaluation Center, Rufisdale, 
Pennsylvania. 

1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

2L. G. Elliot and R. E. Bell, Phys. Rev. 74, 1869 (1948) ; and 
Phys. Rev. 76, 168 (1949). 

3 Swann, Metzger, and Rasmussen, Bull. Am. Phys. Soc. Ser. IT, 
3, 187 (1958). 


in exactly the same way. Only a small fraction of a 
millicurie was used, so the source weight was negligible. 


III. EXPERIMENTAL TECHNIQUE AND RESULTS 


Conversion peaks and photopeaks were taken for each 
source. Each peak was taken twice, except the Li’ 
conversion peak, which was taken four times. The 
results of these runs are shown in Figs, 1-4. The con- 
version coefficient of Li’ is obtained from the areas of 
these peaks using the formula: 


_ C(Li) P(Ba) o(Li) 
ar (Li) =—— 


ae 
P(Li) C(Ba) o(Ba) 


(Ba), 


where C denotes the conversion peak area, P the 
photopeak area, and o the photoelectric cross section of 
lead at the appropriate energies. The conversion peak of 
lithium contains electrons from both shells, so the total 
conversion coefficient is obtained. Of course the instru- 
ment resolves the K peak of barium, so the K conversion 
coefficient is used in the formula. The ratio of photo 
electric cross sections of lead at the two energies does 
not quite correct the formula for the change in energy, 
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Fic. 1. Photopeak of 479-kev gamma ray from Li’. 
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since the angular distribution of photoelectrons changes 
with energy. Volpe and Hinman‘ measured both con- 
version and photopeaks for three well-known gamma 
rays: Au'®® (412 kev), Cs'*’ (662 kev), and Co (1171 
kev). They defined a quantity & which depends upon the 
angular distribution of the photoelectrons, and can be 
used to find the correction. By interpolating their values, 
it is found that the conversion coefficient given by the 
formula above must be multiplied by 1.072. Substituting 
the measured areas, using Davisson and Evans values 
for o of lead, and 0.096 for ax(Ba),® yields ar(Li) 
= (15.6+1.0) X10-’, corrected for the dead time of the 
Geiger tube. 

It will be noted that the expected conversion peak 
from Li’ appears with a second peak at slightly lower 
energy. There are several possible explanations for such 
a double peak. The most obvious, perhaps, is that Li’* 
is really two excited states of almost the same energy. 
However, the splitting seen in Fig. 2 is large enough to 
very markedly widen the photopeak, but the broadening 
was not observed (compare Figs. 1 and 3). The second 
possible explanation is that the source material was not 
radiochemically pure, but had a contaminant giving off 
a gamma ray of very nearly 479-kev energy. To obtain 
more information, a pulse-height spectrum of the radi- 
ation from the source was taken. Figure 5 shows that 
spectrum plotted with the spectrum of Ba'*? for com- 
parison. No gamma rays appear except the one at 479 
kev. So if the source were impure, the contaminant 
would have to emit only one gamma ray, of nearly 
479-kev energy, and no beta group of more than about 
500 kev. In addition, since the relative heights of the 
two peaks did not change after approximately a month, 
the half-life of the contaminant must be close to that of 








54 55 
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Fic. 2. Open circles: internal conversion peak of 479-kev gamma 
ray from Li’, closed circles: background (see text) 


4J. Volpe and G. Hinman, Phys. Rev. 104, 753 (1956). 
5 C, M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 79 
(1952). It should be mentioned that Eq. (52) contains a misprint, 
the coefficient 2 in the numerator should be omitted, and the 
entire numerator squared instead [see Eq. (43) ]. 

6 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953). 
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Fic. 3. Photopeak of 662-kev gamma ray from Ba'*’, 


Be’, which is 54 days. No such material was listed by 
Hollander et al.® 

The most probable cause of the low-energy satellite 
peak is photoelectron production in nuclei in the source 
material. An accurate calculation of the effect is not 
possible because the distribution of source material is 
not known, but a rough estimate can be made which 
indicates that the effect is of the right order of magni- 
tude (see Appendix I). The energy of the spurious peak 
is about 13 kev below the gamma energy, and conse- 
quently the K shell energy of the material must be 13 
kev. This indicates that atoms with an atomic number 
of about 30 are present in the source; approximately 0.1 
mg, 2% of the source weight, would be necessary to 
produce the satellite peak observed. 


IV. CORRECTION FOR SOURCE WEIGHT 


The calculation of Appendix I leads directly to the 
most important correction to the result, but it is 
necessary to further investigate the source itself. The 
active material was obtained from a lithium target 
bombarded at Oak Ridge. The target was dissolved in 
hydrochloric acid and then purified. The last step in 
purification was the destruction of organic impurities 
with very hot concentrated nitric acid, which left the 
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Fic. 4. Internal conversion peak of 662-kev gamma ray 
from Ba!" 
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Fic. 5. Pulse-height spectra from the sources used. Open circles: 
Li’, closed circles: Ba!*’, 


remaining metals in nitrate salts (all nonmetals were 
removed earlier). Because nitric acid does not easily 
evaporate, it was then driven off with hot hydrochloric 
acid, leaving the source material in chloride compounds. 
Therefore at least 50% of the atoms in the source must 
have been chlorine, because it is monovalent. 

The rough calculation of Appendix I indicates that 
photoelectrons were ejected from the chlorine in the 
source and that they obscured the internal conversion 
peak in Li’ because of the small K shell energy in Cl. 
The number of such electrons coming from the source 
was of the same order of magnitude as the number of 
conversion electrons. Because the calculation could not 
be made accurately, an indirect method of measurement 
was used to determine the correction. 

The number of photoelectrons per gamma ray pro- 
duced by the source depends linearly on the cross 
section of the scatterer and is also linear in the number 
of scattering centers per unit volume. If a measured 
amount of material with large photoelectric cross section 
(lead, for example) could be added to the source and 
mixed uniformly with it, the photoelectrons from the 
lead could then be detected in the spectroscope and 
compared with the gamma emission. In this way the 
necessity for integrating the photoelectric production 
over the unknown source shape could be avoided. Be- 
cause of the simple dependence of photoelectron emis- 
sion on number and type of scattering atoms, the 
measured emission could readily be used to find the 
photoelectron production of the original source, if the 
source shape and distribution of material were suffi- 
ciently similar. The lead-doped active material could be 
made into several sources and their photoelectron pro- 
duction compared, to test the method. 

A small volume of a PbCl: solution of known concen- 
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tration was deposited on the source used for the previous 
measurements, dried under a heat lamp, and put into 
the spectroscope. The lead added to the source produced 
a definite photopeak, and the usual photopeak was 
taken using the external radiator to measure the source 
strength. It was also necessary to know the total source 
weight and consequently the source was washed off the 
backing onto a cover-glass, dried, and weighed. Because 
it was quite possible that the PbC], had not thoroughly 
mixed with the other material in the first measurement, 
another source was made from this material and the 
same measurements taken again in the spectroscope, 
Figs. 6 and 7. The result of the first run was 0.0403 
photoelectrons per gamma ray and 0.0456e/y for the 
second, within statistical error. The material had been 
more thoroughly mixed for the second run, which might 
indicate that the higher value is more accurate: it was 
used for the correction. 

This data provided a measurement of the effect of a 
known amount of known material, and could be modi- 
fied to account for any amount of any material, provided 
that the total source weight did not change very much. 
Davisson and Evans? list the photoelectric cross sections 
for the necessary nuclei, so the correction could be 
adjusted from a lead to a chlorine scatterer. The doped 
source weighed 4.7 mg, but the source used for the in- 
ternal conversion measurement weighed only 4.07 mg, 
so this change had to be included. The expression for 
photoelectric emission (Appendix I) is linear in the 
number of scattering centers per unit volume, but not 
in total source thickness, as this affects the limits of 
integration. Although the calculation in Appendix I 
could not be depended upon to give the size of the 
photoelectric effect, it did give the thickness dependence 
to sufficient accuracy. 

The source itself was at least 50% chlorine, and the 
internal conversion peak, Fig. 2, was slightly widened, 
as would be the case if Li’ internal conversion electrons 
and photoelectrons from chlorine were both present. 
The peak shape roughly indicated that no contaminant 
in the source had a Z higher than that of chlorine. The 
possible impurities in the source were Li, Be, C, N, O, 
Al, S, Fe, and Zn. Both iron and zinc have K shell 
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Fic. 6. Photopeak from the lead-doped source. 
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energies large enough so that photoelectrons from them 
would appear in the satellite peak or slightly above it, 
and would not obscure the internal conversion peak ; the 
other impurities have lower Z than chlorine, and 
photoelectrons from them would obscure the peak. It 
appeared that a reliable upper limit for the number of 
photoelectrons could be found by assuming that the 
source was entirely chlorine, the material with the 
largest photoelectric cross section. The result of the 
PbCl. contamination measurement was corrected as 
described above to account for the chlorine. This pro- 
vided a lower limit of (6.8+ 1.0) X 10~’, or 5.8 10~, for 
the conversion coefficient. 

The experiment has determined that the conversion 
coefficient is between 16.6X10~7 and 5.8X10~7. The 
calculation of the true conversion coefficient, which lies 
between these two limits, depends upon detailed know]- 
edge of the source material. For example, if the con- 
taminant were AICl;, the conversion coefficient would be 
7.7X10-*, within 10% of the value for an M1 transition. 
If the total chlorine content of the source material could 
have been determined, a much more realistic upper 
limit could be given, since chlorine was certainly present, 
and its photoelectron output was probably a large frac- 
tion of the total photoelectron output of the source. A 
chemical analysis for chlorine was attempted, but it 
failed to give a reasonable result. Evidently some addi- 
tional chlorides got into the material before it was 
analyzed. The result of the analysis indicated a chlorine 
content of (14+50%) mg. 

Theoretical values for the conversion coefficients were 
obtained from the calculation of K coefficients of 
Dancoff and Morrison’ modified by the shielding correc- 
tion given by Hinman," and corrected for the L electron. 
The results for the total conversion coefficients are 
ar(M1)=7.04XK10-7 and ar(£2)=28.5X10-". The 
multipole mixture of the gamma ray given by this 
measurement is (100%-55%) M1 and (0%-45%) E2. 


V. BACKGROUND 


In this experiment the counting rate due to the source 
was never more than 10 counts per minute on a back- 
ground of 27 cpm, so an accurate subtraction of the 
background was necessary. After subtracting 27.00 
counts per minute to account for cosmic ray back- 
ground, a small field-dependent component was found. 
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Fic. 7. Photoelectrons emitted directly from the lead-doped source. 


7S. M. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 
8G. W. Hinman, Phys. Rev. 104, 1332 (1956). 
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Fic. 8. Test of the aluminum shield. Open circles: shield close to 
source, closed circles: shield in normal position. 


Figure 2 shows two sets of experimental points, the 
upper ones were taken in the usual way to get the in- 
ternal conversion peak, the lower points are the meas- 
ured background after subtraction of cosmic rays. The 
background points were obtained by inserting a 0.080- 
inch aluminum sheet between the source and input 
baffle of the spectrometer. This sheet was about one inch 
from the active material and shielded the sensitive 
region of the instrument from all electrons originating in 
the source, its backing, and its holder. It was not 
surprising that this shield did not affect the counting 
rate at magnetic fields above 56.2 gauss, but it also had 
no effect below 53.8 gauss. Photoelectric emission takes 
place at all points in the absorber, and any such electron 
must then lose energy in passing through the rest of the 
absorber into the spectroscope. Therefore a thick sheet 
emits a very broad energy spectrum of photoelectrons, 
with no pronounced peak at the high-energy limit. Be- 
cause the aluminum did not increase the counting rate 
below 53.8 gauss, it was expected that it would also have 
negligible emission at higher fields, and leave only the 
instrumental and cosmic ray background. 

In order to check this hypothesis, a second aluminum 
shield was substituted for the radiator, and a run taken. 
The second shield was only about } inch from the source, 
in a much higher gamma flux. The result is shown in 
Fig. 8. The second shield produced a definite increase in 
counting rate at fields below 56 gauss. This demon- 
strates that the original shield did not emit electrons at 
the energy of the internal conversion peak, because it 
emitted none with lower energy. For this reason the 
method for determining the background was felt to be 
reliable. 

The sudden change in background at the gamma ray 
energy has been observed in other experiments, and has 
not been positively identified. It was about two counts 
per minute in this experiment (less than ten percent of 
the cosmic ray background), and might have been 
produced in the spectrometer near the input baffle. 
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APPENDIX I. ESTIMATE OF PHOTOELECTRIC EFFECT 


In order to calculate the number of photoelectrons 
emitted by the source it is necessary to know the 
distribution of material in the source. The material was 
deposited on the backing by evaporating a radioactive 
solution to dryness. Microscopic examination of the 
source revealed rather large irregular lumps of salt 
separated by distances large compared to their height. 
Very little material was not agglomerated into these 
lumps. Their average height was about 0.005 cm. 

It would be highly artificial to assume that the source 
was uniformly distributed in order to calculate the 
number of photoelectrons. It is somewhat more realistic 
to assume instead that the source was a reasonably uni- 
form distribution of hemispherical lumps of radius 0.005 
cm. However the distribution of material within the 
hemispheres is unknown. It was no doubt quite nonuni- 
form in the source. The simplest distribution to inte- 
grate is the one which results from the assumption that 
all emitting nuclei were on the source backing and were 
at the center of a covering hemisphere. This should give 
an upper limit to the number of photoelectrons from the 
source and may be too large by a factor of four or so. 

Consider a scattering center somewhere in a typical 
hemisphere. It is desired to calculate the number of 
photoelectrons produced there moving into the spec- 
trometer (normal to the base of the hemisphere). The 
angular distribution of photoelectrons is /(6). It has 
been derived by Sauter and was reproduced by Davisson 
and Evans.*® The number of photoelectrons produced in 
volume dV at a point P entering dQ is 

de=oaF NJ (0)dQ, 
where a is the photoelectric cross section for chlorine at 
479 kev =31X10~*" cm’, F, the y-ray flux from the 
origin =1/(4rr*), V, the number of scattering centers 
=ndV, where n is the number of scattering centers per 
unit volume. Then 


de= (on/4m) sinOdédgdrJ (6)dQ. 
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Integrating ¢, 
de= (an/2) sinéd6drJ (8)dQ. 
Normalizing J so that f-JdQ=1, 


0.2015 sin?é 
J (6) =——— - 
(1—8 cos6)* 


[0.258—0.0145(1—8 cosé)]. 


The energy of the gamma ray is 479 kev which yields 
8=0.856. Then 


e sin*6 
- =0.100750n f — 
dQ (1—8 cos@)* 


X [0.258—0.0145(1—8 cos@) ]dédr 


0.005 r/2 sin*6 
=0.100750n f arf ioe cee occa 
0 0 (1-8 cos6)! 


x [0.258—0.0145(1—8 cos#) d0+R, 


where the integral written explicitly is over the hemi- 
sphere about the origin. R is the integral over the re- 
mainder of the source material; it is somewhat smaller 
than the first integral and will be neglected. The 
contribution of the hemisphere is easily evaluated using 
integrals given by Davisson and Evans.® The result is 


e/dQ2= 16.92 10-7, 


already larger than the conversion coefficient. The 
number is even larger if the contribution from the re- 
mainder of the source is included. 

The only conclusion that can be drawn from this 
calculation is that photoelectric emission in the source 
occurred to an extent comparable with internal conver- 
sion. Because the effect could not be accurately calcu- 
lated, it was necessary to find a method for measuring it. 

The size of the satellite peak could be used to get an 
order-of-magnitude estimate of the amount of contami- 
nant in the source with Z about 30. The photoelectric 
cross section for zinc is 420X 10-*’ cm? at this energy, so 
less than 0.2 mg would give considerably more than 
17X10~* photoelectron per gamma ray. 





PHYSICAL REVIEW VOLUME 


114, 


NUMBER 6 JUNE 15, 4939 


Scattering of 14-Mev Neutrons by Carbon 


Joun B. SINGLETARY* AND DONALD E. Woopt 
Northwestern University, Evanston, Illinois 


(Received January 9, 1959) 


Differential and total cross sections have been determined for scattering of 14.1-Mev neutrons from 
several levels in carbon. The data were measurements of scattered neutrons made by means of the 
proton recoil reaction in nuclear emulsion plates. The inelastic cross sections were 203 mb for the 4.4-Mev 
level, 96 mb for the 9.6-Mev level and 124 mb for the unresolved higher levels. The shape of the angular 
distribution for the 4.4-Mev level indicated the possibility of some direct interactions. No significant amount 
of scattering was observed due to the 7.6-Mev level. The elastic scattering angular distribution showed a 
forward peaked diffraction type structure and yielded a cross section of 805 mb. Comparisons are made 
with other data on the elastic and 4.4-Mev level scattering. 


INTRODUCTION 


HE measurement of the energy and angular 

distribution of the scattered neutrons from C” 
is desirable for two purposes. Data on these scattering 
processes are of interest generally as contributing to 
our fundamental knowledge of nuclear structure and 
also in the solution of more immediate practical 
problems. 

The energy spectrum of the inelastically scattered 
neutrons enables one to determine energy levels in the 
residual nucleus and partial widths for the decay of the 
compound nucleus to the various levels. The angular 
distribution for each level would in principle give the 
spin and parities involved. Both the energy and angular 
distributions of the scattered neutrons would give a 
measure of the absorption of a neutron beam in carbon. 

Most of the previous work on inelastic scattering of 
neutrons on carbon has been done by studying the 
gamma rays resulting from the decay of C™ to its 
ground state. Because of its difficulty, most work on 
direct neutron measurements has been toward determin- 
ing total cross sections or trying to fit inelastic energy 
distributions by a statistical model. Early measurements 
of this sort have been reported by Phillips,’ Graves and 
Davis,? and Graves and Rosen.* Whitmore? succeeded in 
resolving neutrons scattered from the 4.43-Mev level in 
C®. Coon et al.5 and Nakada ef al.* have measured elastic 
scattering angular distributions for carbon. 


EXPERIMENTAL 


The neutrons for this experiment were produced by 
the H*(d,n)He* reaction using a Cockcroft-Walton 
accelerator at the Los Alamos Scientific Laboratory. 
The targets were zirconium tritide on a tantalum 


* Now at the Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

t Now at General Electric Company, Hanford Laboratories, 
Richland, Washington. 

1 Phillips, Davis, and Graves, Phys. Rev. 88, 600 (1952). 

2 E. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955). 

3 E. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

4B. G. Whitmore, Phys. Rev. 92, 654 (1953). 

5 J. H. Coon et al., Phys. Rev. 111, 250 (1958). 

6M. P. Nakada et al., Phys. Rev. 110, 1439 (1958). 
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backing. 14.1-Mev neutrons were emitted at an angle 
90° to the 250-kev incident deuteron beam and impinged 
on the carbon scatterer, a cylinder 1} in. in diameter and 
1} in. long. The axis of the cylinder was aligned with 
the axis of the incoming collimated beam. The col- 
limator, developed by Rosen,’ consisted of an iron 
pyramid with its apex directed toward the neutron 
source and having a collimating hole drilled through 
perpendicular to its base. The scatterer was surrounded 
by 200 micron thick Ilford C2 nuclear emulsion plates 
spaced at 10° intervals and arranged from 30° to 150°. 
The entire assembly of plates and scatterer was sur- 
rounded by a paraffin shield. 

The plates were developed and read by techniques 
similar to those described by Rosen® using a Leitz 
Ortholux binocular microscope equipped with a 
goniometer eyepiece and calibrated movable stage. A 
total of 3534 tracks was measured on the signal plates 
and 1238 on the background plates exposed with no 
scatterer in place. 


ANALYSIS 


Four types of error may be present in experiments 
of this type, namely, statistical errors, those due to 
nonideal geometry, those due to the inherent qualities 
of and methods used to analyze the nuclear emulsions, 
and observer differences. 

In an effort to estimate the agreement or disagreement 
between various observers, the three microscopists 
compiling the present data scanned the same portion 
of emulsion in a test plate and measured all acceptable 
tracks as usual. About seven eighths of the total number 
of tracks measured were seen by all observers. A study 
was also made as to how differences in angle, projected 
length, and diving angle influenced acceptance. 

After making suitable measurements on the tracks, 
the distances and angles are reduced to true lengths of 
protons in the emulsion and then proton energies by 
means of. gorrection charts and nomograms. The 
integrated neutron flux is then obtained from the 


7L. Rosen and L. Stewart, Phys. Rev. 99, 1052 (1955). 
8 L. Rosen, Nucleonics 11, No. 7, 32 (1953), and 11, No. 8, 38 
953). 
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Fic. 1. Integrated neutron flux distribution for all scattering 
angles as a function of scattered neutron energy in the center-of- 
mass system. (Arrows indicate the expected neutron energies of 
the scattered neutrons from each of the known levels in C”.) 


following 
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where F(E,)dE,=integrated neutron flux on the 
emulsion per energy interval dE, where £, is the energy 
in the laboratory system, \V(E,)dE,= corresponding 
proton tracks measured in volume V, o,)(£,)= total 
neutron-proton scattering cross section, Qem/4r=Qha» 
X4(cos6r)/4r=fraction of solid angle in pyramid of 
acceptance, m=number of hydrogen atoms per unit 
volume of emulsion, V= volume of emulsion measured, 
P(l)=fraction of tracks of a given length / that do not 
leave the emulsion, and (1—a@)= transmission factor of 
neutron beam in nuclear emulsion material. 

The resulting neutron flux distribution for scattering 
from C” is given by Fig. 1 for all angles as a function of 
scattered neutron energy in the center-of-mass system. 
The arrows on the curve show those energies of the 
scattered neutron to be expected due to scattering 
through each of the known levels of carbon in the energy 
range investigated here. The peak at 11.75 Mev is 
elastic scattering, the peak at 7.95 Mev is from the 
4.43-Mev level, and the peak at 3.15 Mev represents 
scattering from the 9.61-Mev level. The region near 
5 Mev should contain the 7.68-Mev level, but very 
few tracks were found due to this level. The three 
highest levels reached should give scattered neutrons 
peaked at energies of 1.2, 1.8, and 2.05 Mev but 
neutrons in this energy region were not resolved. In 
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dividing the neutrons into groups for plotting of angular 
distributions, bounding energies were taken arbitrarily 
at minima in the energy distribution. 

After dividing the flux of neutrons into energy groups, 
the cross sections for each level may be found by means 
of the following equation: 


An 
F,(En,®)dE, =FTpGVo(E,, Ey ,&)——4dE,, (2) 


4a (fo Av 


where F=neutron flux incident on scatterer at its 
center, assuming no attenuation in the scatterer, 
F,,=neutron flux incident on nuclear emulsion at angle 
©, o(E,,E,,&)=differential scattering cross section, 
T=attenuation factor, p=density of scatterer, 
V =volume of scatterer, (r?)4= average value of r? over 
scatterer weighted with attenuation factor, etc., and 
G=number of atoms per gram in scatterer. 

Corrections have been made for multiple scattering 
as calculated by the Monte Carlo method and very 
kindly furnished by members of the staff of the Los 
Alamos Scientific Laboratory. 

Corrections were also made for (7, charged particle) 
reactions in the emulsion and for a small number of 
low-energy neutrons present in the incident beam. 


ELASTIC SCATTERING 


In the case of neutrons of not too high energies, say 
less than 100 Mev, but for which 4 is appreciably less 
than R, the nuclear radius, the limiting concept of the 
black nucleus is found useful in explaining the angular 
distribution of elastic scattering. Here one assumes 
that all neutrons striking the nucleus, that is, for 
which /A<R, are absorbed. 

The angular distribution of elastic scattering is 
given by Bethe and Placzek® as 


dO se d | 
—=R?|-— (3) 
dQ 


on the basis of the Fraunhofer diffraction pattern of a 
circular obstacle, where @ is the scattering angle, R is 
the nuclear radius and J; is a first order Bessel function. 
Feld ef al.” have made extensive calculations of 
angular distributions of elastic scattering on the basis 
of the continuum theory of nuclear reactions. They 
give the following as the most accurate analytical 
expression for the angular distribution: 7 


do se/d2=31(R+K)? cot?(6/2){IiLk(R+A) sind}}?. (4) 


However, they caution that comparison with exact 

calculations shows that the foregoing is accurate only 

within the first lobe, being only qualitatively correct 

for larger 6. At large angles the angular distribution 
*H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937). 


10 B. T. Feld et al., Atomic Energy Commission Report N YO-636, 
1951 (unpublished). 
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has several lobes occurring with an angular spacing of 
X/R. The major part of the scattering is confined to 
the first lobe where 0<A/R. 

In the present experiment, the diffraction scattering 
concepts are expected to hold since the wavelength 
associated with 14.1-Mev neutrons was Acm.=h/ 
(2mE..m.)'=1.31X10- cm while R as determined by 
the total cross sections experiments of Cook and 
Bonner" is R=3.41X10-" cm. Thus 4 is considerably 
less than R. 

Since there are many channels available for decay of 
the compound nucleus C!*, the probability of decay 
to the ground state of C™, i.e., compound elastic 
scattering, is small and therefore almost all of the 
elastic scattering is expected to be potential or diffrac- 
tion type. This assumption of no compound elastic 
scattering is one of the basic features of the continuum 
theory of nuclear reactions. That the continuum region 
has indeed been reached for scattering of 14.1-Mev 
neutrons on carbon is shown by the fact,” that the 
total cross section for the bombardment of carbon by 
neutrons above 9 Mev is a smoothly varying function 
of energy. 

The present experiment was designed primarily to 
obtain data on inelastic processes. Results on elastic 
scattering were nevertheless obtained and are shown in 
Fig. 2. 

Also shown are the experimental results of Coon 
et al.’ and of Nakada e al.® on elastic scattering of 
neutrons from carbon. The data of Coon were taken at 
14.1-Mev incident energy as were those of the present 
experiment, while the work of Nakada was done with 
14.6-Mev incident neutron energy. 

The prediction of Eq. (4) reproduces the initial slope 
of our data quite well for small angles, beginning to 
fall off faster at larger angles. The first diffraction 
minimum as given by the theory should fall at about 
85°. The experimental data does not resolve this 
minimum, the only indication of its possible presence 
being the leveling off at about 60°. 

It was found that Eq. (4) is not greatly sensitive to 
small changes in the value of the nuclear radius. When 
R was varied by about 5% and a new curve computed, 
it was found to fit the experimental points in the 
region from 30° to 70° about as well as the one shown 
in the figure. At angles less than 30°, where no data was 
taken in this experiment, the two values of R lead to 

ore widely differing results. For angles greater than 
70°, changing R caused large shifts in the positions of 
he secondary maxima, but in this region Eq. (4) is 

ot expected to hold very well. 

It might be noted that if the present data were to be 
fitted by the Bethe-Placzek results, Eq. (3), a radius of 
about 5X 10~" would be required. This seems unreason- 

"C,. F. Cook and T. W. Bonner, Phys. Rev. 94, 651 (1954). 


12,N. G. Nereson et al., Los Alamos Scientific Laboratory Report 
A-1655, 1954 (unpublished). 
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Fic. 2. Cross section as a function of center-of-mass scattering 
angle for elastic scattering of 14.1-Mev neutrons on carbon. The 
curve is calculated from diffraction scattering theory. Circles are 
data of the present work. Squares are from reference 5. Triangle 
points are from the work of reference 6. 


ably large on the basis of the total cross-section 
measurements. 

A forward-peaked diffraction-type angular distribu- 
tion has been obtained also by Conner'® in elastically 
scattering 14-Mev neutrons from oxygen and by 
Smith" in scattering from nitrogen. 

Taking a weighted sum over angles of the differential 
cross sections yields 805 millibarns as the total elastic 
cross section. Feshbach and Weisskopf'® have shown 
that a good approximation for black-nucleus cross 
sections in the energy region of interest here is o,.=0, 
=m(R+i)*. For an R=3.41X10-", there follows 
m(R+A)?=700 millibarns as compared with our value 
of 805. 

INELASTIC SCATTERING 


Inelastic scattering processes may be divided, in 
general, into three categories on the basis of the number 
of levels involved in the compound and residual nucleus. 
In the first category, in which only a single or at most two 
or three levels are involved, the statistical model is not 
valid. In this case calculations may be made by con- 
sidering the detailed contributions of all angular 
momenta including interference terms. In order to 
compare the results of such calculations with experi- 
ment, considerably more precision is required than was 

'3 J. P. Conner, Phys. Rev. 89, 713 (1953). 


44 J. R. Smith, Phys. Rev. 95, 730 (1954). 
‘6H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 





B. SINGLETARY 





a 
° 


8 





IN MILLIBARNS / STERADIAN 


N 
° 


CROSS SECTION 





& 3° §66¢ e i120 56h 180 
SCATTERING ANGLE, CM. SYSTEM 








° 


Fic. 3. Cross section as a function of center-of-mass angle of 
scattering for scattering of 14.1-Mev neutrons from the 4.43-Mev 
level of carbon. Circles are from the present work. Square points 
are from reference 18. 


attained in this work, since one needs to know the 
angular distribution expansion coefficients well enough 
to distinguish between various assumed values of the 
spins and parities of the compound nucleus. 

For the second category of inelastic scattering 
processes, the statistical model is assumed to be valid 
for the compound nucleus in which many levéls are 
involved but not for the residual nucleus. The third 
category includes those cases which may be treated 
statistically since many levels in both the compound and 
residual nuclei are involved. Both these latter categories 
have been analyzed by Hauser and Feshbach'* and by 
Wolfenstein.'? For the second category they obtain 
generally anisotropic angular distributions which are 
symmetric about 90°, while for category three they 
show that the angular distributions are always isotropic. 

In the present experiment, angular distributions 
have been determined for three groups of inelastically 
scattered neutrons and are plotted in Figs. 3, 4, and 5. 

In Fig. 3 is shown the angular distribution for 
neutrons scattered from the 4.43-Mev into 
energies between 5.55 and 8.95 Mev. In this case 


level 


anisotropy shows up as might be expected for a process 
falling into the second category of inelastic scattering 
processes. However the lack of symmetry about 90° 
precludes, according to the Hauser-Feshbach theory, 


15 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
7 L. Wolfenstein, Phys. Rev. 82, 690 (1951). 
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the possibility that only compound nucleus interactions 
are involved here and suggests that some fraction of 
direct interactions be assumed. The total cross section 
for the 4.43-Mev level, obtained by adding up the 
differential cross sections weighted with the appropriate 
solid angle factor, is 203 mb. 

The angular distribution of this level has recently 
been measured by Anderson e/ al.'* using a time-of-flight 
technique. Their data is also given in Fig. 3 and shows 
good agreement with that of the present experiment. 

The angular distribution for the 9.61-Mev level is 
shown in Fig. 4, representing neutrons scattered to 
energies between 2.35 and 3.55 Mev. The total cross 
section for the level is 96 mb. 

Those neutrons scattered into energies between 3.75 
and 5.35 Mev, which should come from the 7.68-Mev 
level in C® are so few in number and the statistical 
errors in counting so great that no distribution curve 
can reasonably be presented. 

It has been previously concluded* that either the 
7.5-Mev level is not formed with any degree of abund- 
ance or else that it decays by alpha emission of such low 
energy as to be unobservable. The present data seem to 
confirm the former possibility. 

Figure 5 shows the angular distribution of neutrons 
scattered with energies between 1.15 and 2.15 Mev, 
representing the energetically possible contributions 
from levels in carbon-12 of energies 10.8 Mev, 11.1 Mev, | 
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Fic. 4. Cross section as a function of center-of-mass angle of 
scattering of 14.1-Mev neutrons from the 9.6-Mev level of carbon) 


'8 J. D. Anderson ef al., Phys. Rev. 111, 572 (1958). 
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angle for scattering of 14.1-Mev neutrons from the three highest 
levels of carbon that were excited in the present experiment. 


and 11.74 Mev. The level density in C"* at the energy of 
17.95 Mev, to which it is excited in this experiment, is 
unknown but is not likely to be very large because 
carbon is a light element. The incident beam width of 
120 kev may not excite more than a few levels in the 
compound nucleus. However, the fact that, in addition, 
three or four levels in the residual nucleus contribute 
might be expected to lead to an isotropic angular 
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distribution. A total cross section of 124 mb was found 
for these levels. 

The total cross section for inelastic scattering is the 
sum of all points up to 9.15 Mev. Since the region from 
0 to 1.15 Mev is missing, the sum will be the emission 
cross section for inelastically scattered neutrons from 
this value up rather than the total inelastic cross 
section. This sum is 444 mb. 

Measurements of the inelastic cross section have been 
made by Phillips ef a/.,! who obtained 0.76 barn, and 
by Graves and Davis? yielding 0.47 barn. This includes 
all processes which result in the neutron energy being 
reduced below a predetermined threshold and should 
compare with our value of 444 mb plus whatever is 
contained in the missing energy region 0 to 1.15 Mev. 
This value can also be compared to the work of Graves 
and Rosen’ which gives 0.52+0.02 barn for the emission 
cross section from 0.5 to 12 Mev. 

Frye ef al.* have measured the cross section for 
three-alpha decay of carbon as 0.23+0.05 barn. This 
is to be compared with our cross section for formation 
of the 9.6 Mev and higher levels in C™, which is 0.22 
barn plus contributions from the missing region of 0 
to 1.15 Mev scattered neutron energy. 
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The 88.5-sec activity observed among the products of the bombardment of nickel with 16-Mev alpha 
particles is assigned to Zn". The decay properties of this isotope have been investigated by beta and gamma 
scintillation techniques and by coincidence measurements. Approximately 80% of the Zn® beta decays are 
to the ground state of Cu®!. The positron end point is 4.38 Mev which corresponds to a log ft of 5.2 and to 
an allowed transition. Gamma rays of 0.48, 0.98, and 1.64 Mev have been observed with intensities of 11.2, 
2.9, and 6.2% of the positrons. There is some indication of gamma rays at 0.69 Mev and possibly other 
energies in lower intensities. A decay scheme is proposed which incorporates the above data into an existing 


level scheme of Cu® derived from (p,7) experiments. 


INTRODUCTION 


ETA systematics has been used to predict that Zn®™ 

should decay with a half-life of ~ 1 min by emitting 
~4.2-Mev positrons.' Since an (a,) reaction on the 
most abundant (68%) nickel isotope, Ni**, should pro- 
duce Zn®, a search for this nuclide was undertaken in 
nickel foils which had been bombarded with 14- to 18- 
Mev alpha particles. A new 1.5-min activity was ob- 
served and assigned to Zn® as described below. Pre- 
liminary measurements’ showed that this isotope decays 
predominantly by positron emission to the ground state 
of Cu®, 

As a result of concurrent investigations, Lindner and 
Brinkmann’ reported an 88-sec half-life and a maximum 
positron energy of 4.8 Mev for Zn®. They also observed 
a 2.1-min activity which was assigned to Zn®™. Low- 
intensity gamma rays having energies between 0.5 and 
3.0 Mev were observed from sources containing both 
Zn™ and Zn®; however, no further information was 
given. 

Butler and Gossett* have studied radiative proton 
capture by Ni®* and Ni®. From the cascade gamma radi- 
ation they deduced the presence of energy levels in Cu®™ 
at 0.468, 0.96, 1.38, 1.63, 1.91, 2.4, and 2.9 Mev. A 
similar level pattern was also obtained for Cu®. Since 
the beta decay of Zn® is expected to populate at least 
some of these states, a further investigation of the 
gamma and beta spectra of Zn® was undertaken. The 
present paper reports the results of these studies as well 
as additional details of the earlier work concerning mass 
and charge assignment. 


MASS AND CHARGE ASSIGNMENT 
After the initial observation of the 1.5-min activity, 
a rough excitation function for this activity was ob- 


tained by irradiating a stack of five 0.6-mil nickel foils 


+ Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

! Nussbaum, van Lieshout, Wapstra, Verster, Ten Haaf, Nijgh, 
and Ornstein, Physica 20, 555 (1954). 

2 J. B. Cumming, Phys. Rev. 99, 1645(A) (1955). 

3 L. Lindner and G. A. Brinkmann, Physica 21, 747 (1955). 

‘J. W. Butler and C. R. Gossett, Phys. Rev. 108, 1473 (1957). 


with 24-Mev alpha particles from the Brookhaven 60-in. 
Cyclotron. Cross sections for forming Cu", Zn®, and 
the 1.5-min activity are presented in Fig. 1. The cross 
sections were calculated from beta activities of these 
isotopes® as resolved from the decay curves. In the case 
of foils irradiated at the three lowest energies, no sig- 
nificant amounts of other isotopes could be detected. 
However, Cu®, Cu®, and Zn® were detected in the foils 
irradiated at mean energies of 18 and 22 Mev, and reso- 
lution of the complex decay curves introduced consider- 
able uncertainty in the activities of Cu®, Zn®, and 1.5- 
min activity. Estimates of the probable errors from this 
source are indicated in Fig. 1. The absolute cross section 
scale of this figure was obtained by normalization to the 
peak absolute cross section measured for the 
Ni®(a,n)Zn® reaction by Ghoshal.* The similarity of 
shapes of the three curves strongly suggests that the 
new activity was produced by an (a,”) or (a,p) reaction. 
Its small peak cross section compared with that of Cu! 
is consistent with it being energetically unfavored due 
to a large decay energy. For all subsequent studies, Zn®™ 
was produced by 16-Mev alpha particles to avoid the 
additional activities produced at higher energies. 
Unique mass and charge assignment of the new acti- 
vity was based on three experiments. In the first, 
Ni(NOs3)2-6H,O targets were bombarded, dissolved i 
hot 1N HCl containing copper and zinc carriers, and 
then shaken with ~ 20 mg of Dowex-1 anion exchange 
resin. Under these conditions, zinc is absorbed prefer 
entially compared with Cu, Ni, Co, and Fe.’ The resi 
was recovered by filtering onto a filter paper disk and 
was washed with a small volume of 1N HCl. In these 
chemically separated zinc samples, the ratio of Zn®™/Zn® 
activities agreed within the experimental error with tha 


5 Except where otherwise indicated, nuclear data have beer 
taken from the compilations Nuclear Level Schemes, A=40—A=9 
compiled by Way, King, McGinnis, and van Lieshout, Atomi 
Energy Commission Report TID-5300 (U. S. Governmen 
Printing Office, Washington, D. C., 1955); and Nuclear Dated 
Sheets, compiled by McGinnis, Anderson, Fuller, Marion, Way’ 
and Yamada (National Academy of Sciences—National Researc 
Council, Washington, D. C., 1958). 

6S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 

7K. A. Kraus and G. E. Moore, J. Am. Chem. Soc. 75, 146 
(1953). 
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Fic. 1. Excitation functions for the reactions Ni®*(a,p)Cu", 
Ni®8(a,n)Zn®, and Ni®(a,n)Zn®. 


observed in an unseparated target while the ratio of 
Zn*/Cu® increased by a factor of ~30. 
| In the second experiment, the same target and solu- 
tion procedures were used as above. Copper carrier was 
added at 2-min intervals, precipitated as CuS by a 
stream of HS gas, and filtered off. From the activities 
of Cu® in the precipitates after the initial one, a 92+4 
sec half-life was calculated for the parent of Cu® in 
agreement with the directly measured half-life of Zn®. 

Finally, the yields of Zn™, Cu®, and Zn™ were meas- 
ured for foil targets of normal nickel and isotopically 
enriched’ Ni®*. The ratio of Zn®™/Zn® increased by a 
factor of 23 in targets for which the Ni°’/Ni® ratio was 
25 times that in normal nickel. The ratio of Zn®™/Cu® 
was unchanged. These experiments indicate that the 
1.5-min activity accompanies zinc in the chemical sepa- 
ration, is the parent of Cu®, and is produced by an (a,) 
reaction on Ni®8’, and are sufficient evidence that it is 
Zn", 

BETA AND GAMMA-RAY SPECTRA 


Gamma radiation from Zn* was detected by a 
3X 3-in. NaI(T]) scintillator and the resulting spectrum 
was analyzed by a 100-channel pulse-height analyzer. 

Oo minimize the production of extraneous activities, 

n®™ was produced by bombardment of targets of iso- 
topically enriched® Ni®® (98.4% Ni®’, 1.5% Ni®) with 
16-Mev alpha particles. Sources either were obtained by 
the ion exchange separation described above or were 

nseparated, electrodeposited Ni®® foils. The chemical 
procedure resulted in a significant reduction in the 
amount of Cu in the samples; however, the additional 
ime required resulted in a decrease in the ratio of 


National Laboratory. 


OF 


0.70 Mev 


NUMBER OF COUNTS 








—— a = — 
10 20 30 40 50 

CHANNEL NUMBER 

Fic. 2. Spectra of gamma rays from Zn* and from 
Zn®+Cu® background. 


Zn*'/Zn®, In all cases, the sources were sandwiched 
between sufficiently thick aluminum absorbers to stop 
all positrons. 

Figure 2 shows typical data obtained with a chemi- 
cally separated source. About 80% of the events re- 
corded during an initial 3-min counting interval were 
due to Zn®. The contributions of Zn® and Cu® were 
subtracted from the observed data on the basis of 
repeated counts at later times and the known half-lives 
of these isotopes. The lower curve of Fig. 2 gives the 
spectrum of Zn®+Cu® obtained by this procedure. It 
shows peaks from known gamma rays of Cu® and 
Zn®,9.° The upper curve is the spectrum of Zn. The 
standard deviation of each point due to statistical fluc- 
tuations only varies from <1% at the 0.51-Mev peak 
to ~6% at the 1.65-Mev peak. 

The Zn® spectrum shows peaks at energies of 0.51, 
0.70, 0.99, ~1.2, ~1.4, and 1.65 Mev. Other experi- 
ments at lower amplifier gain settings showed a possible 
low-intensity peak at ~1.9 Mev and a continuum ex- 
tending to energies >3 Mev. The latter is probably due 
to annihilation in flight and bremsstrahlung from the 
energetic positrons; however, weak gamma rays may 
also be present. The general features of the Zn®™ spec- 
trum shown in Fig. 2 were reproduced with a series of 
sources, chemically separated and unseparated and at 
high and low counting rates. 

To obtain gamma-ray intensities, each Zn spectrum 


9 Ricci, Girgis, and van Lieshout, Nuovo cimento 11, 156 (1959), 
0 J. B. Cumming and N. T. Porile (unpublished data). 
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was analyzed by a procedure of successive subtractions 
of known gamma-ray spectra. For example, increasing 
amounts of a K® specttum (with a small change in gain 
to match its peak position to that of the 1.65-Mev 
gamma ray) were subtracted from the Zn®™ spectrum 
until the 1.65-Mev peak vanished and a smooth back- 
ground remained. The procedure was then repeated for 
the next lower energy gamma ray and so on. In this way 
areas of the gamma-ray photopeaks were obtained. It 
was observed that a substantial part of the apparent 
peaks at ~ 1.4 and ~1.2 Mev was due to the 1.65-Mev 
gamma ray. Furthermore, due to the relatively large 
geometry (~7% of 41) of the detector, peaks due to 
addition of an annihilation gamma ray or its backscatter 
to the 0.99-Mev peak also contribute to this region. 

The addition of one annihilation quantum to the 
backscattered quantum from the other results in a peak 
at ~0.68 Mev. Sources of F!* were used in the same 
geometry to evaluate this effect. When this correction 
was applied, the remaining area of the 0.70-Mev peak 
was only slightly larger than the estimated error in the 
area due to the several subtractions, and the presence 
of a gamma ray at this energy is subject to doubt. Ina 
separate experiment, an investigation of the low-energy 
region failed to show evidence for any gamma ray of 
energy between 30 and 180 kev. 

The intensities of the gamma rays relative to 0.51- 
Mev quanta were calculated from the photopeak areas 
and a curve of photopeak efficiency vs energy experi- 
mentally determined with sources of Na”, Co™, and 
Na*. However, these intensities cannot be related to the 
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Fic. 3. Spectrum of gamma rays from Zn® coincident with 
two annihilation quanta. 
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number of gamma rays per positron without a knowl- 
edge of the contribution of nuclear gamma rays to the 
0.51-Mev photopeak. Copper-61 has been reported to 
have an energy level at 0.468 Mev and, since a gamma 
ray of this energy would not have been resolved from 
annihilation radiation, a triple coincidence procedure" 
was used to investigate this energy region. Detection of 
511-kev gamma rays by each of two 2X2-in. NalI(TI) 
scintillators located at an angle of 180° with respect to 
the source was required in coincidence with a pulse from 
a 3X3-in. detector at 90° to the axis of the 2-in. detec- 
tors. The detector and source geometries were such that 
no straight line connected the volume in which the posi- 
trons annihilated, either of the 2-in. detectors, and the 
3-in. detector. When these coincidence conditions were 
satisfied a 100-channel pulse-height analyzer was gated 
to analyze the pulse from the 3-in. detector. Circuit 
performance was checked with sources of Na” and F'8, 
In the latter case, only accidental coincidences were 
observed. The coincidence spectrum obtained for Zn® 
is shown in Fig. 3. This figure contains the sum of data 
from four irradiations at low rates to minimize acci- 
dental coincidences. This spectrum shows peaks at 0.48 
and 1.65 Mev with indications of a peak at ~1 Mev. 


TABLE I. Zinc-61 gamma-ray energies and intensities. 


Gamma-ray energy in Mev Intensity in % of B* 


11.24+2.2 
1.8+1.5 
2.941.0 
6.2+1.0 
<~0.5 
<~1 


0.48+0.02 
0.69+0.02 
0.98+0.02 
1.64+0.02 
0.03t00.16 
>0.16 





The intensities of the gamma rays were determined by 
comparison of the photopeak areas with that of the 
1.28-Mev gamma ray from Na” and the known depend- 
ence of counter efficiency on energy. The intensity of 
the 1.65-Mev gamma ray agreed within the limited 
statistical accuracy of the experiment with that deter- 
mined from the singles spectra. 

Table I lists the average energies and intensities of 
the Zn® gamma rays as determined from the singles and 
coincidence measurements of this experiment. The ap 
proximate probable errors are based on reproducibilit 
and estimates of possible systematic effects. Correction: 
have been applied for the contribution of the 0.48-Me 
gamma ray to the 0.51-Mev peak of the singles spectru 
and for the (0.48+0.51)-Mev addition peak. Estimated 
upper limits for the intensities of other gamma rays i 
the energy regions that were investigated are also given 

A survey of y-y coincidences was made with an XY. 
analyzer." This device records photographically th¢ 
energies of pulses from each of two detectors when 4 

11E), §. Harmer and M. L. Perlman, Phys. Rev. 114, 1132 


(1959). 
12 ,, Grodzins, Rev. Sci. Instr. 26, 1208 (1955). 
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coincidence occurs between them. The detector geom- 
etries were such that coincidences between two annihi- 
lation radiations were not possible. Intense coincidences 
between two gamma rays of ~0.5-Mev energy (i.e., 
probably 0.48 and 0.51 Mev) and less intense coinci- 
dences between 0.5-Mev and higher energy gamma rays; 
were observed, consistent with the triple coincidence 
measurements in which coincidences between positrons 
and 0.48-, 1.65-, and probably 0.98-Mev gamma rays 
were observed. No other y-y coincidences were observed ; 
however, weak coincidences might have been missed, 
and possible coincidences between the 0.48-Mev gamma 
ray and other gamma rays would have been obscured 
by the more intense gamma-annihilation coincidences. 

Beta spectra of Zn® sources were obtained with a 1- 
or 2-in. thick plastic scintillator and multichannel pulse- 
height analyzer. A preliminary value? of the maximuin 
beta energy, 4.9+0.5 Mev, which had been obtained 
using a gray-wedge analyzer with Pa™ as a 8” energy 
calibration source was not confirmed when £* emitters 
of known maximum energies were used for calibration. 
Figure 4 shows typical spectra obtained for Zn® and 
several known 8+ emitters. These data have been nor- 


TaBLeE II. Summary of Zn* half-life measurements. 





Target and radiation detected Observed half-life in sec 





86.8+2.0 
89.2+1.0 
91.5+4.2 
82.2+5.1 
88.34+1.0 


Ni (normal), gross Bt 
Ni58, gross Bt 
Ni (normal), Cu® daughter 
Ni®8, 1.64 Mev y 
Ni58, B+ >2 Mev 
best value 88.5+1.0 





malized so that each spectrum contains approximately 
the same total number of counts in the highest-energy 
group. Kurie plots of these spectra were nonlinear in 
the region of the end points even after correction for 
the detector resolution. This is probably due to partial 
detection of annihilation radiation coincident with the 
positrons. Comparison of the Kurie plots of Zn®™ and 
Ga® gave a beta end point of 4,380.20 Mev for Zn®. 
This result was also obtained by comparing the points 
at which the normalized spectra of Fig. 4 decrease to a 
given rate. The curve for Ga®*+Ga® clearly shows two 

groups; however, the low intensity 6* groups neces- 
sary to account for the observed gamma rays in Zn 
vould not have been resolved. Since no gamma ray is 
present with intensity comparable to that of the posi- 
rons, it is concluded that the measured beta end point, 
4.38+0.20 Mev, corresponds to the ground-state transi- 
ion in good agreement with the 4.2 Mev predicted from 
beta-decay systematics.' 

The half-life of Zn® was determined graphically from 
he decay of its various specific radiations and of the 
bross beta activity as measured with an end-window pro- 
ortional counter. The five best measurements are listed 
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Fic. 4. Beta spectra of Zn®™ and some calibration sources. 


in Table II and give a mean half-life of 88.5+1.0 sec in 
agreement with that Lindner and 
Brinkmann.’ 


observed by 


CONCLUSIONS 


The close agreement of the energies of the 1.64, 0.98, 
and 0.48-Mev gamma rays with the energy levels in 
Cu® deduced from the (p,y) experiment‘ suggests that 
Zn® decays by Bt emission to these levels. The decay 
scheme of Fig. 5 has been constructed using only the 
levels reported by Butler and Gossett.‘ If the apparent 
0.69-Mev gamma ray is not completely an addition 
peak it may be accommodated as the dotted stopover 
transition from the 1.64-Mev to the 0.98-Mev level. 
The observed 8+-y coincidences are shown by filled 
circles on the levels in Fig. 5. It is probable that the 
0.98-Mev level should also be so marked. The numbers 
to the right of each 6+ transition are the 8* energy (bold 
type), the percentage of decays (in parentheses), and 
finally the log ft. These results have been calculated 
assuming that the 0.69-Mev gamma ray is absent and 
that stopover transitions from the 0.98 to the 0.48-Mev 
level are weak compared to the 0.98-Mev gamma ray. 
Electron capture has not been included since it is calcu- 
lated to occur in <1% of the Zn®™ decays. 

Independent of assumptions concerning the decay 
scheme, ~80% of the Zn®™ beta decays are to the Cu®! 
ground state. The log ft value of 5.2 strongly suggests 


that this transition is allowed and that Zn" has a 3— 
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2.74 (6 %) 5.5 
3.4913 %) 6.2 
3.96 (1! %) 5.8 


4.3. (80%) 5.2 

















;. 5. Proposed decay scheme for Zn®, 


ground state. Cu®, Cu®, and Cu® all have measured 
’— ground states. The shell model" predicts a p; or f; 


state for the odd neutron in Zn®. While transitions from 
either of these states to the 3; ground state of Cu® 
would be allowed, the transition fy — ; is /-forbidden 
and would be expected to have a larger log ft value than 
that observed. For example, }— — $— transitions from 
Ni® and Zn® to Cu® have log ft values of 6.6 and 7.4. 
The assignment of a $— ground state to Zn®™ is also 
consistent with the same assignment to Zn® 9° which 
differs from Zn® by a pair of neutrons. 

Some possible assignments of spins to the excited 
states of Cu® may be made from the Zn®™ beta-decay 
data and from consideration of level schemes of other 
nuclei having either 29 protons or neutrons. Nussbaum"™ 
has observed that these nuclei have }— second excited 
states which may be f; levels at ~1 Mev above the 
ground state, and that first excited states having }-spins 
are consistent with experimental data. The assignment 
of fs single particle character to the level at 0.96 Mev 


18M. G. Mayer and J. H. 
Nuclear Shell Structure (John Wiley & Sons, Inc., New York, 
1955). 

4 R, H. Nussbaum, Revs. Modern Phys. 28, 423 (1956). 


D. Jensen, Elementary Theory of 
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in Cu® is doubtful since the log ft values for 8* transi- 
tions from Zn®™ to this state and the Cu® ground state 
are nearly equal*”” with no indication of the /-forbidden 
hindrance expected if the 0.96-Mev level were f;. The 
first excited state of Cu® at 0.49 Mev has a 3 spin as 
determined by angular correlation measurements.‘ 

Lawson and Uretsky"® have developed a model based 
on j-j coupling which predicts a relationship between 
certain states in a nucleus which has a closed shell plus 
or minus one nucleon and the nucleus with the closed 
shell. In particular, it predicts for odd mass copper iso- 
topes a quartet of states resulting from the coupling of 
the 29th proton to a 2+ excited state of the correspond- 
ing Ni core. The “center of gravity” of the quartet 
(with appropriate spin weighting factors) should equal 
the energy of the 2+ state in the core. Using data on 
the first four excited states of Cu® and Cu® and spin 
assignments }—, }—, 3—, and $— in order of increasing 
energy, they obtained good agreement between the 
calculated and observed energies of the 2+ states in 
Ni® and Ni®. These spin assignments for Cu® are 
basically consistent with the decay data from Zn, For 
example, a 3— assignment accounts for the absence of 
6* transitions to the 1.38-Mev level. However, an energy 
of only 1.22 Mev is calculated for the 2+ state in Ni®, 
in poor agreement with the observed value, 1.33 Mev. 
Lawson and Uretsky found the same trouble in treating 
Fe® and Cr® and it was necessary to consider the 1-Mev 
level as a single particle fy level. They were then able 
to get agreement between calculated and observed 2+ 
levels of the cores by assigning spins 3, (fs), 3, 3, 3 to 
the excited states of these nuclei. If we make the same 
assumptions, agreement is also obtained between the 
states of Cu®™ and Ni®™. If the 0.69-Mev gamma is not 
an artifact due to a pulse addition, beta transitions to 
the 0.98-Mev level of Cu® will be less abundant than 
indicated in Fig. 5 and the value of the lag ft will be 
>6.2. This may be some indication of f; character for 
this level. However, in the absence of further data, the 
spins that have been tentatively assigned to the excited 
states of Cu® in Fig. 5 are the same as deduced for Cu® 
and Cu®, 
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The long-range part of the nucleon-nucleon potential is approximated by the finite-range delta-function 
potential: Vsinglet even= Vid(r—a), Vtriplet even= V36(r—a) + V7d(r—a)Si2. The best fit to the low-energy 
n-p data is obtained when V3 is repulsive and V7 is large. The uncertainties in the V’s are of the order of 10%. 


I. INTRODUCTION 


T is now fairly well established that the nucleon- 
nucleon potential is not strongly attractive at small 
distances. This means that the simple potentials which 
have long been used in perturbation calculations of 
nuclear energy levels are incorrect, and, generally, the 
potentials which have replaced them are not amenable 
to perturbation theory. The present paper is devoted 
to a simple two-body potential which is not strongly 
attractive at small distances and which is suitable for 
perturbation calculations of energy levels. The potential 

is of the form 
V triplet even — V36(r—a + V 76(r—a )Sie, (1) 


V singlet even — V ,6(r—a), 


where Sj. is the tensor operator and r=|ry|. The 
parameters V;, Vi, Vr, and a are chosen to fit the low- 
energy n-p experimental data. 

Of course, any potential shape, V(r), can be approxi- 
mated by a set of delta-functions: 


V(r) => V6(r—a,). (2) 


Since the significant quantity is V(r)rp(r), the most 
mportant part of V is the region where Vn is large. 
his in turn depends on the energy associated with y. 
‘or example, if Vs is to reproduce all the bound-state 
nergies, the number of delta functions must be at least 
hs large as the maximum number of bound states with a 
piven value of the orbital angular momentum. Thus V; 
s particularly suited to the n-p system. One delta 
unction can reproduce the bound state and thus also 
he low-energy scattering, since the value of r which 
aximizer Vrj for low-energy continuum states is not 
loo different from the value of r which maximizes Vry 
the bound state (this is essentially the basis of the 
ape-independent low-energy approximation)! 


II. CENTRAL POTENTIAL 
With the central two-body potential 
ee V (r)=Vdb(r—a), 
* Supported in part by the U. S. Atomic Energy Commission. 


1J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
ohn Wiley & Sons, Inc., New York, 1952), Chap. IT. 


the Schrédinger equation for ny:= 4, takes the form 
du l(1+1) (. 
“+[e- : =| ——6(r—a)u(r), 
dr’ r a 
r=(|fisl, M,=M.=M, (4) 
«e=ME/#?, C=—MVa/h. 


For a bound state, e=—1/R? and [see (A12) of the 
Appendix | 


u,(t) = ( -y'Re| snc f ex(t')g(t’)dt’ 


t 


t 
+e) f sh(thg(that | (5) 


where t=r/R, g(t)=(C/aR)i(t—d)ui(l), \=a/R. The 
notation sh;(t), e:(t), etc. is given in the Appendix. 
From (5) 

ui(t<r) = (—)*(C/dA)ur(AJer(A) shi (0), 

u(t >nr)=(—)'(C/d)ur(A)shi(d)er(t), 


and the eigenvalue equation is 
1=(—)'(C/d)shi(d)er(d). 
In the limit R— ~, e— 0, thus becomes (A6) 
1=C/(2/+1), (8) 


which shows that there is a bound /-state if C>2/+1. 
Since the potential bends the wave function just once, 
there is at most one bound state with a given value of /. 
For the scattering states, e= k? and (A10) gives, with 
x=kr, xo= ka, 
ui(x<a)=5,(x), u(a)=s,(a), 


uy(x> xo) =51(x)[1— (C/x0)51(x0)¢1(x0) | 
+(C/xo)cr(x)sP(ao). (9) 


Then, from (A2), it follows that 


1—(C/x)sic 
coté;= ( — : ) , 
(C /x)s/° r=70 


and 


lim k cotéo= (1—C)/aC. 


1605 





1606 M. 


Ill. CENTRAL AND TENSOR POTENTIALS 
With the triplet-even potential 
V (r)=V 6(r—a)4+-V7b(r—a) Siz, 
the coupled equations for the *S:+*D, state of the 


deuteron are! 


du C 
—+en= ——8(r—a)u(r) 


dr? a 


(12) 


 & 
—8t—5(r—a)w/(r), 
a 
(13) 
6 C-2T 
——)u= ———4(r—a)w(r) 


a 


‘I 
—8!—6(r—a)u(r), 
a 


where C= —MV.a/h?, T=—MVra/h?. For the bound 
state, e= —1/R?, (A12) gives (‘=r/R, \=a/R) 
u(t<d)=A"[Cu(rA)+8'Tw(a) Jeo(A)sho(t), 
u(t>d)=A7"[Cu(A)+8!Tw(r) |sho(A)eo(?), 
w(t<d)=A“1[ (C—2T)w(d) +847 u(d) Jeo(d)sho(t), 
w(t>d)=d“[(C—2T)w(A)+8'Tu(a) |she(A)eo(t), 


(14) 


with the resultant eigenvalue equation 


& A 


sho(d)eo(A) 


9, (15) 


| 8iT C-2T-— . 
} she(dA)eo(A) | 


which can be shown to have not more than two 


solutions. 
By using (A14), it follows that 


=f u?dr=(R/2)u?(A)Ji, —1, 


0 


i= f wdr= (R/2)w?(A)J 3, 1; 


0 


tite Shrshm 
Suu™ ee ee ane , 
Cn—1€m41  Shn—1Slmyi7 » 


so that the D-state probability is 


Pp=d/(s+d), 


where 


and the normalization, 
N2=s+d. 


Then for the quadrupole moment, Q/e,' 


N70 1 . i» 
— =—— J ruccdr—— f rwrdr, (20) 
€ (50)37,, 204, 
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and (A10) (15) give 
QO a w(d) 
e ¥ (450)! w(A) 
J s,-1— [w(a)/ (32)! (A) }(2Is, -+-I,4,0) 
x(= ). (21) 
Ji-1tLwr)/ua) 25,1 





For the scattering problem, e=k’, (A10) gives, with 
x=kr, xo=ka, 


u(Xo) = So(%o), 
w(x<xo)=Aso(x), w(a)=A52(x0), 
u(x> xo) = so(x)[1— (C/x0)50(%0)co(xo) 
—81A (T/x0)52(x0)co(xo) |} 
+-co(x)L(C/x0) s0?(x0) 
+81A (T/x0)s0(x0)52(x0) J, 


u(x<xo) =So(x), 


(22) 


C—2T 
w(x> xo) = S2(x) 4 | 1 ————52(x0) c2(x0) 


Xo 
7% 84/ Y bg asada) | 


+-¢o(x)[{ A (C—2T)/x0} 52?( x0) 
+8 oT T /x0)S0(%0)S2 (xo) ]. 


Thus by using (A2), the equation for the phase shift 














Fic. 1. Calculated points in the neighborhood of the expeq 
mental values of Q/eR? and 3as¢/R. Parameters for the points a 
given in Table I. The shading indicates the allowable range, usi 
3dse= (5.415+0.012)f, R= (4.3157 +0.0020)f, Q=0.273 (140.02) 
The uncertainty in Q is large in order to allow for relativistic a 
mesonic corrections. 
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TABLE I. Values of triplet-even n-p parameters 
at the points shown in Fig. 1. 


Point A »/ /eR? Pp Ci 
0.64 1.2498 

f 0.65 1.2482 
0.415 0.63 1.2544 
0.415 0.64 1.2528 
0.415 0.65 1.2511 
0.42 0.63 1.2574 
0.42 0.64 1.2558 


0.078464 —1.7438 
0.081476 —2.0958 
0.076828 —1.4983 
0.079814 —1.8132 
0.082888 —2.1810 
0.078125 —1.5573 
0.081174 —1.8854 


0.014345 
0.014569 
0.014467 
0.014697 
0.014926 
0.014818 
0.015053 


in the two scattering eigenstates is 


(C/x0)s0?+81A (T/20) 5082 


1 = (C, ‘X)Soco— 814 ( Tr ==) 
TO 





1—(C—2T) (soc2/x)—84(T/A — 
—— , es 
(C—2T)(s2?/x)+83(T/Ax) 5052 x0 


k coté can be expanded in a power series about k=0, 
with the result for the scattering length 


Aso != lim (—k cots) = (F—G)/aF, 


k- 0 


(24) 


G=5+2T-C, 
F=CG+8T". 


IV. n-p PROBLEM 


The parameters C; and 7 of the triplet even potential 
were chosen to fit the experimental values of 0/eR? and 
3@s¢/R for the triplet n-p system. Figure 1 shows the 
calculated points which lie nearest to the experimental 
values in terms of \=a/R and g= 150/2ea?. The values 
of the n-p triplet even parameters at these points are 
given in Table I. 

Assuming the same potential range for singlet even 
and triplet even, the singlet scattering length (11) is 


10.-= aC} (C;—1). (26) 


With the set A\=0.415, g=0.64, and the value 
=4.31f, the parameters are: 

a=1.78865f, 

C;= — 1.8132, 

T = 2.1424, 

C,=0.93010, 
nd the corresponding values of the measurable 


Huantities are 
3Asce= 5.3996f, 


14,.= — 23.800f, 
Rp=4.31f, 

Q/e=0.273018?, 
P p=0,079814, 
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With the above values of C;,; and 7, the n-p partial 
cross section due to 'So and *S,+°D, partial waves was 
calculated, and is shown in Fig. 2 along with the experi- 
mental points quoted by Hulthén.’ 


V. DISCUSSION 


The only low-energy experimental datum apparently 
not consistent with the potential given by (1) and (27) 
is the magnetic moment. However, the discrepancy is 
only with the nonrelativistic, nonmesonic estimate of 
the magnetic moment, which requires a D-state 
probability of 3.9%. Other estimates of Pp vary, and, 
in particular, Machida* has shown that the hyperfine 
structure of deuterium suggests that Pp=0.05~0.15. 
In any case, the value of Pp of ~8% is not in contra- 
diction with experiment. 

Figure 1 and Table I indicate that C; and T are 
rather poorly determined by the present data, and that 
it is possible to compensate fairly well a rather large 
(~10%) change in one of the two by a corresponding 
change in the other. It would seem, then, that it is not 
worthwhile at present to try to add shorter-range delta- 
functions in an attempt to also fit higher energy 
experiments, since the long-range part of the potential 
is SO uncertain. E: 

An interesting feature of the potential is the repulsive 
character of the triplet-even central force. Since the 
data fitted here are low-energy data, this suggests that 
this force may be repulsive at rather large distances. 
The triplet-even central part of the TMO meson- 
theoretical potential* (second plus fourth order in g’) is 











1 1 1 i i 1 1 
8 i2 6 20 
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1 





Fic. 2. Calculated (points) and experimental? 
(boxes) n-p cross section. 
2 L. Hulthén and M. Sugawara, Handbuch der Physik (Springer 
Verlag, Berlin, 1957), Vol. 39, p. 4. 
3S. Machida, Progr. Theoret. Phys. Japan 9, 683 (1953). 
‘ Taketani, Machida, and Onuma, Progr. Theoret. Phys. Japan 
7, 45 (1952), 
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repulsive out to a distance of about 2f, while most of the 
other potentials currently in favor are attractive in this 
region. It is clear from other fits, however, that the 
triplet-even central force is not necessarily repulsive 
in this region. The fact that C; is negative and that the 
tensor force is therefore very strong resuscitates, for 
this potential at least, the hypothesis that the tensor 
force may be the source of the “spin-orbit” splitting 
in nuclei, and calculations to this effect are being 
started. The effects of a strong tensor force on two- 
nucleon scattering processes at higher energies have 
been discussed recently by Tamagaki.° 

It is hoped that the finite range delta-function 
approximation to the nucleon-nucleon potential will 
prove useful in calculating level spacings in light nuclei. 
It should be noted in this connection that the tensor 
force can by no means be considered negligible. 


APPENDIX 
The following notation is used in this paper: 


Sa(x)=2j n(x) 
(Al) 
Cy(X) = — XN, (xX) 
where j,(”) and m,(x) are the standard spherical 
Bessel functions.® Near x=0 and x= © these functions 
are 
5,(x) > sin(x—nr/2) as xx 


c,(*%) > cos(x—mw/2) as xx 


Sn(x) > x"1/(2n+1)!! as x0, 


Cn(x) — (2n—1)!!/x" as x0. 


The Wronskian is 


W (5 (X),Cn(X))= Sn! (x)Cn(")—Sp(x)C,' (x) =1, 


and s, and c, satisfy the differential equation 


n(n+1) 
jir+(1- —)fa-0. 
x” 


The functions sh,, chy, en, are 


sh,(x)=1- ts, (ix), 
ch,(x)=1t-"c,(1x), 
€,(x)=ch,(x)—sh,,(x). 
Near zero and infinity, 
C(t) (—)"c* as *— 2, 
sh,(x)— e?/2 as x @, 
€,(x) > (—)"(2n—1)!!/a" as 2-0, 


sh,(x) 2 a"*"1/(2n+1)!! as x0. 
®R. Tamagaki, Progr. Theoret. Phys. Japan 20, 505 (1958). 


®P. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1573. 
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The Wronskian is 


W (sh,(x),€n()) 


=sh,!(x)en(x)—shyp(x)en’(x)=(—1)", (A7) 


and sh, and e, satisfy 


n(n+1) 
n't (-1-" —)e.=0. 


2 


(A8) 


Also needed are the following relations for sh, en: 
2n+1 
~ = — Pgn(x)=gn—-1(X)— gn4i(X), (Ag) 
(2n+1) gn! (x) = (n +1) gn—1(%) +g n41(%). 


By using (A3) and (A4) it can be shown by substitution 
that 


u=As,(x)—k tsa) J crx") g(x") dx’ 
( 


) 


+k tes) [ si(x")g(x’)dx’ (A10) 
with x=hr, is the solution of 


du 1(1+1) 
—+ (e—- Ju —g(r) 
dr? yr” 


for which «(0)=0, and, similarly, from (A7) and (A8) 
it follows that 


(A11) 


u= ( ~)'n| smi f e,(t’)g(t')dt’ 
t 


t 
seu) f sineeteoar | (A12) 


with /=r/R is the solution of 


d*u 1 1(/+1) 
+(- - )u- — g(r) 
dr” R’ “ad 


for which u(0)=u(x )=0. 

Differentiation and use of (A9) that th 
following indefinite integrals are correct, where fn, g; 
are any of the functions shy, Clty, €n: 


show 


f f(x) gn(x)du= (x/4)(2fngn 
—fns 187 1— fa 18 n+ 1), 


f ot ( X) Ln 4 2( x)dx = (x3 6) (fn a1-2° Tn 12 n + 3), 


J x f(x) gn(x)dx= (49/24) (Of ngn— 2fn—18n41 
—2f as 181 i~fa o£ n+2—fnt+28n—2): 
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L to K Electron Capture Ratio in Ge”'} 


D. E. Renruss* AND BERND CRASEMANN 
Department of Physics, University of Oregon, Eugene, Oregon 
(Received July 25, 1958) 


By comparison of the number of 0.175-Mev gamma rays occurring in the decay of As” with the number of 
gallium K x-rays proceeding from Ge” K capture, the relative amount of Z capture in Ge”! has been 
determined indirectly. Solid sources and a scintillation spectrometer were employed. The Ge” L/K electron 
capture ratio is found to be 0.09+0.05, in agreement with theory. 


I. INTRODUCTION 


LARGE discrepancy between the theoretical 
value! (0.11) and a recently reported experimental 
value? (0.25+0.02) for the ratio of L to K electron 
capture in Ge’ has made a new measurement of this 
quantity desirable.’ The problem is of interest since the 
theory can be considered reliable, but has been checked 
only in relatively few cases. While the present work was 
in progress, a new determination of the Ge” L to K 
capture ratio was reported,’ with a result (0.128) more 
early in agreement with theory. The experiment here 
lescribed was continued, since it employs a different 
ethod, and an independent third measurement 
appeared worth while. 


II. METHOD 


Solid sources of As’! were employed. The decay 
bcheme for this isotope®® is shown in Fig. 1. The 
ntensity of the 0.175-Mev gamma ray provides a 

easure of the number of Ge’! nuclei present at a given 
ime. By comparison with the intensity of gallium 

x-rays, arising from Ge’! K capture, the relative 
mount of L capture can be determined indirectly. 

Let Nas and Aas, be the number and the decay 
onstant of the .\s” nuclei in the source, so that AasV a. 
s the As” decay rate, which equals the decay rate of 
he 0.175-Mev level of Ge™. Analogously, A\GgeVee is 
he decay rate of the Ge” ground state. If there are no 
e” nuclei present at time ‘=0, then the number of 
e” nuclei decaying in unit time thereafter is 


GeAA 


AceVee(t) = = sen Na,(0)[e dAast— e-dGet } (1) 
AGeAas 


owever, the Ge’! ground-state decay rate is also 
¢ Supported by the National Science Foundation. 

* Now at the Los Alamos Scientific Laboratory, University of 
alifornia, Los Alamos, New Mexico. 

1M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 
2M. Langevin, Compt. rend. 239, 1625 (1954) ; 240, 289 (1955). 
3 Nuclear Data Cumulation, Suppl. to Nuclear Sci. Abstr. 10, 
0. 24B, 4 (1956). 

4R. W. P. Drever and A. Moljk, Phil. Mag. 2, 427 (1957). 
5W. E. Graves and A. C. G. Mitchell, Phys. Rev. 97, 1033 
955). 

6 Thulin, Moreau, and Atterling, Arkiv. Fysik 8, 219 (1954). 


given by 


1 Rx(l) 
——[1+(L+M+::-/K)], (2) 


@ €K 


AceVoe(t) = 


where (L+M-+---/K) stands for the capture ratio of 
Ge™!, w is the K-shell fluorescence yield of gallium, and 
Rx is the measured number of gallium K x-rays, per 
unit time, following K capture of Ge”, detected with 
efficiency ex. 

If the counting rate of 0.175-Mev gamma rays is 
R,, while ¢, is the efficiency with which these rays are 
detected and a@ is their K-shell conversion coefficient 
(L-shell conversion being negligible), then the As” 
decay rate is 

NasVas=R,(1+a)/e,, (3) 


and we obtain, by combining the preceding equations, 


— wAGe(1+a) ex Ry(0) 
K)+1]J=—— —— 
AGe—AaAs €y Rx(t) 


((L+M+::: 
[Le aet—ehGet], (4) 
for the (L+M-+---/K) capture ratio of Ge”. 


(3/2 5/2) 
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Fic. 1. Decay scheme for As‘!— Ge”, 
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Fic. 2. Scintillation spectrum of x-rays (curve A) and gamma 
rays (curve B) from As’”'—Ge”. The broken curve represents 
background, with x-rays blocked by 0.025-in. aluminum absorber. 


III. SOURCE PREPARATION 


Gallium oxide was bombarded with 45-Mev alpha 
particles in the Crocker Laboratory cyclotron of the 
University of California, producing As” by the 
Ga®(a,2n) reaction. The target was dissolved in 
concentrated HCl, contained in an all-glass distillation 
apparatus. HCI gas was bubbled through the solution 
and AsC\l; distilled into concentrated HCI, from which 
As2S; was precipitated with HS. The sulfide was 
washed and dissolved in HN,OH for evaporation onto 
plastic tape. 


IV. INTENSITY MEASUREMENTS 


A Harshaw 1}X1 in. NalI(TI) crystal with an 
0.005-in. beryllium window, mounted on a DuMont 
6292 photomultiplier tube, was used to detect both 
x-rays and gamma rays. Figure 2 shows a typical 
spectrum, obtained with a Baird-Atomic nonoverload- 
ing linear amplifier and single-channel pulse-height 
analyzer. Curve A represents 9-kev x-rays, some of 
which proceed from the K capture of 76-day As”, also 
contained in the source. The area under curve A, 
proportional to the total x-ray intensity, is plotted 
against time in Fig. 3. By resolution of this curve, 
employing least-squares analysis, the intensity of 
gallium x-rays proceeding from the K capture of 11-day 
Ge” was obtained. 

The area under curve B in Fig. 2 is a measure of the 
0.175-Mev gamma-ray intensity, which decays with the 
half-life of As”, found here to be 2.70+0.03 days. 


V. EFFICIENCIES 


The counting geometry was similar to that described 
by Magnusson,’ with collimation placing the source 
effectively at infinity. The counting efficiency ¢, for 


7 L. B. Magnusson, Phys. Rev. 107, 161 (1957). 
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Fic. 3. Decay of x-rays from As—Ge source. 


the 0.175-Mev gamma ray was assumed? to be 0.975 
+0.01. The x-ray counting efficiency ex contains three 
factors, due to self-absorption in the source, absorption 
between source and crystal, and losses at the crystal 
surface. 

The amount of source self-absorption was estimated 
by making use of the fact that, after about 90 days, the 
sources contained only As”, emitting 10-kev germanium 
x-rays and 0,054-Mev gamma rays. If one compares 
sources of equal area and approximately uniform 
thickness, the average thickness x of each source is 
proportional to the observed gamma intensity J 
Then one can write ux=a/, where a is the same constant 
for each source observed under standard geometry 
and yu is the absorption coefficient of the source materia 
for 10-kev x-rays. The true x-ray-to-gamma ratio Ro 
for Ge’, and the observed ratio R; (for source 7) the 
are related as follows: 


R;= (Ro /al;) 1-—e-™*). 


For two different sources, the observed x-ray-to-gammé 
ratios obey the relation 


(Ri/R2) = (1o/h)(A—-e)/(1-e@) ], (6 


which was used to evaluate a. The result was substitute 
in Eq. (5) to determine the self-absorption facto 
R;/Ro. Three sources were employed to evaluate thi 
factor, equal to 0.95 for the two sources used in th 
main part of this work. 

Absorption between source and crystal, due to th 
source covering, air, and the beryllium windo 
introduced a factor of 0.94 in the x-ray countin; 
efficiency. A third factor enters because not all x-ray; 
incident upon the crystal surface are counted. Th 
average depth to which 10-kev photons penetrate int4 
the crystal is only of the order 0,001 cm, while0.175-Me 


8 P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited b 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955 
p. 154. 
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photons, for example, penetrate about 0.5 cm. Sub- 
stantial surface losses can, therefore, be expected. By 
comparing the x-ray efficiency of the scintillation 
counter with that of a large argon-filled proportional 
counter, operated under identical geometry at a pressure 
of three atmospheres, it was determined that surface 
losses contributed a factor of 0.79+0.02 to the x-ray 
counting efficiency. 
VI. RESULTS 


Independent measurements with two sources yielded 
[(L+M+---/K)+1][(a+1)w/e, = 1.95 40.03. 


Using the value 0.095+0.002, given by Graves and 
Mitchell,> for the K conversion coefficient a of the 
0.175-Mev transition in Ge”, taking 0.50+0.02 for w, 
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the K-shell fluorescence yield of gallium,’ and 0.123 for 
the (M+N+---/L) capture ratio,” the L/K capture 
ratio in Ge™ is found to be 0.09+0.05. Within the 
estimated probable error, this result agrees well with 
the theoretical value! and that of Drever and Meljk,‘ 
but not with that of Langevin.” 
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Threshold Properties of Scattering and Reaction Cross Sections* 


Rocer G. NEWTON 
Indiana University, Bloomington, Indiana 


(Received November 17, 1958) 


The detailed behavior of elastic and inelastic scattering cross sections as functions of the energy at the 
threshold of a new reaction is derived from general principles. The results lend themselves in certain cases 
to the experimental determination of spins and parities of reaction products, as well as of not directly 
observable scattering amplitudes and inelastic cross sections. A number of special cases are treated in detail. 


I. INTRODUCTION 


IGNER first mentioned in 1948 the discon- 
tinuities of the energy derivative of scattering 

pnd reaction cross sections at the threshold of a new 
hannel.'! Since then there have been a number of 
heoretical papers?-* on the subject which have de- 
eloped more details of the phenomenon.’ As a result 
t has become clear that, in principle at least, the effect 
ends itself as a rather useful tool to the experimental 
nvestigation of a number of properties of the scattering 
ns well as the scatterer. It was pointed out by the 
huthor‘ that useful information about scattering phase- 
hifts is obtainable from such threshold experiments, 


* Supported in part by the National Science Foundation. 

1 E. P. Wigner, Phys. Rev. 73, 1002 (1948). 

2A. I. Baz, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 923 (1957) 
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nd A210, 388 (1952). These articles are concerned with the ana- 
ytic behavior of the S matrix near thresholds but do not treat 
bservable effects in cross sections. 


and independently and in considerably more detail by 
Baz,? that information concerning the scattering am- 
plitude, inelastic cross section, and spin and parity of 
the reaction product can be obtained from them. 

The purpose of the present paper is to go beyond the 
results of Baz and to write down the most general cross 
section behavior at reaction thresholds derivable from 
general principles. We shall re-derive in a simpler way 
a previous result‘ which gives the exact nature of the 
threshold behavior of the S matrix. From that, we 
obtain the cross-section anomalies. 

Section II gives the general formulation of differential 
cross sections in terms of S-matrix elements. Section 
III contains the derivation of the threshold momentum 
dependence of the S matrix from the physical cause of 
the anomaly. In Sec. IV the general consequences for 
total and differential cross sections are derived. Section 
V, finally, is devoted to a number of special cases. These 
special results are applicable, for example, to the scat- 
tering of a particles, protons, or deuterons by nuclei 
at the threshold of neutron or neutral r-meson emission. 


II. GENERAL FORMULATION 


As in reference 4, we write the general (elastic or 
inelastic) scattering amplitude in a matrix form briefly 
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as follows’: 
©(k,k’) = 29i V* (k)i*K—' (1—S)i-“Y (k’). (1) 


Here k and k’ are the incoming and outgoing wave 
vectors, K is the diagonal matrix containing the various 
channel wave numbers k,, L is the diagonal matrix 
containing the relative orbital angular momentum 
quantum numbers, S is the unitary and symmetric 
scattering matrix, and Y(k) is the set of spherical 
harmonics with components Y,"(k). Indices are sup- 
pressed so that summations over /, m, I’, m’ are implied. 
The differential scattering cross section from channel 8 
and momentum #k to channel y and momentum 7k’ 
is then 


do 
( “(4K)) = | Os,(k,k’) |. (2) 
dQ By 


The indices 8 and y include the specifications of spins 
and all other necessary identifications. 

Again, following reference 4, we introduce the matrix 
MM so that the “kinematic” energy dependence of each 
channel element of S at its own threshold is taken out: 


S=1-K*mkK"*}, (3) 
Every element of SM is then finite and in general nonzero 
when either the incoming or outgoing channel energy 
goes to zero, provided that there is no Coulomb inter- 
action in that channel, i.e., that it refers to a neutral 
particle. If the particles in a channel are charged and of 
the same sign, then the corresponding element of IN 
still goes at its own threshold faster than any power of 
the energy’ and none of the anomalies occur. If the 
particles in a channel are charged and of opposite sign 
(say, a proton and negative # meson), then SM is 
infinite and again no anomalies occur." 

We may write the reaction and scattering amplitudes 
in terms of the matrix NM and explicitly write out all 
indices. The channels are labeled by a general index, a, 
8, ---, the relative orbital angular momentum indices 
l and m, and the indices giving the sum of the spins, 7 
and v. However, because of rotational invariance, the 
S matrix depends on the z components of the orbital 
and spin angular momenta only via Clebsch-Gordan 
coefficients”; its essential indices are, in addition to the 
generic ones, the absolute values of the total, the 
orbital, and the total spin angular momenta, and it is 


® There are a number of typographical errors in reference 4, 
some of which are corrected by (1). 

See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, New York and London, 
1952), pp. 394 ff. 

! For Coulomb attraction an element of S—1 goes to a constant, 
with the next term proportional to k*, at its own threshold; see 
Breit, reference 3. The general case of threshold effects in the 
presence of Coulomb forces is treated by L. Fonda and R. G. 
Newton, Ann. Phys. (to be published). 

2 See, for example, E. P. Wigner and L. Eisenbud, Phys. Rev. 


72, 29 (1947). 
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diagonal in the first. Consequently we have in detail: 
Op jv, viv (k,k’) 

=2ri > 


Imi’ m’ 


V2" (k)i!" ha! hy" 8V ™ (k’) 


XE Ci(J, may; m, v)\Cy (J, m' +’; m’, v’) 
J 


(4) 


XM 81), qt j"Om+y, m'+v's 


The first set of indices on the scattering amplitude 
always refers to the incoming channel, and the second, 
to the outgoing. 

If we choose the z axis in the direction of the incoming 
beam, k, then the formula simplifies to 


Op jv, v7» (k’) 
= i} 5 (21-41) 8 by pe" (k’) 


Ww 
XE Ci(J,v; Ov)Cv i (J, v3 v—v’, v’) 
J 


KIM 903, wi" (4’) 

We shall later require the special cases of this fo 
very low energies either in the incoming or outgoing 
channel. The channel which is near its threshold wil 
always be denoted by a. Hence we have in the endoergic 
case, near the threshold of the outgoing channel 


Oop jv, aj» © FtRa Sy D,(21+1)'i'g!} 
l 


XCi;(7',v; 9,v)M"g1;, a0", (Sa 
and in the exoergic case, near the threshold of thé 
incoming channel, 


ain. iv (k’) Simtko? DO iV k,Y HV ye’ (k’) 
fe 


XCri(J, V; v—v’, v')M a0;, 92's (Sb 
where the factor ka? expresses the well-known 1/2 law 
Of course, in the elastic case, 


a ls ¢ 5 
Oa jv, aj'v! = 3 yy j jh MN 00j, 0;- (5c 


III. THRESHOLD PROPERTIES OF THE S MATRIX 


We want to determine which elements of the S matrij 
(or more exactly, its submatrix referring to opey 
channels only) have an anomalous energy dependenc 
at the threshold of a given channel and what, precisel 
that energy dependence is. 

Physically, the cause of the infinite energy derivativ! 
of a cross section just above threshold of a new proces 
is simply the well-known fact that the newly opened 
endoergic cross section starts with an infinite slope as ; 
function of the entrance-channel energy. As a resul 
there is a sudden decrease in intensity in the incomin’ 
flux available to other outgoing channels. Of cours 
that makes itself felt only in those channels which ar 
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directly coupled to the newly opened one via conser- 
vation of particles. The mathematical expression of 
that coupling is the unitarity of the S matrix. Hence it 
is that unitarity which ought to give us the details of 
the effect. 
It is convenient to write the open-channel submatrix 
of S, S,, in terms of the real symmetric matrix 
s+ 
xeikii(— — Ke (6) 
Si—1 


where we have again isolated the ‘‘kinematic” energy 
dependence of each element. Since the eigenvalues of K 
are k?'+! coté;, it is to be expected that in the neutral- 
particle case the elements of K are finite as any k, tends 
to zero, and that they are even functions of all the open- 
hannel momenta. That is in fact shown in the Ap- 
pendix. 
The relation between the matrices MN, and K is 
readily found to be™ 


My! =F KAt4 LiK, (7) 


Je differentiate this equation with respect to the wave 
umber of the open a channel, &,, and then let &, tend 
o zero. Since & is an even function of ka, it contributes 
othing, and we get 
0 
lim —OMN,-'=3P@, (8) 
ka0+ Oke 


here P‘® jis the projection onto the zero orbital 
ngular momentum part of the a-channel. Consequently 


0 
lim ice SU, = son i OM 
ka + Oka 


(9) 


Tl ka =0, 


hich is Eq. (5.3) of reference 4, where it was proved in 
much less direct way. 

We therefore find that immediately above the a 
reshold 


m= mt (0) — Fk (0) PM (0), (10) 
here 91(0) is the value of SW at the a threshold. We 
lave dropped the subscript “+” since we shall be 
bncerned with the open-channel part only. 
Now consider the derivative of SN with respect to 
y other channel wave number &g near the a threshold. 


hen, since 
Ma 2m. } 
ka= (““41-—“a15.) , 
mg h? 


here AFgg=Es—Eaq is the fixed energy difference 
Ptween the two channels, and mq and mg are the 
13 The unitarity of S, implies that K is real. Equation (7) shows 


at the evenness of K is simply the generalization of the one- 
annel property S(—k)=S*(k). 


PROPERTIES OF 


CROSS SECTIONS 


channel masses, we have 


Consequently, 


ON kg 
— I (0) P= 970), 


(12) 


near the a threshold. As k, — 0, this becomes infinite. 
It is therefore the linear term in k, which leads to the 
infinite derivative with respect to any other channel 
energy at the a threshold, and its factor is given pre- 
cisely by (10). 

Equation (10), derived for k, 20, can be analytically 
continued below threshold. Then E,=%?k,?/2m, is 
negative and &, must be purely imaginary. Since it 
will make an essential difference in the results below, 
we must decide whether &, is to be taken to the positive 
or negative imaginary axis below threshold. A simple 
argument of reference 4 tells us that &, must be taken 
to be positive imaginary. The reason is that the same 
boundary condition which serves above threshold to 
eliminate incoming spherical waves except those from 
the incident plane wave beam, must serve below 
threshold to eliminate increasing exponentials. The 
analytic continuation must therefore be such that 
exp(—ikar) above threshold becomes exp(|k,!1r) below; 
hence ka—i|k,|. Equation (10) therefore becomes, 
below threshold, 

M=IM(O)— 92 | kal M(O) PMO). (10’) 

In order to simplify the writing of a number of later 
formulas, we define 

AQn=mM—M 


’ 


kq=0 


in the vicinity of the a@ threshold, and then write 


1 
AaM=—}|ka ( Jonpiooon 
l 
() 
t 


is to indicate that the upper quantity is to be used 
above threshold, and the lower, below threshold. Also, 
it is understood that SW on the right is to be evaluated 
at threshold. 

Equation (10’) together with (12) tells us precisely 
which elements of the scattering matrix exhibit “cusp-” 
or “rounded step’’-like behavior. Since in detail (10’’) 
states that 


AGM g1;, yu 5" = —} ka ( 


(10’) 


1 


1 


jn, ads aos, ytj’, (10) 
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the “anomalous” energy dependence occurs for those 
elements both sides of which are coupled to the s part 
of the a channel with the same total angular momentum. 
Which these are, is in general determined by conser- 
vation of parity and angular momentum. If, for ex- 
ample, in the incident channel both particles have zero 
spin and the threshold is for a process in which the 
outgoing particles also have zero spin, then only the 
1=0 part of the elastic element and the /=0, //=j’ 
parts of all open inelastic elements are linear in*k,; if 
in addition, the parity products of the particles in the 
incident and a channel are unequal and parity is con- 
served, then there can be no linear terms. Other simple 
examples can be easily discussed by means of (10’”) 
and the ordinary selection rules. 


IV. THE CROSS SECTIONS 


Equations (4’) and (10’’’) give us the linear k,-terms 
in the scattering amplitudes near the a threshold. 
Making use of (5a), and (5b), we obtain 


1 
) ka } Os jv, at» adr, 1; (k’), 
—{ J 
(13) 


Aap jo, +; (k’) = ( 


where the products of the amplitudes on the right are 
evaluated at threshold. (One goes like k.~? and the 
other, like &,'.) 

The linear term in the differential cross section follows 
from (13) and 


do 
(—«’) = (2j+1)- 
dQ Bj. I" 


We readily obtain 


do 
a.(—«k) 
dQ Bj, vi" 


2 2| Ra | Im 
(. ‘) ¥ Op jv, 57» (k’)* 
~ 2541 Jv’ 


x Os jv, ade als. yj'v (k’). 


‘2 Op jv, 1 5'v" ( k’) Mi 


(14) 


The corresponding result for the total cross section 
is obtained from the “optical theorem” 


a8 , total = Amkg"! Im Os jv, Biv! k,k), 


Re 
( )z Os jv, aJyQaJy,pir(0), 
—Im/ J 


where ©qJ,,8j(0) is the forward amplitude 


Qasr, pin(O)= 37 | Ral! Do (2+ 1) hy! 
l 


as 
4r ka | 
Aqop;*! = 


2j+1 ke 


XCi;(J,v; 0,rx) MN? aos, p1;- 


ROGER G. 
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But IW is symmetric. If, furthermore, parity is con- 
served, and the parity products of the particles in the 
a and # channels are equal, then only even / enter the 
sum and i~'=7'; if the parity products are unequal, 
then, only odd / enter and i~'= —i'. Hence comparison 
with (5a) shows that near the a threshold 


Oasv,pjr(0) = | kp/Ra| Opin, awry 


dr ( Re bs ' 
(Og iv, aly. 8 (15 
2j+1\-In/ 


and 


Aqop;*! =+4+ 


where the upper sign holds if the parity product in: the 
a channel is equal to that in the 8 channel, and the 
lower, if it is unequal. 

Equation (15) can be further simplified by using (5a) 
and the sum formulas for the Clebsch-Gordan coef- 
ficients : 


—Re di hg?" ( Mui nal 
A.05;°'=)0 TBj,aJ Tk we 
J Ey" M81), aos | 

where 


2J+1 
oriar=a(— sy Li he”! 
2j+1/ kp ! 


| S825, aos |? 


is the inelastic cross section from the 8 channel of spin ; 
to the a channel of spin J. 

The usefulness of Eqs. (14) and (15) or (15’) lies ir 
the fact that a detailed measurement of the cross 
sections on the left, that is, of their values at threshol 
as well as of their shapes as functions of kg below ang 
above threshold, yields the imaginary and real part 
of the quantities on the right-hand sides. In Sec. V wé 
shall illustrate the use of (14) and (15) in a number oj 
special cases. 

The result (10) can be applied also to the intel 
cross section leading to the a channel. Ii we integrat 
over all solid angles, then the linear ka-term in th 
inelastic cross section comes only from the expansion q 
the IN matrix. One then obtains for the total inelasti 
cross section from the 8 and the a channel near the | 
threshold: 


A,? 
08),a;'**( lim ka~'op;, a;’)| Ra———( lim Rata;"*!) |. 
ie Qe kad 
(1 


Measurement of an inelastic cross section curve leadi 

to the a channel near threshold therefore allows t 

determination of the total cross section from the | 

channel. 
V. SPECIAL CASES 


Table I lists the cases considered in the followir 
seven subsections. Some of these were already derive 
by Baz.? Except in the first example, we shall confi 
ourselves to the anomalies in elastic cross section 
There is, of course, a great variety of inelastic instance: 
whose observation can also yield useful informatio, 
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TABLE I. Special cases which are considered in the text. 


Spins in the threshold 
channel (a) 


. Spins in the incident 
Subsection channel (8) 


0,0 
0, 0 


’ 


~ 
= 


KANON ONN SO | 


’ 


even, no parity change 
odd, parity change 


OS CO OMr wr CO 


jas sae as oes 


They can all be calculated in a straightforward way 
from (14). 
(a) The simplest case is that in which the incident 
8 and in the a channel both particles have spin zero. 
In that case 
O00, 200= dikatks *Msoo, «005 


© .00,800= } tka Re Mg00, ay 


so that for the elastic differential cross section 


Im 
3.(~ «)) 44.1 ( ) 
dQ B0, 80 Re 


X [Oz00, aoo(k’)* (Mg00, a00)? ]. 
If we write 
arg WM s00, 200= ¥, 
then 


do Rg Im 
a.(= ik) a wl fern aoo(k’)* ]. 
Re 


dQ 80, BO 2r 


feasurement of the elastic differential cross section and 
of its slopes near the a threshold thus gives us the total 
nelastic cross section from the B- to the a-channel, 
rs0,20, and the elastic scattering amplitude Ogoo,a00(k’) 
o within a constant (i.e., angle-independent) phase ¢. 
t the same time, (15’) shows that 


—cos2¢ 
A.opo*! = a0, ad : x 
sin2d¢ 


feasurement of the slopes of the total cross section 
bn both sides of the a threshold therefore allows us to 
o determine also the phase ¢. The elastic scattering 
mplitude can thus be obtained uniquely, allowing a 
nique phase-shift analysis, even if the phases are 
omplex. If the parity products in the 6 and a channels 
re unequal and parity is conserved, then IN%00,a00= 0. 
n that case there is no anomaly in the elastic cross 
ection. The threshold measurements therefore yield 
lso the relative parity of the two channels. 

One may also measure usefully the behavior of 
elastic cross sections. If in the outgoing y channel the 

erging particles have spin zero and spin j’, with their 
arity product equal to that of the incident particles, 
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then the relative orbital angular momentum /’ must be 
even and equal to 7’. Hence a linear k,-term occurs 
only for even j’. If the 8 and y parity products are 
unequal, then a linear ka-term occurs only for odd 7’. 
The occurrence or nonoccurrence of a threshold anomaly 
in the inelastic By cross section at the a threshold there- 
fore gives, by itself, information about the spin and 
parity of the outgoing y channel (provided that the 
a channel has the same parity as the incident 8 channel). 
We obtain 


a(— «)) = ernie al c 
B0, yj’ m(27’ +1) 
Xie D) Opoo, 770 (k’)*¥ 5" (k’)*], 


where 
Y=arg (Mso0, aooIM, jj", 00). 


Use of the relations between Clebsch-Gordan coefh- 


cients, the product formula for spherical harmonics, 
and conservation of parity yield 


ky f2j'+1\! 
, Oso, v7 (K’)V 5" (k= + ( vs ) ©, jo, a00(k’), 
" ka\ 4n 


where the sign depends on the relative sign of the 
parity products. Hence 


do 1 
(=) = ky?ka "Logo, ay j’0, ao}! 
dQ 80,7; 26 


Im 
x ( R ferrin Oy aoo(k’)* ]. 
e 


Measurement of the inelastic differential cross section 
from the 6 to the y channel therefore also yields the 
inelastic cross section oy;'0,a0=(2j' +1)oy;,a0 (if 
780,20 is already known), as well as the inelastic ampli- 
tude ©, ;o,s00(k’) to within a constant phase. 

(b) Suppose that in the incident channel both par- 
ticles have spin zero, and in the a channel one has spin 
J and the other, either spin zero or a half. In that case 
the only nonvanishing a8 amplitudes are 


=} (21+1 iit Ra tke! “OM g10, al, 
wha tkg!t bl- ty, k’)on 1510, al: 


300, al0= 
©.20, 00(k’) saad 


If the spins in the a channel are J and zero, then /=J 
and, if the parity products in the a and 6 channels are 
equal, we get no anomaly unless J is even; if these 
parity products are unequal, we get no anomaly unless 
J is odd. If the spins in the a channel are J and $, then / 
is the even (odd) integer /=J+} provided the parity 
products in the a and £8 channels are equal (unequal). 
If we write 
g=arg M's10, al, 
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then we get 


do 
fi) 
dQ 0, 80 


kg Im 
=— P,(k’)oz0, ( Let“ th’), 
e 


T 


—cos2y 
Aaopo*! = 070, al i ° 
sin2¢ 


Consequently, it is again possible to measure the in- 
elastic cross section og0,a1, the phase ¢, and the elastic 
scattering amplitude @go0,g00, thus making the phase- 
shift analysis unique (if the spin J of the excited a level 
is known.) Furthermore, since the above terms appear 
with odd or even / depending on the relative parities in 
the a and 8 channels, parity information is also ob- 
tainable. As was already pointed out by Baz,’ that 
holds even if the spin J of the a channel is unknown, 
since at 90° P; vanishes for odd / but not for even /. 
(c) Suppose that in the incident as well as in the 
a channel, one particle has spin zero and the other has 
spin 3. If the parity products in both channels are 
equal, then 
Opry, aj sikaiks “ION B01, al}y 


Oat, shy’ = siRa kad, S04, afi, 


kg Im : 
K)) a on.i( \terx Ogi, a4r(k’)* 1, 
4, 4 4dr Re 


—cos2¢ 
Aqo;*!=0783, a} ‘ 
sin2d¢ 


¢g=arg IM g01, 203, 


so that 


where 


and 
LD py, ay(k’) = 37 D0 (2+ 1) ke Pk’) DOM pn, 82. 
4 U J=l+} 
If the parity products in the a and @ channels are 
unequal, then 


Opry, a= katks'vm deny, a0}, 
ayy, py’ ( k’) = wk tka! yy,” ( k’) 


XCy(4, v3 v—v’, v’)Ms14, aos, 


so that after some simplification 


da kg —Re 
a.( 7 «)) = sayai( )teisr ky, 
dQ 83,8} 4 Im 


where 
g=arg Misr, «04, 
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and 
F (k’) =2in' 2 2vC (3, v3 v—v’, v’) 
. x Fir” (k’)* Opy,, ay (k’) 
=% P,(k’) hg” [Teg 245114, 8114 
; + (1+ 1) Re? M+ 4514.14, 614.14]. 


—cos2¢ 
Ago; =083, a} : 4 
sin2¢ 


Therefore, in both instances one can obtain simple 
combinations of matrix elements belonging to J=/+}. 
The elements themselves can be obtained uniquely only 
by observing the anomalies in the scattering of polarized 
particles or in final polarization. The corresponding 
formulas are readily obtainable from above by omitting 
the sum over » or v’. 

(d) Suppose that in the inciderit channel one particle 
has spin 3, the other spin zero, and that in the a channel 
one has spin J, the other spin zero. Then 


Opyy, atv = htt Ratha’ 4 (214-1)! 
XCy(J, v5; 0,v) MN au, aos, 


Also, 


Qasy, ayy (k’) = ti! "kot HV p(k’) 
XCalJ, v3 v—v’, v' MN ary, aos, 


where / is the even (odd) integer /=J+} if the parity 
products in both channels are equal (unequal). As a 
result, 


da kg —Re 
a.(—«)) ae ( \tewru} 
dQ 84, B+ 2r Im 


where 
g=arg Mn, aos, 


7 4 
rik) =i( ) > Yr" (kK) 


vv! 


2/+1 


‘ulJ, vj v—v’, v’) 
Cu(J,v; 0,r) 


=P ke’ M's, ary* aus" (L)P i(k’), 


vsil 





Cc 
X Opp, ayy (R’)*— 


ayy" (L)=4Cyi(L,0; 00) (2J’+1)Cri(L,0; 0,0) 


(J’-l)(J-) ; 
"4 —[1(1+-1)l' (U’+1)}} 


XCriL, 0; —1, »| 


—cos2¢ 
Aqop;"*! =o, m( f ). 
sin2¢y 
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Thus, without observation of polarizations or use of a 
polarized beam, only relatively complicated combina- 
tions of matrix elements are in general obtainable. 

(e) Suppose that in the incident channel the two 
spins are zero and one, and in the a channel both spins 
are zero. Then 


Os10, a00= — FRathkgtMsr1, a00, 


© a0, a1» (k’) = — (4/3) tea thet Y 1” (k’)* Ms 11, «00, 


if the parity products in the two channels are unequal. 
Otherwise there will be no anomaly. We then get 


do kg —Re 4/n\} 
(X00) Mona Vfo(2) 
dQ 61,81 4r Im i\3 


Xd V1" (k’)* Opi, a (k’)* ; 


—cos2¢ 
Aqop*! =81, a0 


sin2¢ 
where 


‘ g=arg M911, a0. 
We find 


—4i(r/3)} +3 V1" (k’) Ogio, a1 (k’) 
=D ke” Pi(k’) (Uke? OM g1_11, g1—11 
l 


+ (141) ks? g15-11, sr¢11 t+ 200 (+1) YM gia, sr4s1}, 


so that these are the simple combinations of matrix 
elements obtainable. The element 91°g11,11 is uniquely 
determined by the anomaly in the total elastic cross 
section. Furthermore, since the anomalies appear for 
unequal parity products only, parity information can 
again be obtained. 

(f) If the spins in the incident channel are zero and 
one and those in the @ channel are zero and J, with 
either J even and equal parity products or J odd and 
unequal parity products, then 


Os, adv Saitd (2I+ 1 )Ratke! } 
MC ils; 0,v)M gy1, aos, 
Oasys’ (k’) = ahi! hg HY py -» (k’) 


y CE OP Se V’, y YM a, ald, 


dQ 


do 
(—«)) = kal r(2J +1) | 061, as 
81,81 


Im 
x( Jers Osi, sv (k’)* 
Re vw! 


Cri(J vy y’ 
- si <7 ’ 


« Vy" (k’) —— 
Crn(J,v; 0,v) 
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where 


Also, 


g=arg May, aos: 


—cos2y 
Aqoai!=061, as ; 
sin2d¢ 


The spin sum can be simplified, but we shall omit that. 
If J is odd (even) and the parity products are equal 
(unequal), then the result is more complicated, since 

two values of / in the entrance channel contribute. 
(g) Suppose now that in the incident as well as in the 
a channel, both particles have spin 3. Then in both 
channels there is a choice of singlet and triplet states. 
However, if the parity products are equal in both 
channels, then the anomaly in the singlet elastic cross 
section is due only to the singlet part of the a channel, 
and that in the triplet, only to the triplet a state. 
There can then be no anomalies in singlet-triplet or 
triplet-singlet cross sections. Assume first that the 
parity products are equal. Then the singlet part is 
handled just as under subsection a. The triplet part is 

Osn, aly Likatkg- TIM sor, al 
+2 Vg? (2—3v?)M'g01, aor], 
Oat, pi (k’) = ithe tRs'[ (4m) 46M aor, B01 

— kp? V2" (k’)Ca (1, v3 v—v’, v’) IM ao1, gar]. 


After some lengthy simplification, the result for the 
combined singlet and triplet cross sections is found to be 


do 
a. «)) 
dQ 88 
1 do do 
7 2. «)) +344( «)) 
4 dQ B0, BO dQ B1,B1 


1 |ka| —Re 
= ( > P1(k’) [(21+1) (9 s00, ao) ?81* 
160 ks Im l 


l+1 
ot :¥ {(27+1) (MU 01, 01)? 77 1, * 


Jae 

+ hhg'(2I+1)-'(M p04, aor)*L (ary)? T 1, * 

+9(J—1)?I(J4+1)T7 25~1, 27-0" 

+6(J—1)*LI (J +1) Jars T7 1, 25-1" ] 

+2-bhg?(M G01, «01M p01, ao1)[ 2aryT~ 1, * 
+3(J—I LI (IAI) T4107}, 


$= ket INT 110, 610= 1 — S810, B10; 


where 


TT? 1 v= het! HOM gn, p01 = 8 — S42 601, 811, 
if J=1+1, 

if J=1, 

if J=/—1. 


ay=l, 
=+(2/+1), 
=/I+1, 
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The threshold behavior of the total cross section is 


n |ka| /—Re : a ; 

Aon”! - 4 b, I [ (SV g00, avo)? +3(IM B01, avi)” 
8 m 

+ 3hgt (MU 401, ai)? |, 


while the inelastic cross section to the a channel is 


05,a> ris | eg | kg T | MU" g00, «00 | 24-3 | MU g01, afl | , 


+ 3kp*|IN'21, a01| *]. 
The information obtainable from these threshold 
measurements is therefore limited. Without polarized 
particles and polarization measurements, only certain 
relatively complicated combinations of matrix elements 
can be measured. Nevertheless, things are not com- 
pletely hopeless. The factor if Po, for example, is 


(Mg00, 200)? S0* +3 (IM'g01, a01)?T “0, o* 

+3hkg*(M gor, «01)?T "2, o* + 3kg? (M401, 201 g01, 201) T “0, i, 
This combination can be obtained from threshold 
measurements of the total elastic cross section. 

In case there is a change in the parity products, we 


obtain 


do 
1%) 
dQ ry) 
1 do do 
{-(3),.4*Ga) 
4 dQ go, Bo dQ g0, 81 
da do 
saill9), 0502) 
dQF 21, po dQS 31,51 


1 —Re 
= hl ye P,(k’) 
16 Im l 
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X (3 (Mgrs, ao1)*L I+ 1) Ts, ea + I 1) TL, * 
$+ (142)T ps pF +lT ys, ya" 
—2(U(1+1) P74, a* J+ (Msi, oo) *LET a, a" 
+ (141) Ts, * +2 (+1) iT, * 
+3v2(IM's11, a1 p10, aor) XL((L-+1) (14-2) 'Cr,.1* 
— (U1) Ca¥] + (M10, aor) * LS" 

+ (1+1)84:*]}, 


C= he” 'M' gn, p10= — S'an1, 600. 


where 


For the total cross section we have 


Agog! = Le | ka | bof Jeon, 00)” 


—Im 
+3 (M410, a1)? +3 (Mi g11, ai)” ], 


while the inelastic Ba cross section is 


2 


o8,a—= iw | ka | Ral | 111, «00| 
+3|M'sr0, a1|?+3 I '511, «01 | *}, 
APPENDIX 


Using the definition (6) and Eq. (4.4) of reference 4, 
we have in the notation of reference 4, 


K=iM-K{[F(K)+F(—K)]5(K)}47 
X {K~'[F(K) —F(— K) ]5(K)},.M'K*4, 
$(K)=F,-'(—K)g~ 
=1—P+F,"(—K)PF(—K). 


where 


P is the projection onto the closed channels, and F; is 
diagonal. Since Fg and Fi, are even functions of all 
channel momenta k,, except of k., ¥ is an even function 
of all k, for which k,?>0. It is then clear from the 
above that K is even in all k, for which k,?>0, and 
that it is in general finite when any k, > 0. 
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Neutron activation cross sections have been measured at 195 kev (50 kev energy spread) for about 30 
isotopes, by absolute gamma counting. Absolute calibration was effected by determining the RdTh-D.O 
neutron source strength with a flat response 47 graphite sphere neutron counter, and irradiating indium in 
the form of a thin, uniform, spherical shell. The results are in general agreement with those of other investi- 
gators. The 25-kev activation cross sections of Pr™!, Zr, Ga7!, and Pd!* have been revised. 





INTRODUCTION 


HE 25-kev neutron activation experiments re- 
ported earlier’ have been extended to 195 kev 
using a RdTh-D,0O neutron source. The chief energy 
spread is due to the momentum of the 2.62-Mev gamma 
ray and gives a maximum spread in the neutron energy 
of about +14%. This is sufficient to sample many reso- 
nances in all the isotopes studied. This type source was 
one of the earliest? used for activation measurements 
at energies above thermal. Some work at slightly higher 
energies, using a Na*-Be source, has been reported.® 
Several workers have measured activation cross sections 
as a function of energy using the Li’(p,7) reaction on a 
Van de Graaff proton accelerator as a source of neutrons.‘ 


CALIBRATION 


The neutron source was cylindrically symmetric and 
was assembled by pulling the Rd-Th capsule up into the 
heavy water cell when an irradiation was desired. Its 
strength was measured with a 4m flat response graphite 
sphere neutron detector.*® Initially, the strength was 
(2.38 +0.07)X10® neutrons/sec. The source was as- 
sembled remotely inside a thin, uniform shell of indium 
(see Fig. 1) with the aid of strings. From the dimensions 
and masses of the shell and source one can calculate the 
average flux of neutrons incident on the indium. This 
was 1.03+0.01 times the flux for a central point source 
of the same strength. Multiple scattering in the indium 
shell was calculated to increase the activation by 
15+2%. 

The 54-minute activity was measured by melting the 
indium into a small beaker (with stirring) and counting 
the 1.28-Mev gamma ray with a 3 in.X3 in. Nal(TI) 
scintillation counter. The counting geometry and self- 
absorption were determined by mixing in a small meas- 
" * We are indebted to E. S. Schwartz and others of the Solid 
State Physics Division (ORNL) for repackaging the RdTh for use 
in this experiment. 

1 Macklin, Lazar, and Lyon, Phys. Rev. 107, 504 (1957). 

2H. von Halban and L. Kowarski, Nature 142, 392 (1938). 

3 Fields, Russel, Sachs, and Wattenberg, Phys. Rev. 71, 508 
(1947). 

4See Neutron Cross Sections, compiled by D. J. Hughes and 
J. A. Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), second edition. 


5R. L. Macklin, Nuclear Instr. 1, 335 (1957). 
6 J. H, Gibbons and R. L. Macklin, Phys. Rev. 114, 571 (1959). 


ured sample of high activity. The cross section found 
was 195+10 mb (54 min) which agrees very well with 
the recent value (192 mb) from Wisconsin.*:7 


EXPERIMENTAL 


All cross sections were determined relative to 54- 
minute indium in the apparatus shown (Fig. 2). The 
source was drawn up into a reproducibly fixed position 
inside the heavy water can. Surrounding the heavy 
water can and source were the split cylindrical shell 
aluminum containers (capacity about 40 ml) used in the 
previous work at 25 kev.! Irradiations were performed 
as before in a large room at a remote location with 


iS. 4 INDIUM SHELL 
| 


p20 


RdTh SOURCE 
(~ 2 curies) 
IRON INSERT 


Fic. 1. Apparatus for measuring the (54 min) activation 
cross section of indium near 195 kev. 


x Johnsrud, Silbert, and Barschall, Bull. Am. Phys. Soc. Ser.II, 
3, 165 (1958). ae 
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RaTh SOURCE 
(~2 curies) 


—~ 0,0 








IRON INSERT — 


Fic. 2. Apparatus used in the comparison of neutron 
activation in different materials. 


counting being performed by aid of a 3 in.X3 in. 
Nal(Tl) gamma-ray spectrometer located about a half 
mile away. Samples in the form of metal, oxide, or car- 
bonate powder were irradiated, transferred to flat 
bottomed glass beakers and used as sources for gamma 
counting. The efficiency of the counter for the particular 
nuclide being counted was obtained with only a few 
exceptions by mixing in a known quantity of the same 
radioactive nuclide produced by pile irradiation. Where 
an experimentally determined efficiency was impracti- 
cal, counting conditions identical to those used in the 
25-kev activation work were used, and the efficiencies 
used then were again employed. Table I lists the target 
nuclide, the energy of the y ray measured together with 
the y yield per disintegration and the cross section 
found. The appendix gives pertinent data on a few 
samples involving special treatment. 


Pr'!, Zi, Ga”, and Pd! at 25 kev 


The cross section for 19-hour Pr'™! with an Sb-Be 
source measured earlier’ was in disagreement with the 
170+40 mb value from Livermore.® The difficulty has 
been traced to contamination by lanthanum which has 
a 40-hour activity with a high yield of the same energy 
(1.6 Mev) gamma ray measured for the Pr. A re- 
determination with purer sample gives 155415 mb. A 
few of the other 25-kev cross sections’ reported earlier! 
have been recalculated or remeasured, as follows: 
Zr™ — 2444, Ga™— 140+30 mb, and Pd!’*— 290+ 35 mb. 


DISCUSSION 


The cross sections found appear to be in reasonable 
agreement with the activation data of other investi- 
gators (considering the errors involved) in the 16 cases*” 


8 Booth, Ball, and MacGregor, Phys. Rev. 112, 226 (1958). 

®The probability of errors was kindly pointed out by Dr. 
W. A. Fowler and by Dr. E. Bilputch. 

1 Some recent Russian work was reported at the 1958 Geneva 
Conference by Leipunsky et al. (A/CONF. 15/P/2219). Their 
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where comparisons were available. An exception is Ba!** 
where the value (3.20.3 mb) seems significantly above 
the data of Johnsrud et al.’ 

The results of some experiments using shell trans- 
mission and also capture gamma ray detection are be- 
ginning to appear (mostly for naturally mixed isotopes, 
however) from Los Alamos, Russia, and this laboratory. 
A comparison with the 195-kev activation data does not 
appear feasible yet. 

The general presence of appreciably but poorly known 
amounts of inelastic scattering near 195 kev provides a 
mode of decay for compound nuclei which competes 
with radiation and vitiates theoretical comparisons of 
the type useful at 25 kev. 


TABLE I. RdTh-D,0 activation cross sections. 


Target 
isotope E (Mev) y/dis. a(mb) 
0.740.2 
7+0.7 
11+1 
42+6 
1443 
5343 
19+2 
150+15 
137+15 
4248 
742 
30+6 
2746 
140+28 
190+25 
28+5 
7748 
290+ 60 
195+10 
400+40 
2803-30 
175+15 
3.2+0.3 
10+2 
2245 
3844 
150+20 
111415 
100+20 
200+ 30 
320+20 
3245 
120+17 


1.00 
1.00 
1.00 
0.38 
0.10 
0.30 
0.11 
0.45 
0.26 
0.97 
1.00 
0.72 
1.00 
0.92 
0.90 
1.00 
0.046 
0.023 
0.848 
0.66 
1.00 
0.17 
0.23 
0.88 
0.43 
0.04 
0.36 
0.12 
0.29 
0.22 
0.95 
0.83 


Na” 1.38 

yi 1.45 
Mn*® 0.82 

Cu® 0.51 

Cu® 1.04 

Ga™ 2.50 

Ge™ 0.27 

As? 0.55 

Br*! 1.03 

Zr 0.75 

Zr% 0.66(Nb*") 
Mo* 0.14+0.18 
Mo'™ 0.30(Tc™) 
Ru 0.22 
Ru 0.50 
Ru 0.73 
Pdi 0.088 
Agi? 0.61 
In!45(54 min) 1.28 
Sb"! 0.57 
Sb! 0.60 

p27 0.46 
Bal88 0.17 

La! 1.60 
Ce!# 0.29 

Pr!41 1.59 
Sm! 0.105 
Gdi58 0.36 

wis 0.69 

Os! 0.13 

Au!9? 0.41 
Hg 
[238 


0.28 
(0.21+40.27) Np 


APPENDIX. NOTES ON SPECIAL CASES 


Br®*-Lump CBr, was used. I'*’-NaIO; was used. 
Au*7-AuCN was used. Hg”*-HgoClo was used. U*-The 
Np”, daughter was extracted for activity measurement. 
Chemical yield was found by the isotope dilution tech- 
nique using Np** as tracer and an alpha pulse-height 
analyzer for counting. 

The exponential decay of each gamma ray measured 
was followed to confirm its assignment and provide a 
basis for calculating the saturated activity level. 
data [reported to us in a renormalized form—B. Diven (private 


communication) ] appears to be in good relative agreement except 
for 54-minute indium. 





PHYSICAL REVIEW VOLUME 114, NUMBER 6 


Total Photonuclear Absorption in Al* 


M. V. Minatnovié, G. PREGL, G. KERNEL, AND M. KREGAR 
J. Stefan Institute, Ljubljana, Yugoslavia 
(Received January 15, 1959) 


A direct measurement of the total photonuclear absorption in Al was carried out with improved resolution 
using a Compton spectrometer for analysis of the bremsstrahlung and absorption spectrum. The maximum 
value for the cross section is found to be 100+10 mb; the integrated cross section is estimated to about 


800 mb Mev. 


HE total photonuclear absorption cross section 

has been in most cases determined by studying 
the contributions from the various partial reactions 
(y,"), (y,p), etc. Information obtained in this way is 
rather uncertain, especially in the region above the 
peak of the giant resonance. A direct measurement of 
the total absorption would be desirable. Such measure- 
ments have been performed using a Nal-crystal,! but 
they suffer from rather poor resolution.” 

For this reason it seemed worth while to measure 
the total absorption in nuclei directly with a magnetic 
Compton spectrometer using a bremsstrahlung source. 
A pure Compton electron spectrum is obtained by 
subtracting the positron spectrum and the difference 
between electron and positron background from the 
observed electron spectrum. The Compton spectrum 
so obtained faithfully represents the x-ray spectrum 
except for a small energy shift and an energy-dependent 
efficiency factor which is immaterial for the present 
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Fic. 1. Betatron spectrum and 
absorption spectrum. 
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purpose. The absorption spectrum is determined by 
by comparing numbers of counts without and with 
absorber. 

A stabilized* Brown-Bovery betatron has been used 
as the source of bremsstrahlung. The spectrometer used* 
had a resolution of the order of 1% and an efficiency 
(i.e., number of counts per number of incident x-ray 
quanta) of the order of 10-7. The energy scale of the 
spectrometer has been calibrated by observing the 
high-energy end of the x-ray spectrum at several top 
energy values, fixed by known (y,) and (y,2m) thresh- 
olds. The absorber was a 485-mm long conical aluminum 
rod (maximum diameter 4 mm) which fitted into the 
hole of a lead collimator. An ionization chamber has 
been used as a relative monitor. It was placed in the 
collimated x-ray beam behind the spectrometer. The 
zero point of the cross-section scale has been determined 
by comparing at a certain setting of the spectrometer 
the counting rate with and without absorber, using 


}$ Betatron spectrum 
$ Absorption spectrum 
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* A preliminary result of this measurement was communicated at the Congress of Nuclear Physics, Paris, July 7-12, 1958, in the 
ummary report on the photonuclear reactions given by Professor J. S. Levinger. 

1R. S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 746 (1954). 

2 After the completion of this work an article has appeared by B. Ziegler, Z. Physik 152, 566 (1958), in which the result of 
measurements of the photonuclear absorption, using a pair spectrometer, is presented. 

3D. Jamnik, Nuclear Instr. 1, 324 (1957). 

4U. Miklavzi¢_and C. Zupandié (to be published). 
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another ionization cell inside the betatron and outside 
the main beam. 

The spectra are plotted in Fig. 1, where only statis- 
tical errors are indicated. An additional error of about 
1% is due to the fluctuations in the experimental setup. 
(The measurements lasted for several weeks.) The 
spectrum without absorber was measured several times. 
The average is shown by the smooth curve whereas 
the dots represent only a typical run. . 

The photonuclear absorption cross section (Fig. 2) 
has been obtained by taking into account the averaged 
and smoothed results. The values near the peak of the 
cross-section curve are most certain, whereas increased 
systematic errors can be expected at the upper and lower 
end of the investigated region. In the region around 
20 Mev a fine structure appears to be present, but the 
statistical errors, prevent to draw a definite conclusion. 


i 
25 Mev 


The atomic y-ray absorption was taken into 
account numerically.® 
The zero of the cross-section scale is believed to be 


uncertain up to 10 mb. 
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Positive Pion Production in Proton-Proton Collisions at 450 Mev*t 


LEE G. Ponpromt§ 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received January 28, 1959) 


The external proton beam of the Chicago cyclotron has been used to study the reaction p+p — r+-+n+p 
at 450 Mev. The reaction p+ — x*+d was also measured as a check on the equipment. A double focusing 
wedge magnet was used to observe the momentum distribution of pions at angles of 14°, 20.5°, and 30° in the 
laboratory system. The over-all resolution of the magnet system varied from 1.5% to 2.2%. A least squares 
fit of the p+ — x*+d data in the center-of-mass system gives do/dQa(0.38+0.20+cos*%) with o= 1.47 
+0.12 millibarns. The spectra for the unbound reaction were fitted to Ss, Sp, Ps, and Pp spectrum shapes 
predicted by the phenomenological theory of pion production. This fit gives do/dQ « (0.40+0.08+cos*#) with 
o=1.80+0.7 millibarns. The results of this fit have been compared with the cross section for neutral pion 
production at 450 Mev. This comparison was found satisfactory for the amounts of the Ss, Sp, and Pp 
spectrum shapes found in this experiment, but an excessively large amount of the Ps shape, 0.38-+0.10 
millibarns, was required to fit the data. The results show that o19(P/) is much smaller than has been previ- 
ously reported. An excitation function for the unbound cross section is predicted by this fit in terms of the 


phenomenological model, and is found to increase too rapidly at high bombarding energies. 


INTRODUCTION 


HERE has been interest in single meson produc- 

tion in nucleon-nucleon collisions both at high 

and low bombarding energies since the review article by 

Rosenfeld in 1954.! High bombarding energy is charac- 

terized by a pion kinetic energy well above the 120-Mev 

resonance. The experimental data on the pion energy 
spectra from the reaction 


ptp—x't+nt hp, (1) 


at high energy has been satisfactorily explained by the 
isobaric nucleon model of Lindenbaum and Sternheimer.? 
In this model nucleon-nucleon interactions are ignored 
in the final state, and a nucleon-isobar configuration is 
assumed to decay into two nucleons and a pion. 

Mescheryakov ef al.’ have made careful measure- 
ments of the pion spectra from reaction (1) at 24° in the 
lab at the intermediate energies of 556 and 660 Mev. 
They find satisfactory agreement with the observed 
shapes by ignoring final state nucleon-nucleon inter- 
actions, and by assuming a production matrix element 
proportional to p, the pion momentum. The excitation 
function and total cross section for reaction (1) have been 
measured by Dzhelepov ef al.‘ and more accurately by 
Neganov and Savchenko® in the bombarding energy 
region from 470 to 660 Mev. 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ A thesis submitted to the Department of Physics, the Uni- 
versity of Chicago, in partial fulfillment of the requirements for the 
Ph.D. degree. 

t National Science Foundation Predoctoral Fellow, 1957-1958. 

§ Now at the Aeronautical Research Laboratory, Wright- 
Patterson Air Force Base, Ohio. 

' A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 

2S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957). See this paper for experimental references. 

3 Meshcheryakov, Drelov, Neganov, Vzorov, and Shabudin, J. 

¢xptl. Theoret. Phys. U.S.S.R. 31, 45 (1956) [translation : Soviet 
Phys. JETP 4, 60 (1957) ]. 
4 Dzhelepov, Moskalev, and Medved, Dokiady Akad. Nauk 
S.S.R. 104, 380 (1955). 
5B. S. Neganov and O. V. Savchenko, J. Exptl. Theoret. Phys. 


At energies near threshold, where the maximum pion 
energy available is well below the 120-Mev resonance, 
the phenomenological theory of Brueckner and Watson 
should be valid.* This theory ignores the pion-nucleon 
interaction and treats the mp interaction in terms of 
effective range theory for the *S state. Only s and p 
angular momentum states are considered for the np and 
pion systems because of the long particle wave lengths 
with respect to the radius of the interaction volume. 
This gives four possible combinations: Ss, Sp, Ps, and 
Pp; the capital letter refers to the angular momentum 
of the two nucleon system, and the small letter refers to 
the angular momentum of the pion with respect to the 
center of mass. The Ss and Sp states are connected by 
this theory to the s and p state terms in the cross section 
for the reaction 


ptp— tt, (2) 


which has an excitation function near threshold of the 
form 


7 10(d) =ant+ fr’. (3) 


Here ay represents s state, and Bn’ represents p state 
contributions. The Ps and Pp? states of reaction (1) are 
connected by isotopic spin conservation to the identical 
states in the reaction 


ptp— w+ p+p. (4) 


The experiment of Rosenfeld’ was analyzed in terms 
of Ss and Sp for reaction (1), although such analysis did 
not give agreement between the cross sections for re- 
actions (1) and (2). Alston ef al.§ at 383 Mev observed 
the spectrum from reaction (1) and the bound to 


U.S.S.R. 32, 1265 (1957) [translation: Soviet Phys. JETP 5, 1033 
(1957) ]. 

6K. M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 
See also M. Gell-Mann and K. M. Watson, Annual Reviews of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. IV, 
», 219, 
7A. H. Rosenfeld, Phys. Rev. 96, 130 (1954). 

8 Alston, Crewe, Evans, and von Gierke, Proc. Phys. Soc. 
(London) A69, 691 (1956). 
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Fic. 1. Cyclotron and external proton beam facilities. The targets were placed in front of the aluminum window on the undeflected 
beam line. The beam spot at this point was typically 4 in. x1 in. 


unbound ratio, and found that agreement with the 
phenomenological theory could be obtained by adding a 
Pp term to the cross section for the unbound reaction. 

The coefficients in Eq. (3) have been determined to 
10% by Crawford and Stevenson.’ This fit agrees with 
the experimental cross section for pion energies up to 80 
Mev in the center of mass.'® Reaction (4) has been 
studied near threshold by Moyer and Squire," and from 
346 to 437 Mev by Stallwood."* With these data, and the 
phenomenological model, one can predict the relative 
contributions that the Ss, Sp, Ps, and Pp spectrum 
shapes should make in the observed spectrum from 
reaction (1). 


Il. EXPERIMENTAL EQUIPMENT 
A. External Beam and Monitoring 


The extraction of the external beam of the Chicago 
cyclotron has been described elsewhere.'* The layout of 
the proton target station and the beam control magnets 
are shown in Fig. 1. The focusing magnets are three 
section quadrupoles, with differential excitation of the 


® Frank S. Crawford, Jr., and M. Lynn Stevenson, Phys. Rev. 
97, 1305 (1955) 

© See, for example, Charles E. Cohn, Phys. Rev. 105, 1582 
(1957). 

" Burton J. Moyer and Robert K. Squire, Phys. Rev. 107, 283 
(1957). 

2 Stallwood, Sutton, Fields, Fox, and Kane, Phys. Rev. 109, 
1716 (1958). 

18 A.V. Crewe and U. E. Kruse, Rev. Sci. Instr. 27, 5 (1956). 


center section to produce an anastigmatic focus. Colli- 
mators can be inserted in the beam at the cross over 
point between the two focusing magnets. The bending 
magnet was not used in the present experiment. The 
beam travels from the cyclotron through the three 
magnets and into the target station inside a six inch 
aluminum vacuum pipe, which is normally connected 
directly onto the cyclotron vacuum system. After ex- 
traction, the beam is focused by adjusting the excitation 
of the focusing magnets while observing the beam spot 
on an x-ray intensifier screen at the target position. The 
spot is viewed remotely through a telescope. Then the 
exact path of the beam is found by exposing photo- 
graphic enlarging paper for a few minutes at different 
points along the beam line. 

The proton beam was monitored by a secondary emis- 
sion monitor (SEM) of the Tautfest type.'* This monitor 
has the advantage over an ionization chamber that it 
does not saturate in output current at very high beam 
current densities. The output current from the collector 
plates of the monitor was integrated into a total charge 
by a polystyrene capacitor on the input of an electrom- 
eter. The electrometer was a vibrating reed type made by 
the Applied Physics Corporation. The output current of 
the vibrating reed was observed remotely on a Brown 
Multiple Range recorder. The drift current of the 
instrument corresponded to a proton flux of about 10° 


4G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
(1955). 
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protons per second. The output current of the monitor 
was independent of the bias voltage on the bias plates 
for voltages between 20 and 45 volts. The SEM was 
calibrated by establishing a ratio between its reading 
and the reading of an argon filled ionization chamber 
(IC) in the same beam. The IC was calibrated with 
scintillation counters by establishing counting ratios be- 
tween counters in the beam and counters looking at the 
beam after multiple scattering in 2 in. of lead. This was 


necessary because the IC drift current was 10° protons/ 


sec, and the large beam duty cycle (1600) required a 
maximum safe scintillation counting rate of about 10° 
protons/sec. The ion chamber calibration gave 18344 
ion pairs per centimeter in argon for 452-Mev protons; 
the gas pressure was 95.4 cm, and the temperature was 
20°C. This result agrees well with the result of Bakker 
and Segré!® at 340 Mev, which, when scaled up to our 
energy, temperature, and pressure gives 177 ion pairs 
cm. At a beam intensity between 10’ and 10° pro- 
tons/sec both the SEM and the IC could be safely 
operated, and a ratio of the two output currents was 
established. This ratio was re-checked at the end of the 
experiment, and found to be the same to about 1%. The 
result gave a sensitivity of S=(5.12+0.15) X10" pro- 
tons/3 volts with a 0.001 microfarad capacitor on the 
input, or a multiplication efficiency for the chamber of 
0.366 electrons per proton. 

A Bragg curve was run by placing copper absorbers 
between the SEM and the IC, and observing the ratio 
of the output currents, IC/SEM. In interpreting these 
data we followed the analysis of Mather and Segré'®; we 
corrected' for multiple scattering and for the error in the 
mean excitation potential for copper, as discussed in the 
range-energy tables of Rich and Madey.’ This pro- 
cedure yielded a beam energy after passing through the 
SEM of 452.4+0.5 Mev. 
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Fic. 2. Measurements of momentum dispersion for the spec- 
trometer at three different momenta. The 128 Mev/c point comes 
from alpha-particle data. The two high momentum points are the 
results of measurements with pions. 
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17 Marvin Rich and Richard Madey, U. S. Atomic Energy 
‘ommission, University of California Radiation Laboratory Re- 
rt UCRL-2301, 1954 (unpublished). 
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Fic. 3. Momentum versus central field for the spectrometer orbit. 


B. Spectrometer and Counting Equipment 


The standard meson beam steering magnet at the 
Chicago cyclotron, described by Wright and Warshaw,'® 
was used as a double focusing wedge magnetic spectrome- 
ter. Because of the large ratio of fringe field to central 
field in this magnet, a total bending angle of 69° with 
a 24° wedge was required to achieve vertical focus. The 
radial and vertical focusing properties of the system and 
the momentum dispersion and solid angle transmission 
were checked at 128 Mev/c by using 8.78-Mev alpha 
particles from ThC’. Focus and dispersion properties 
were later checked up to 260 Mev/c using pions from 
reaction (2). Figure 2 shows the momentum dispersion 
results. The p versus B curve for the spectrometer, 
Fig. 3, was obtained from the alpha particle runs, the 
average of several floating wire tests, and range curves 
on the pions from reaction (2). The central magnetic 
field was measured during the experiment by a null- 
balancing flip coil circuit which used an air core solenoid 
as a reference. This instrument was calibrated with a 
Numar Precision Gaussmeter, a nuclear resonance de- 
vice. The reproducibility of the readings was about 
0.3%. The magnet was excited by a 300 kilowatt motor- 
generator set, which was regulated to 0.1% by a dc 
amplifier feedback system. 

Figure 4 gives an over-all view of the experimental 
equipment in the proton target room. The defining slits 
shown on the input side of the spectrometer were 50 in. 
from the target, and were the only slits used in the 
system. The slit opening, 2 in. by 1} in., was known to 
have 100% transmission at low momenta from the alpha 
particle runs. The defining jaws were { in. square 
tungsten blocks. The solid angle was checked in the 
radial direction by decreasing the radial opening to 1 in., 
and observing the corresponding decrease in the net 
carbon rate. This check was satisfactory to a 4% 
statistical accuracy. This also served to show that slit 
scattering effects were not important. The magnet and 


18S. C. Wright and S. D. Warshaw (unpublished). 
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Fic. 4. Experimental setup in the proton target room. 


counting system were carefully aligned at each lab angle 
by an optical procedure using mirrors and a transit. 
This alignment was checked by doing an up-down scan 
at the counter telescope with a }-in. square counter; 
this test also checked the vertical focus, and showed that 
a 2-in. high defining counter collected all of the beam. 
To facilitate angle changes, the magnet and counter 
house could be rotated about a pin under the target. 
The triples counting telescope was a standard design, 
using plastic scintillators and 6810 phototubes. The 
defining counter was 3 in. wide and 2 in. high, giving a 
momentum resolution of Ap/p=0.7%. This counter had 
an air light pipe to avoid the possibility of Cerenkov 
radiation in a Luciie pipe. To cut down accidentals, 
fg in. of copper was normally kept between counters 1 
and 2, and between 2 and 3. The calculated collection 
efficiency of the countcrs for pions multiply-Coulomb 
scattered in traversing the telescope was greater than 
98% for pion energies down to 43 Mev. Modified 
Garwin circuits were used by the coincidence equipment. 
The system was aligned before each run by checking 
phototube voltage plateaus and relative delays. The 
effectiveness of the shielding was checked by observing 
the rate dependence of double and triple coincidences. 
Counter efficiencies were periodically checked by placing 
one }-in. by 1-in. counter on either side of the telescope. 
The triple coincidence efficiency was always found to be 
98% or greater. The calculated cut-off energy of the 
telescope was 35 Mev for pions. Checks for pion loss at 
the low energy spectrum points (45 Mev to 40 Mev) 
were made by varying the absorber in the telescope, and 
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no losses were observed, although the statistical accu- 
racy of the low energy results was poor—from 15% 
to 20%. 


C. Targets 


Hydrogen rates were measured by taking CH:—C 
differences. The CH target was carefully machined to a 
nominal 4 in. thickness, and was of a very uniform 
volume density. The carbon target was machined to a 
nominal } in. thickness, and came from a graphite 
sample of uniform density to about 0.1%. The surface 
densities were 1.177 g/cm? for the CH» and 1.014 g/cm? 
for the graphite. This gives a ratio of carbon atoms per 
cm? in the two targets of (C in CH2/C in C)=0.995. 
Thus the number of carbon atoms was the same in each 
target to 0.5%, and empties rates were not needed in the 
subtraction. These measured predictions were checked 
experimentally to 3% by observing negative pions from 
the two targets. Crewe has recently confirmed the 
thickness measurements to 0.5% by analyzing p-p 
scattering with a magnetic spectrometer.” Since the 
two targets had equal numbers of carbon atoms per. 
cm’, the CH, target had a larger stopping power for 
pions than the graphite target. The difference in half 
thickness amounted only to 0.5 Mev, however, and did 
not effect the spectrum measurements. 
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Fic. 5. Complete peak and continuum data at 20.5°. The carbon 
spectrum is sketched in for comparison. The small rise above 3.5 
flip coil volts indicates reflection scattering of pions off of the 
vacuum system. 


19 A. V. Crewe (private communication). 
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III. RESULTS 
A. Data Reduction Procedure 


Figure 5 shows the spectrum data from the 20.5° run. 
Each run required about 18 hours, and was made from 
high momenta to low momenta. After completing the 
run the peak and continuum beginning were re-scanned 
as a check. In order to convert the data into differential 
cross sections, several systematic corrections were made. 

The muon contamination of the peaks was concluded 
to be 2% or less on the basis of a careful range curve run 
at 30°; such a small contamination was negligible. The 
positron contamination of both the peaks and the 
continua was concluded to be negligible on the basis of 
the negative pion runs, which were originally made to 
check the carbon subtraction. No range curves were 
attempted on the continuous spectra because of the 
very low counting rates, so that the muon contamina- 
tion had to be estimated. The continua could be con- 
taminated either by muons from the decay of pions in 
the region of the target (similar to the source of most of 
the muon contamination of cyclotron pion beams), or 
from the large flux of pions coming out of the exit face 
of the magnet. With the continuum filling the exit pipe, 
the total muon contribution was estimated to be from 
2% to 3%, and roughly energy independent. Because of 
the reasonably good definition of the magnet system, 
only a volume of radius 6 in. near the target was avail- 
able for the emission of muons into the spectrometer. 
This contamination was calculated, using monoener- 
getic pions of the peak energy from reaction (2), 
isotropically distributed about the 10° half angle with 
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Fic. 6. Peak from p+p — x*+d and continuum beginning at 
30°. The dotted tail at lower fields represents the results of 
symmetrizing the peak about its center line. 
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respect to the input axis of the magnet. The correction 
was found to be as high as 6% for the low-energy 
continuum points. In applying the pion decay correc- 
tion, the total path length from target to counters of 
130 in. was used; the pion lifetime was taken to be 
r= 2.56+0.05 X 10-8 sec.” 

In calculating the absorption of pions by the hydrogen 
in the CH» iarget and by the first two counters, the r*p 
total cross section and its energy dependence were taken 
into account. For the carbon in these materials, and for 
the copper in the counter telescope, the total cross 
section was assumed to be geometrical, and a nuclear 
radius ro= 1.24! 10-" cm was used. The best average 
value of the three points of Fig. 3, Ap/p= (0.0137 
+0.0008) per inch, was used in analyzing all of the 
data. The defining counter width was in fact 0.495 in., 
giving Ap/p= (0.68+0.04)% for the counter telescope. 
Good phototube plateaus were always obtained, and no 
evidence was found of an effective counter width for 
this counter less than the physical width. 

Multiple scattering of pions in the CH: caused an 
uncertainty in the lab angle, and a corresponding un- 
certainty in the center-of-mass angle. At low energies 
the total center of mass spread, including the 2.3° 
defining lab angle, amounted to +5°. Assuming do/dQ 
to vary linearly over this range, the correct average 
center-of-mass angle was simply the calculated angle. 
The low energy data covered a 30° range of center-of- 
mass angles. This was thought sufficient to detect the 
angular distribution of the form A-+cos’@, and the 
effect of multiple scattering was ignored. Evidence of 
reflection scattering of peak pions from the 4-in. diame- 
ter aluminum vacuum pipe on the magnet output face 
was found on the high momentum side of the 20.5° 
peak, as indicated in Fig. 5. About 0.4% of the total 
peak flux, when striking the aluminum pipe at a small 
angle, was reflected into the }-in.X2-in. defining 
counter. A symmetrized subtraction of this reflection 
was made for the high-energy continuum points, and 
amounted to about a 10% correction. 

The data pertaining to reaction (2), that is the three 
peaks, were analyzed by integrating under each peak 
after assuming it to be symmetrical about its center 
line, and then dividing the result by the counter width. 
Figure 6 shows the 30° peak and continuum beginning, 
and illustrates the high degree of symmetry of the peak 
down to about 40% of maximum, when the continuum 
begins to distort the peak towards lower energies. The 
question of a symmetrical resolution function could not 
affect the peak analyses, since any asymmetry must be 
small, ~1%. An effective beam energy of 448.4+0.6 
Mev, the energy of the protons after passing through 
the CH: target, was assumed in all of the transformation 
analyses, and gave agreement with the pion range 
curves to about 1%, the range curve uncertainty. The 
30° peak was 2.2% wide; the 20.5° peak was 1.8% 


2%” K. M. Crowe, Nuovo cimento 5, 541 (1957). 
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TABLE I. Analysis of p+) 


PONDROM 


~ «*+d. Complete analysis of Reaction (2) after numerical area determination. The columns are as 


follows: (1) lab angle; (2) and (3) result of area integral and squared error; (4) A=% telescope absorption; (5) e7/* is the decay cor- 
rection x= 130"; (6) B=% target absorption; (7) AQ is lab solid angle; (8) and (9) lab differential cross section in microbarns/sterad 


and square error; (11) center-of-mass differential cross section in microbarns/sterad. 


4 5 
(N¢+AN®) e7/AN 
” V,° x? M Ne 
13°46’ 32 400 3106 
20°27’ 10 000 2343 
30°14’ 7225 1504 


1 2 3 


3913 
2976 
1948 


3972 
3021 
1977 


2930 
2210 
1430 


wide; and the 14° peak was 1.5% wide. These widths 
could be explained by considering the following sources: 
(a) horizontal beam spot size, } in. ; (b) energy spread of 
pion beam across 2.3° angular opening of the magnet; 
(c) width of defining counter, 3 in.; and (d) multiple 
scattering in the target, contributing to (b). It was not 
necessary to assume an incident energy spread, and 
target straggling was not important because pion and 
proton energy losses in the target tended to cancel. 
Table I shows the analysis of the reaction (2) data after 
integration. A least squares fit to the results gave 


da /dQ<« (0.38+0.20+ cos*6), (5) 


and 


o = 1.47+0.12 millibarns. (6) 


This result agrees well with the excitation function of 
Crawford and Stevenson,’ which predicts ¢=0.138n 
+1.01n' mb=1.47 mb for n=1.093. The total cross 
section and angular distribution also agree with the 
results of Fields ef al. at 437 Mev.”! 

The assumption of a symmetrical resolution function, 
although valid for the reduction of the peak data, could 
contribute an error to the high-energy continuum data 
because of the large peak rate to continuum rate ratio. 
Nevertheless no low-energy tail was assumed to be 
present on the peak shape because of the lack of experi- 
mental evidence to the contrary. The continua were 
assumed to rise abruptly to their maximum values at the 
high-energy end, and this rise was assumed to occur at 
the mid-point of the rise obtained by subtracting the 


6 
(N2+BN2) 
Ni 


7 8 9 10 ll 
do/dQ 
215415 


162+ 9 
128+ 9 


dQ, ‘dQ 


0.333 
0.353 
0.400 


tot? 


N:/AQ 


3.34 108 
2.38X 10° 
1.66 108 


da/dQ 


645 
459 


symmetrized low-energy tail of the peak. This assump- 
tion allowed the calculation of deuteron binding ener- 
gies, which agreed with predictions to 25% or better. 

Table II gives the complete analysis of the 30° 
spectrum data. The corrections were applied to the 
continuum data in the following sequence. First the 
estimated muon contamination striking the defining 
counter was subtracted from the net number of hydro- 
gen counts observed at a given momentum; then the 
fraction of pions absorbed by the telescope was added, 
and the number of pions reflected off of the vacuum 
system was subtracted. Then came the two large correc- 
tion factors: the counter resolution factor and the pion 
decay correction, both of which were well known, how- 
ever. The transformation of the differential cross section 
into the center of mass was effected by using the in- 
variance of (1/p)(d’a0/dEdQ). Figure 7 shows the three 
lab spectra after all corrections have been applied except 
the transformation into the center of mass. The maxi- 
mum center-of-mass energies were 64.0, 64.5, and 66.0 
Mev, in order of increasing lab angle. The calculated end 
point energy for the continuum in the center of mass 
was found to be 64.9 Mev. The ~1 Mev scatter was 
eliminated by shifting the spectra near the high-energy 
end so that each spectrum began at 64.9 Mev. 


B. Comparison of the Results 


The four phenomenological model spectrum shapes 
shown in Fig. 8 were used in an attempt to make a 


TaBLe IT. Continuum data analysis for 30°14’. The following columns require explanation: (4) nu is the « meson contamination as 
estimated from calculations. It is assigned a 100% error; (5) A=% telescope absorption; (6) , is the reflection effect of the peak off 


of the exit vacuum pipe; (7) AE is the defining counter width in Mev; (9) ¢ is the decay correction factor; (11) B=% target absorption ; 


(12) lab cross section in microbarn/Mev sterad; (13) p=center of mass momentum of pion; (14) and (15) center-of-mass cross section 


in microbarn/Mev sterad; (16) center-of-mass angle. 

1 3 7 
Mev/< 

Pr é 
236 3969 
232.5 1108 
230.5 1068 
229 1079 
208.5 319 
194 270 
174 150 110 
162 100 59 
142 61 68 
117 32 47 31 


4 5 6 
(N®—np) (Nit+AN1) (Na—n,z) 
N1 Ne Na (1/ AE) 
0.725 
0.741 
0.746 
0.752 
0.855 
0.934 
1.093 
1.200 
1.460 
1.972 


—3 
539 
511 
539 
251 
209 


—3 
564 
537 
564 
242 
202 


—3 
589 
561 
586 
251 
209 
148 153 153 
98 101 101 
59 61 61 
32 32 


399 
381 
405 
215 
195 
167 
121 

89 

63 


2! Fields, Fox, Kane, Stallwood, and Sutton. Phys, Rev. 109, 1704 (1958). 


8 
(1/AE)N; 
Na 


a> 


9 10 11 12 13 14 
lab cm. 
¢ Na (Ns+BN35) d*e/dEdQ §/p d*o/dEdQ é 


1.30 —-3 -3 0 0.640 0 0.529 
1.30 519 525 945 0.639 604 0.336 
1.305 497 502 9.04 0.642 5.80 0.326 
1.31 530 = 536 9.65 0.637 615 0.349 
1.345 289 292 5.26 0.626 3.29 0.110 
1.370 267 269 4.84 0.618 2.99 0.102 
1.420 237 239 4.30 0.606 2.60 0.067 
1.460 177 178 3.20 0.596 1.91 0.048 
1530 136 137 2.47 0.577 1.42 0.058 
1.690 106 107 1.93 0.538 1.04 0,058 
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detailed comparison of the theory with theobserved 


energy and angular distribution. These spectra are 
proportional to the following expressions: 


Aye —, (7) 


a 
a B4tT TV 


Sp: (8) 


do 

: —an(T )—T)?, 
dT 
do 


Pp: —«7(T .—T)}, 
dT 


(10) 


where 7 is the pion momentum in units of mc, B is the 
deuteron binding energy, and 7, To represent the pion 
energy and maximum pion energy respectively. The 
normalizing integrals, A, have the following values: 
As,=8.98 (Mev)}, 
Asp=6.64 (Mev)}, 


Ap,= 6720 (Mev) 2 


— (11) 
App= 2650 (Mev)?. 
The cross sections plotted in Fig. 8 are the shapes given 
by Eqs. (7) through (10), each divided by the appro- 
priate normalizing A. Following the angular momentum 
analysis of the various states as discussed by Rosenfeld,! 
the differential cross section can be written as: 


d’a do | do | do do 
ay —| ty t+ax—| +a— 
dkEdQ dT \ 5. dT | p, dT \ sp dT | pp 


da do 


+ | ae 
dT |p» 


as—| 
dT \ sp 


cos’6, (12) 


where the a’s are unknown parameters. According to our 
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iF 1G. 7. Laboratory differential cross sections for the three angles. 
Only representative errors are shown. 
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Fic. 8. The four phenomenological spectrum shapes used in the 
least squares fit. The dashed curve represents the Sp spectrum if 
B=1 Mev rather than 2.2 Mev. 


normalization the total cross section is 

a= 4r{aitartastast 3 (astas)}. (13) 
Let us write Eq. (12) in the form y=); a;f;(x,9), 
where /1(x,0)=do/dQ! s,, etc.; and x is the pion energy. 
In this form the standard least squares technique was 
used to calculate the a’s. Following the analysis. of 
Solmitz,”” we calculated by hand a 6X6 matrix G and 
a 6 element vector ¢, from which the experimental 
values a* could be found from a*=G~'¢. Table ITI gives 
Gand ¢. The matrix was inverted by George, a computer 
at the Argonne National Laboratory, and it was dis- 
covered that G was nearly singular, resulting in a poorly 
determined inverse. To study the problem further, 
George was asked to diagonalize G, and to find the 
unitary matrix S, such that G’=.5SGS. Table IV lists the 
eigenvalues of G’ and gives the matrix S. Note that the 
last eigenvalue of G’ is almost a factor 10° smaller than 
any of the other eigenvalues, and is, to the accuracy of 
the calculation, zero. In the diagonal frame, the coeffi- 
cients a,’ are given by a;’=¢,’/G;’, with (Aaj) w= 1/G,’. 
The element Gs’ = 0 because the expression >>; Si¢f;:(x,9) 
=(). This term is in fact down by a factor 10? from the 
f’s themselves. Call the coefficient of this sum, which 
belongs to Gs’, k. Then the coefficients a’ can be solved 
for, and the desired coefficients @ can be found by a 

transformation : 
88.622, 


51.567, a= 


a,;= 15.883+0.8066k, 
30.883 — 0.1068, 

13.808, a3;= 18.246—0.5652k, 
ay’=—108.61, ay= 14.717—0.1347k, 
as’ = —106.09, as=177.993+0.0194k, 
16.848—0.0079k. 


, 
ag =k, as = 


2 Frank T. Solmitz (unpublished). 
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TABLE III. Error matrix and vector. (¢ in units of ub/Mev sterad.) 


0.09795 
0.03451 
0.12388 


0.05774 
0.12541 


0.080602 


The coefficients have units of microbarns. To a good 
approximation only Sj and Sy are nonzero. If we make 
this assumption, the solution is: 


0.5652a,;+0.8066a3;= 23.694 9.25 wbarn, 
= 30.8 + 8.0 
ag= 14.72412.1 
a,= 177.9 +18.9 
16.8 +15.7 


a pbarn, 


pbarn, (15) 


pbarn, 


= pbarn. 

The errors here were computed, as they will be in each 
case, by using the uncorrelated errors of the a’ elements, 
except for k, and the transformation matrix S. We shall 
always assume, in calculating errors, that a; and a; 
appear in the linear combination shown above, and that 
this combination eliminates k and its accompanying 
infinite error. 

The functions f; and f; are indistinguishable in this 
experiment because of their similar shape, and identical 
angular distribution, and because of the large cos’6 
dependence of the high energy parts of the spectra. In 
order to separate these two terms, the excitation func- 
tion of the total cross section should be investigated, 
since As,~n and As,~7n'‘ in energy dependence. The 
phenomenological theory can be used, however, to 
predict a;, and a comparison between theory and experi- 
ment can be made. According to the theory the Ss state 
is related to s state production in reaction (2), and the 
Sp state is related to p state production in the following 
manner: 


a(n+p, Ss) Ass 
= —__., (16) 
a(d,s) 2x(B)'n’ 


o(n-+ p, Sp) 


Asp 
es (17) 
a(d,p) 2a (B)'n’8 

where 7’ is the momentum of the pion from reaction (2). 
Now at ’=1.09, o(d,s)=0.151 millibarn, and o(d,p) 


TABLE IV. Eigenvalues of the error matrix and the 


G,'’=0.35593 
Go’ =0.13744 
G;' =0.01357 
G,/ =0.00458 
G;' =0.00161 
Ge = 0.000004 


0.46463 
0.46523 
0.46947 
0.46863 
0.26286 
0.24197 


0.34972 
—0.18202 


0.06433 
0.10110 
0.04813 
0.10364 


0.05515 
0.01759 
0.07073 
0.02498 
0.04395 


0.03271 
0.04994 
0.02497 | . 
0.05184 | ’ 
0.01476 
0.03027 





= 1.32 millibarns, so that we predict 
a,= 10.5 wbarn, 


18 
(a3+4a5) = 57 ubarn. 


If ay=10.5 wbharn, then from Eq. (15) we find 


(a3+4as5) = 81.2+4.0 wbarn. (19) 


This result is to be compared with the predicted value 
of 57+6 ubarns given in Eq. (18). 

Figure 9 shows the fit obtained from Eq. (15) with 
a;= 10.5 wbarns. The result is, of course, insensitive to 
the choice of a over a reasonably wide region. The 
value of x? for this fit is 143, which is excessively large 
for a fit of 29 degrees of freedom. The very low datum 
at 60 Mev contributes about 60 to x? and the various 
points above the curve at 62 Mev contribute about 50 
to x’, which explains its unusually large magnitude. Be- 
cause of the very small tail needed on the resolution 
function to bring the cluster of 62 Mev points down, it 
is impossible to say whether this effect is real or not. If 
we assume that it is real, then the agreement between 
Eqs. (19) and (18), as well as the fit at 62 Mev, can be 
improved. Rosenfeld has suggested that the pion- 
nucleon interaction might manifest itself at low energies 
through a decrease in the deuteron binding energy which 
appears in the denominator of the Ss and Sp spectrum 
shapes as a consequence of effective range theory.' To 
test this idea Ss and Sp spectra with B=1 Mev rather 
than 2.2 Mev were investigated. These spectra have 
different normalization integrals; the new values are 
As,=9.91 (Mev)! and Asp=7.57 (Mev)!. Using these 
numbers and Eqs. (16) and (17) we obtained new pre- 
dictions for the Ss and Sp cross sections. These results 
are as follows: 


a= 12.0 zbarn, (20) 


(a3+4a5) = 79.5 wbarn. 
The agreement between the prediction and Eq. (19) is 
clearly improved. In fact letting a;= 12.0 ubarns leads to 


(a3+ 4a5) = 80.34+4.0 ubarns. (21) 


unitary transformation. 


0.80657 
—0.10679 
—0.56519 
—0.13473 

0.01944 
—0.00791 





0.16191 
0.03173 
0.28590 
—0.38352 
— 0.66633 


0.20124 
—0.11332 
0.20902 
0.36826 
—0.60187 


0.67145 
0.08090 
—0.57903 
0.03941 
—0.45153 
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A new fit with these spectra was not attempted, but an 
idea of the possible improvement can be ascertained 
from the properly normalized B= 1 Sp spectrum in Fig. 
8. The total cross section, assuming a;= 10.5 ywbarn, is 


o=1.80+0.07 millibarns. (22) 


This 4% error is derived by adding statistical and beam 
monitor errors quadratically, assuming Eqs. (15). 
Varying a; from 0 to 20 ubarn does not change ¢ outside 
the quoted error. After integrating over energy, the 
cross section is given by do/dQ« A+cos’6. For a 
= 10.5 wbarn, we have 


A=0.40+0.08, (23) 


with a +0.02 variation for 0 to 20 wbarn change in ay. 
The dependence of A on 7 predicted by these results is 
shown in Fig. 10. 

The total contribution from P-wave nucleon states 
can be found independent of our value of a), assuming 
that Eq. (15) is justified. This equation gives us the 





T T T 


ie] 


Leost Squores Fit Of P*P= #**N+P 
Plotted At O° In C.M. System 


{o] 


yr 


s 
” 
i 
4 
2 

a 
Cc 
2 
Ww 
$ 

& 

to) 

A) 











% 


Fic. 9. Results of the least squares fit assuming a; = 10.5 wbarns. 
All data have been projected onto 0° in the center of mass. The 
dotted curve represents a2Ps. 


following directly : 
o10(Pp)+oi(Pp) =0.25+0.11 mb, 
o1:(Ps) =0.39+0.10 mb. 


(24) 
(25) 


These results are to be compared with the measured 
excitation function for reaction (4). Moyer and Squire," 
working from 327 Mev to 342 Mev, report 


o11=0.02n?+ (0.57+0.11)n8 mb. (26) 


The 7’ term belongs to class Ss, and contributes only 20 
microbarns to the cross section at our energy; it is too 
small to be seen in this experiment. Stallwood ei al. 
measured reaction (4) from 346 Mev to 437 Mev, and 
included the lower energy results of Moyer and Squire 
in their analysis.” Their best result is 


+ (0.075+0.070)n* | millibarns. (27) 
rhey obtain a somewhat worse fit by replacing the n° 
term with (0.062+0.015)n*. This solution was ruled out 
by the authors because it belongs to Ps, which must be 


PION 


PRODUCTION 


i‘ 


d7/dx( A + cos) 





(5) 


Present 


t ie 


} Reference (8) 


- 











a LO i5 —39 
n bf 


Fic. 10. Momentum dependence of the isotropic term in the 
angular distribution. i 

isotropic. It has been pointed out by Mandelstam, how- 
ever, that displaced D state production can be large in 
711 near threshold, and can lead to anisotropy with an n° 
dependence.* The total cross sections reported by 
Stallwood fit smoothly to the higher energy work of 
Prokoshkin and Tyapkin,™ and lead to a cross section of 
~ 180 microbarns at 450 Mev. Equation (26) has much 
too large an n° coefficient. Combining (27) and (24) we 
have 

o10(Pp)=0.10+0.11 millibarn, (28) 
or 


o10(Pp) ~ (0.05+0.05)n8 millibarn. (29) 


This amount is much less than that conjectured by 
Alston et al.§ Their best value would predict (Pp) 
~ 2.8 millibarns at our energy, which is larger than our 
total cross section. Fields et al.** also reports a much 
smaller value of o10(Pp) at 437 Mev, on the basis of a 
total cross section measurement. 

Figure 11 shows the excitation function predicted by 
the solution (15) with a;=10.5 microbarns. The curve 
was obtained by numerical evaluation of the spectrum 
integrals at various energies. The predicted curve agrees 
well with the 383-Mev datum of Alston ef a/, but in- 
creases too rapidly with » to account for the Russian 
data, especially at energies above 560 Mev. The 
weighted mean of the results of Dzhelepov, ef al‘ and of 
Neganov and Savchenko,’ would be below our curve 
over the whole range above 500 Mev. A major factor in 
this increase is contributed by the Ps coefficient and 
spectrum integral, since the former is large, and the 
latter increases roughly as n°. 

A comparison of Eqs. (25) and (27) shows that the 
Ps term required to fit our experimental data is larger 
than the total cross section 0;;~ 180 microbarns at 450 
Mev. This discrepancy might be resolved by allowing 
higher nucleon angular momentum states to enter the 


23S. Mandelstam (private communication). 

47. D. Prokoshkin and A. A. Tyapkin, J. Exptl. Theoret. Phys. 
U.S.S.R. 32, 750 (1957) [translation: Soviet Phys. JETP 5, 618 
(1957) ]. 

25 Fields, Fox, Kane, Stallwood, and Sutton, Phys. Rev. 109, 
1713 (1958). 
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Fic. 11. Momentum dependence of the total cross section. 
The dashed curve represents the prediction of the phenomeno- 
logical theory. 


problem. For example the Ds spectrum, which comes 
from the *F initial state, is isotropic, has an energy 
distribution proportional to 9(7»—7)', and is similar in 
shape to the Ps spectrum. In addition, this spectrum 
can occur in oj. About 10% of the total production 
cross section would have to be due to D-wave nucleon 
motion, however, which seems excessive in the light of 
p-p polarization data.** In addition, the Ds spectrum 
would increase ~7,* giving an even more steeply rising 
excitation function at high energies. 


IV. CONCLUSIONS 


Our measurement of the unbound positive pion spec- 
trum produced by 450-Mev protons in hydrogen has 
been compared to the phenomenological theory first 


26. Wolfenstein, Annual Reviews of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, p. 43. 
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proposed by Brueckner and Watson. Agreement be- 
tween theory and experiment was found to be generally 
good for p wave pions, and the connection with the 
deuteron formation cross section. An increase in the np 
scattering length to give an effective binding energy 
B=1 Mev improves this agreement, but should not be 
considered seriously because of experimental uncer- 
tainty. The amount of the Ps spectrum shape required 
by our least squares fit is quite large, and presents a 
problem regarding its interpretation in terms of the 
phenomenological model. The introduction of higher 
angular momentum states does not seem to resolve this 
discrepancy. It is possible, however, that further in- 
vestigations of the r° spectrum may indicate a larger 
amount of Ps than previously reported.”’ The excitation 
function for reaction (1) predicted by the phenomeno- 
logical theory on the basis of the results of this experi- 
ment rises too steeply at high energies, above 500 Mev. 
The comparison between o10(d) and o10(n+> ) is based 
principally on the high-energy part of the spectrum, 
which is strongly angular dependent. The contradictions 
arise in the lower half of the spectrum, where our 
measurements indicate a large number of pions and a 
high degree of isotropy. The phenomenological model 
combined with the present data does not seem to 
account successfully for this region. 
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Dispersion relations in which the scattering angle @ is kept constant are proposed for nucleon-nucleon 
scattering. These relations are a direct consequence of a general representation proposed by Mandelstam 
(see reference 4) and can be checked directly up to the fourth-order perturbation theory. An extrapolation 
procedure based on these dispersion relations is proposed with the purpose of obtaining an independent de 
termination of the pion-nucleon coupling constant and the possibility of discriminating between the different 


available sets of phase shifts. 


A first determination of the pion-nucleon coupling constant from these fixed-angle dispersion relations is 
attempted by means of a more direct extrapolation procedure, closely analogous to the effective range 
approximation, and a result in good agreement with the currently accepted value is obtained. 


INTRODUCTION 


HE theoretical study of nucleon-nucleon scatter- 
ing is usually made on the basis of potential 
models. A potential in more or less direct relation with 
meson theory is derived and used for the computation 
of physical quantities. It is not always clear whether 
the good agreement between theory and experiment de- 
pends on the meson theoretical or on the phenomeno- 
logical features of such a potential. 

However, from the knowledge of the long-range part 
of the potential Iwadare ef al/.! have obtained a value 
of the pion-nucleon coupling constant in good agree- 
ment with the accepted value 0.08. 

A more direct step to check the relation between pion 
physics and nucleon-nucleon scattering has recently 
been made by Chew.’ He has proposed an extrapolation 
of the angular distribution based on dispersion relations 
at fixed energy’ and has obtained a reasonable deter- 
mination of the pion-nucleon coupling constant /?. 

On the other hand, dispersion relations for the scat- 
tering amplitude as a function of energy for fixed 

omentum transfer have been proposed by Goldberger, 

Jehme, and Nambu.® The appearance of large un- 
hysical regions, even for forward scattering, has pre- 
ented until now attempts of numerical evaluation.*® 

In this paper we shall discuss, starting from a different 

oint of view, the problem of obtaining a direct relation 


* On leave of absence from University of Bologna, Italy. 

'TIwadare, Otsuki, Tamagaki, and Watari, Suppl. 
Theoret. Phys. Kyoto No. 3, Part III, 32 (1956). 

2G. F. Chew, 1958 Annual International Conference on High- 


Progr. 


nergy Physics at CERN, edited by B. Ferretti (CERN, Geneva, | 


958), p. 97; University of California Radiation Laboratory Re- 
bort UCRL-8283, 1958 (unpublished). 

3H. Lehmann, Nuovo cimento 10, 579 (1958). 

4S. Mandelstam, Phys. Rev. 112, 1344 (1958). 

5 Goldberger, Nambu, and Oehme, Ann. Phys. 2, 226 (1957), 
eferred to in the following as GNO. 

6 See, however, L. Lapidus, Joint Institute for Nuclear Re 
earch, Dubna Rept. P. 224, 


between the energy dependence of nucleon-nucleon 
scattering and meson theory. 

In Sec, 1 we propose dispersion relations in which the 
scattering angle # is kept constant. These relations have 
the advantage that they do not involve any unphysical 
region of nucleon-nucleon scattering. The whole un- 
physical contribution comes from nucleon-antinucleon 
scattering. Our relations generalize therefore the for- 
ward ones without introducing any new essential 
difficulty. 

In Secs. 2 and 3 we discuss an extrapolation method 
based on the fixed angle dispersion relations which 
leads to a determination of the pion-nucleon coupling 
constant and to consistency checks on the different sets 
of nucleon-nucleon phaseshifts. 

In Sec. 4 we shall introduce a more direct extrapola- 
tion method which is in a close analogy with the effec- 
tive range approximation. This effective range ex- 
trapolation is applied to low-energy proton-proton 
scattering and gives a value of f? in good agreement 
with other determinations. 

Finally different possible applications are discussed. 


(1) The Fixed Angle Dispersion Relations 


We fix our attention on proton-neutron scattering. 
We denote by fi, 2 the initial and final proton four- 
momenta, by m1, m2 the neutron ones. We define: 


P=}(pitpr), N=}(m+n2), 
s=—(pitm)?; t= — (pir pro)’. 
These three variables are connected by the relation 

s+i+1=4M?2, (2) 


where M is the nucleon mass. 
In the center-of-mass system we have 


s=4(M?+w), &=—2w(1+c), 


c=cosd, 


, (1) 
§=— (pi- M2)’; 


t=—2w(1—c), 
i (3) 
w=", 
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Fic. 1. Singularities of the scattering amplitude in the plane 
5, (y=t—s). Shaded regions correspond to the domains where 
the spectral functions 12, 23, 4,3, are nonvanishing. Solid lines 
correspond to poles. The region (§<0,#<0) corresponds to 
physical pn scattering; the two regions (s<0,#>0) and (s<0, 
t<0) correspond to physical nucleon antinucleon scattering. 


where g is the nucleon momentum and # the scattering 
angle. 

In GNO the p-n scattering amplitude is written in 
the form 


IM (pi, p2,11,N2) => .Gi(s,0)1;, (4) 


1, = W(p2)u(pi)d(n2)u(m), 
I2= U(po)u(pi)U(m2)iy: Pu(ny) 

+U(po)iy: Nu(pi)G(n2)u(n), 
13=WU(po)iy: Nu(pi)i(ne)iy:Pu(m), 
I4=W(p2)ysiy: Nu(pi)i(n2)ysty: Pu(n), 
I5= U(ps)ysu( pr) G(m2)ysu(m). 


TABLE I. Residue of the poles of the functions G;(s,4) 
due to one ‘oe exchange. 





2ut(1+0) ++ 


(M?—y*)[4M?2(1+c)*— 


g Pa eS 


4M? w?(1—c2) — Qyt(1 —c) 
2 ( i+<) 


(4 M8 +eP— 


2 i —______ 


4M? u?(1—c2) — yd 1—c) 
AMM cP— (1. —c*) 


g 8 
4M? 2 (1 —c2) — yd = 
1+c 


_— 


4M2(1+c) — 
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The G; are scalar functions of s and ¢. We shall write a 
representation for these functions which is the gen- 
eralization of that given by Mandelstam in the case of 
pion-nucleon scattering. This representation, whose 
general validity has not vet been proved, has the big 
advantage of giving explicitly the analytic properties 
in the variables s, 8, and ¢. For example, the fixed-/ 
dispersion relations of GNO and the fixed-energy dis- 
persion relations used for the extrapolation of Chew 
can be obtained as consequences of such representation. 
We write 


gral s‘,t’) 
wt (s'=s)('=0 
23(8',t’) 
(s’—8)('—-2) 


buls, § ’) 


ea Aide dt’ 
4u 


where the ¢ are three real weighting functions. The 
pole in the variable s corresponds to the deuteron state 
(of mass sg!=2M—B); the two poles in ¢ and & corre- 
spond to the exchange of one meson between nucleons: 
the first is due to the reaction (p— p+7°) the second 
to (p—>n+n*). In Table I the residue of the poles due 
to one pion exchange are listed; the deuteron effects 
will be discussed in the next section. 

The meaning of the representation (6) is illustrated 
in Fig. 1 where y=/—s=4¢? cos# is plotted against s. 
The shaded regions correspond to the domains where 
gi2, $23, and ¢i3 can contribute to the integrals. The 
solid lines correspond to the poles s=sy, /=y?, =p’. 
The region (§<0,/<0) corresponds to physical p-n 
scattering. The two regions (s<0,/<0) (s<0, ¢20) 
correspond to physical nucleon-antinucleon scattering. 
The GNO dispersion relations are taken along line 
parallel to ‘=0, the Chew extrapolation exploits 
analytic properties along vertical lines. 

We shall use the representation (6) in order to obtain 
dispersion relations for a fixed value of cos#, i.e., take 
along lines passing through the point (4M?,0). We sub 


TABLE IT. Residue of the poles of the functions a, 8, v, 6, € 
due to one pion exchange 
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stitute Eqs. (3) into Eq. (6). We obtain (see Appendix I) 
A B 
+ 
w+ (s—4M?)(1—c)/2 
C 
shies CS eee 
we 24 (s—4M? \(1+0)/2 


Pa (s’,c) 
she =f as : 
s’—s5 
Pp (t',c) 
tfie 
aut U+(s—4M?)(1—c0)/2 


_ Pel 8s C) 
Ape: 
4 § i4( (s— 4M?) (1-+c)/2 y, 


G(s,c) = 


Sa—~$ 





with @4, dg, and ®¢ real functions. 

One important advantage of the representation (8) is 
that for —1<c<+1 the spectral function @4 can be 
always expressed in terms of physical nucleon-nucleon 
amplitudes (see Appendix I), 


@,(s,c)\=ImG(s,c) for s>4M?, —1<c<¢+l. (9) 


On the other hand very little is known about #,, and 
$c. One can in principle relate them to unphysical 
nucleon-antinucleon processes. This lies outside the 
scopes of the present paper. 

We collect in a unique integral all the unknown con- 
tribution and we express everything in terms of the 
variable w= q’. We have 


A B Cc 


G(w,c)=— + 
watw pw+2u/ 8g iT 12+ 2eo( 1+c) 





(10) 


i, 
—w ®—-W 


* TmG(w’ ,c) 1 p-*™i2 O(w'c) 
nein, bee 


o—-W Tv 
where 


2u?/(1+ ||). 


The representation (10) shows explicitly the analytic 
properties of G(w,c). All singularities are on the real 
axis: poles at w= —wa and w= —y*[2(1+c) }“ and two 
cuts between 0 and + & and between — © and —wmin. 

As we have already said, we shall not attempt to 
evaluate 2. However, the very fact that the lower limit 
pf integration on {2 is at least four times larger than the 

corresponding to at least one of the poles in /? will 
pnable us to use Eq. (10) as a tool in order to correlate 

ucleon-nucleon experimental data. Equation (10) has 
been derived as a consequence of the Mandelstam 
epresentation. Its validity has been proved up to fourth 
prder in field theory, and exactly for scattering of a 
particle by an arbitrary superposition of Yukawa po- 
entials.” In any case, the applications we shall discuss 


adh Bowcock and G. D. Walecka, Nuclear Phys. (to be pub- 
ished). 


@min = 
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will depend only on the location and size of the poles 
and on the order of magnitude of wmin. They are thus 
independent of the most questionable features of the 
Mandelstam representation. 


(2) Relations for the Physical Amplitudes 


The T matrix for proton-neutron scattering is usually 
written in the form 


M 
“arte a+,( (g n)(0™- n)+y(e+e™)- n 


+6(o0)-m)(o+m)+e(0-D(o™-D}, (11) 


where I, m, n, are unit vectors in the directions q+q’, 
q—q’, qXq’, respectively. 

The relations between the physical amplitudes and 
the G; are given in GNO Egs. (5-5 to 9). Using these 
relations it is possible to obtain in the nonrelativistic 
approximation uncoupled equations for all physical 
amplitudes.® These relations are of the form 

1 4(c) Ba(c) 


a(w,c)= -——-+ 


w+ 


2wo(1—c)-+y? 


1 ¢” Ima(o’ ae 1 
Pe fan 


Tv 


Qw(1+c) +2 


~@m in | (w’ sc) 
——dw'. (12) 


w’—w TY» img 

It is convenient to express the physical amplitudes 
in terms of the standard 7;; matrices which are func- 
tions of the scattering phase shifts [GNO Eqs. (B6) 
to (B11) ]. The dispersion relations for the Tj; are of 
the same form of Eq. (12). The residue of the poles of 
all amplitudes are collected in Tables II and IIL. 
Analogous relations can be obtained for proton-proton 
scattering by recalling that 


T= T 5°” (w,¢ c)- (— 1 iT 5; 
T ss” =T ss" (wc) +T 55°?" (w, —C). 


(pn) ( (w, —c), 


(13) 


Let us now discuss how one can use our relations at 
the present stage of knowledge. Even the incomplete in- 
formation on the scattering amplitude obtained by 
these relations is sufficient to define a procedure which 


TABLE III. Residue of the poles of the functions 7;;. 


B C AX 2 (1 —«re) (1 +p%)® 
Tn PM (1—0)/2 f*M (+e) 
T 00 I?Mc - 2/*Mc 
Tiss (2M (1+c)/2 f2M (1—o) 
Ti0+Toi 0 

E: 10 To 0 

Tss —f*M 


44+ 2(1+3c?)p—p?(14+3c*) 
4—2v2(1+3c?)p—4p? (1 — 3c?) 
V2 (3—3c*)p+3(1—c*)p? 
12¢(1—c*)4p — 6v2p"c(1—c*)3 
—9v2p?c(1—c*)4 

0 


s Notations of GNO. 


‘In GNO some complications arise when s—4M?—> 0 with ¢ 
finite, due to artificial singularities. In our case no such compli- 
cations exist. 
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enables (a) to determine the pion-nucleon coupling 
constant, (b) to correlate experimental phase shifts. 


Let us consider the function 


1 7°™™ Ima(w’ ,c) A,(c) 
F,(w,c) =| a(w,c) — f dus! + 
/ 
ro w—w wtwa 


X [2w(1—¢) +m? ][20(1+0)+y7]. (14) 


The function F,(w) has no singularities on the real axis 
between —@min ANd Wmax. Therefore in this interval it 
can be safely approximated by a polynomial. Such a 
function can be determined for positive w in terms of 
the phase shifts of nucleon-nucleon scattering. The 
polynomial fit of F,(w,c) gives a convenient check of 
the consistency of the different sets of phase shifts.° 
The polynomial thus obtained can be used in order to 
get the value of F,(w,c) at the location of the poles 
(those included between This leads 
to many possible determinations of f°. 


— @m in and Wmax)- 


(3) The Physical Meaning of the 
Extrapolation Procedure 


We now want to discuss in some detail the physical 
implications of our procedure and to compare them 
with the extrapolation proposed by Chew? for p-n scat- 
tering in order to examine what kind of physical in- 
formation is exploited in both cases. It has been stressed 
by Chew that the physical content of his method is 
simply that the interaction between two nucleons cor- 
responding to the exchange of one meson has a range at 
least twice as large as those corresponding to the ex- 
change of many mesons, and, more important, leads to 
a contribution to the scattering amplitude which is 
known exactly. Therefore the scattering amplitude for 
waves of sufficiently high angular momentum will be 
almost completely determined by the one-pion exchange 
amplitude. This fact follows easily from the Mandelstam 
spectral representation.‘ Let us consider, for the pur- 
pose of discussion, the amplitude ¢ of Eq. (11) for which 
a representation of the form (6) holds with 


B=0, C=/2M, (15) 
The dispersion relations with fixed s and variable / 
used by Chew are readily obtained by performing the 


integrations on §’ and s’, 
pM Pa 
st+i—4M?+p" 


1” dt’ : | peP-w-: d? 
4 f —@Q(s,t')+ f @(s,t’), (16) 
I alt TI _. f—t 


® Also in the work by W. C. Davidon and M. L. Goldberger 
[ Phys. Rev. 104, 1119 (1956) ] where use is made of the dispersion 
relations for the spin flip part of the pion-nucleon scattering ampli- 
tude in order to discriminate between the Fermi and Yang sets 
of phase shifts, the unknown contribution of the high-energy re- 
gion in the integral is approximated with a constant, whose value 
is determined by the low-energy experimental data. 


e(s,)= 
Sas 


AND 
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where @@® are unknown functions related to the 
analytic continuation of the scattering amplitudes in 
the unphysical region. In the c.m. system we can write 
Eq. (16) as 

f?M 


: +¥° Ci(w) Pil (17 
Q(1-+e) +e? 1<L 


€(w,¢) = 


where the coefficients C;(w) are not known (they arise 
from the expansion of the integrals on the cuts in par- 
tial waves and contain in addition the known contribu- 
tion from the deuteron term), but they should be 
negligible for / greater than a given L sufficiently large. 
The determination of f* is clearly based in Chew’s 
method, at least in principle, on the fact that, for />Z, 


one has 
+] +1 
f ewe) Puiode= f p(w,c)Pile)dc, (18) 
1 = 


where we have in the left-hand side for a given / an 
expression which can be determined from the knowledge 
of the experimental phase shifts, and on the right-hand 
side the known coefficient of the expansion in_ partial 
waves of the term 
f?M 
p(w,c) = (19) 
2w(1+c)+p? 


In practice, one multiplies the differential cross section 
by [2w(1+c)+ y? } and fits the experimental data with 
a polynomial in c=cosé in order to extrapolate to the 
unphysical value of c corresponding to the pole c= —1 
—yp’/2w: but in doing this the contributions to the 
phase shifts for /<Z arising from p(w,c) are lumped 
together with the contributions from the cuts, and are 
therefore not exploited for the determination of /f?. 
In our method one can write, from Eq. (12), 


A.(o) pM 1 


j= se ae 25 


wtwa 2w w(1++e)+u? 7 


1 @m in 2, ( ‘C¢ 
+ dw’ -———. 
, 
TS _ Ww —-w 


€(W,¢ 


This can be written as 


17% = Ime(w’,c) 
--f do)’ ee + 
ra w’—w 


= p(w,c) 


A,(c) 

wtwa 

+ ¥ Cilcjw'. 
i<N 


E(w,c)= €(w,c) 


(21) 


Now the unknown coefficients C,(c) derive from the 
expansion in powers of w of the integral on the cut from 
—*© tO —wWmin and are negligible for i>N if N i¢ 
sufficiently large. 

The determination of f? is now based, in principle: 
on the comparison between the coefficients of the ex 
pansion of E(w,c) in powers of w for i>N, and the 
known coefficients of the expansion in powers of w o 
the term p(w,c) with a pole at w= —y?/2(1+¢). 
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Therefore we can say that the Chew method exploits 
the information contained in the parts of the amplitude 
rapidly varying with the angle at a given energy, while 
our method exploits the information contained in the 
part rapidly varying with the energy at a given angle. 
Furthermore while the high angular momentum waves 
are important in Chew’s extrapolation, the low angular 
momentum waves contribute the most in our extrapola- 
tion. This can be easily seen if we notice that, at a given 
angle, say 90°, one has from Eq. (19) 


(0,0)= 2M /u2;  p(u2,0)=0.33/2M/n2; 


p(2u2,0)=0.20/2M /u2. (22) 


If one instead considers the s- and d-wave parts of 
p(w,c) (the p wave does not contribute at 90°) one has: 


M 40+ 
p.(w,c) = f?— in(= _ “), 


4w iT 


5M 
pa(wsc) =f? —(3e2— 1) 
16w 


Su Sue dwt?” ou 
x|(=+=+2) in )-o—— : 
4a” w Te w 


rom these expressions one obtains: 


3(0,0)= f?M/u?;  p.(u?,0)=0.402-M/p?; 
p.(2u2,0) =0.28/2M /u? 
pa(u2,0) = —0.08f2M /p?, 


pa(2p?,0) = —0.09 f2M /p?. 


24 
a(0,0) = 0: ( 


omparison with the corresponding results in Eq. (22) 
lhows that the lowest angular momentum waves ac- 
ount for almost all the energy variation of p(w,c), at 
past in the region of interest. 

In practice, as we have seen in Sec. 3, in our method 
e multiply E(w,c) by 2w(1+c) and fit the experimental 
ata with a polynomial in w. The extrapolation at 
= —yp’/2(1+c) of this polynomial will give /*M. 

The method described above will be the guiding 
rinciple of our applications. However, in the form 
ven by Eq. (14) the appearance of the integral on 

T creates a practical problem because such an in- 
gral requires a very detailed knowledge of the p-n 

ase shifts as a function of energy. In the next section 

e shall propose a simplified extrapolation method 
hich is closely related to the well-known effective 
nge theory. 


(4) The Effective Range Approximation 
We fix our attention on the singlet scattering ampli- 


de at 90°: 


1 
T ss(w) == > (2/+1)e* sind, P;(0). 
qg 


(25) 
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The dispersion relation is 


Mf? 1 ‘ Im7's5(w’) 
T ss(w)=— +-f ——————d,' 


, 
w—-W 


1 @m in Qs5(w’) 
+ f -dw’. (26) 
T r w’—w 


wt 


Let us consider the function 
1 


— (27) 
Ts5(w) 


g(w) = 


Equation (26) shows that g(w) has the following 
analytic properties: cuts between 0 and + and be- 
tween — 2 and —wmin and possibly some poles corre- 
sponding to the zeros of T(w). Finally we have: 

g(—2/2)=0, (28) 
g’ (—u?/2)=2/M f?. 

One can therefore write for g(w) the following 

representation : 

wf” Img(o’) 
g(w) = g(0)+R(w)+ f day’ 
To 


w’ (w’—w) 


> / 
Ww @®min p(w ) 
+ f de’, 
/ / 
wr _, w (w' —w) 


where R(w) is a rational function of w. 

The advantage of using Eq. (29) is that for small w, 
Img(w) can be evaluated. Indeed when the contribution 
from the s wave dominates in Eq. (25), one has 


(29) 


Reg(w) = q cotgé,, (30) 


Img(w) = —q. 


From the preceding discussion it follows that the 
function 


w ft” = g'do’ 
f(w)=g(w)+ 


TO 


(31) 


aw’ (w’ —w) 


apart for the possible appearance of poles, is analytic 
between —min ANd Wmax, @max being the value of w for 
which Eqs. (30) start being invalid. From the existing 
phase shift analysis we know that the s wave dominates 
in Eq. (25) at least up to 50 Mev. 

Let us now use these analytic properties in order to 
determine /?. Equation (31) tells us that on the real 
axis f(w) is given by 


f(w)=g(w) +A(a), (32) 


where 
dw) =0 
\(w) = — (—w)! 


w>Q, 
w<Q), 





CIN, FUSING, 


02 03 04 05 06 07 O8 


Ws 


/ 

Fic. 2. Blatt-Jackson straight line. —— Best fit of the 
experimental points together with the theoretical point at w 
= —y?/2 by means of a function of the form (34). 

On the other hand, using Eqs. (30) and (28) we have 
w>Q0 
f(—p?/2)= — (1/V2)u, 

f' (—w?/2)=1/V2u+2/M f?. 


f(w)=q coté, 
(33) 


Equation (33) shows clearly that an extrapolation of 
f(w) from w>0 to w= —y?/2 leads to a determination 
of f*. This program has been carried out using the data 
coming from low-energy proton-proton scattering. In 
Fig. 2 we have plotted the experimental values of 
q coté,"” shifted of a constant amount in order to 
account for the Coulomb corrections to the scattering 
length."' The solid line represents our best fit of f(w) 
giving: f?=0.11415%. 

The interpolating curve has been taken of the form 


f(w)=at+bwt+cw*/ (1+ dw), (34) 


a=0.06 and 6=0.97 are fixed by the low-energy points; 
c= —0.33 and d= 1.40 are determined by the theoretical 
relation f(—0.5)=—0.70 and by the high-energy ex- 
perimental points.” 

The reason for our choice (34) is that in this manner 
we are able to account rather well for the deviations 
from the Blatt-Jackson straight line of all the high 
energy experimental points and in addition of the theo- 
retical point at w=—y?/2 with only two extra pa- 
rameters. It is easy to see that it would not be possible 
to fit all points with a fourth order polynomial: this is 

 B. Cork, Phys. Rev. 80, 323 (1950). 

"J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 


(John Wiley & Sons, Inc., New York, 1952), p. 93. 
2 We have taken the pion mass as unity. 
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because the deviations from the straight line for posi- 
tive values of w are comparatively much smaller than 
for w= —0.5.T 

Our determination of f*, which is already of the good 
order of magnitude, has only to be considered as an 
illustration of the method since an accurate analysis of 
the energy dependence of the Coulomb effect is prob- 
ably necessary. However we feel that these corrections 
cannot change radically our result since the proton- 
proton and proton-neutron effective ranges agree rather 
well. 

The generalization of the method to other phase 
shifts does not offer any new theoretical difficulty: the 
essential problem is to find a phase shift analysis suffi- 
ciently accurate for our purpose. For example one can 
write a dispersion relation for 


d 
T ss‘ (w) = lim - T ss(w,c). 


cl dc 


At low w, T’(w) is completely dominated by the singlet 
p-wave phase shift. The very poor experimental data 
on such phase shift at low energy have been used for an 
independent determination of f*. We obtain the correct 
sign and order of magnitude of f°. 

The method outlined here has many formal analogies 
with the Chew low effective range approximation for 
pion-nucleon scattering. 

In that work the effective range plot gave an ex; 
trapolation of the p-wave scattering amplitude to its 
own pole. In our case the amplitude T(w) is a super 
position of all waves and its pole is due to the cumulative 
effect of all angular momenta. 

In our extrapolation we are helped by the fact that in 
a limited range of energy T(w) can be well approximate 
by keeping only the s wave contribution. However th 
curve of Fig. 2 is not an extrapolation of g coté, which 
would have much more complicated analytic properties." 


CONCLUSION 


The result of this paper confirms the meson theq 
retical point of view in the theory of nuclear forces 


t Note added in proof.—The experimental singlet wave phas) 
shift used for the extrapolation procedure has no real basis becaus 
it is derived by completely neglecting all p and d contribution; 
We thank Noyes for pointing this out to us. 

However, our theoretical prediction (34) can be used to dete} 
mine the low energy deviation from the shape independent ay 
proximation in terms of the well known pion mass and couplin 
constant. { 

Indeed the two shape dependent parameters ¢ and d are unique 
determined by the two conditions (33) for f(—y?/2). Therefo 
the use of information from meson theory predicts that at lo 
energy & coté, lies below the effective range line. | 

Noyes and Wong (to be published) came independently to tl 
same conclusion using similar physical ideas and a differet 
mathematical technique. 

It is somewhat satisfactory [MacGregor, Moravcsik, and Noye 
preprint (UCRL 5582-T)] that improved analysis of the da’ 
indicate possible agreement with the theoretical prediction. 

'8 It would have a branch point at w= —p?/4. 
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| Indeed our successful determination of f? together with 
the Chew result follow from the fact that the external 
part of the nucleon-nucleon potential is very well given 
by the Yukawa one meson exchange forces. 

The Chew extrapolation exploits the facts that the 
higher angular momentum waves are essentially given 
by the external part of the potential. Our effective range 
extrapolation uses the fact that the deviation of the s 
wave from the effective range straight line is also due 
to the external part of the potential. In both cases the 
effects coming from smaller distances are eliminated 
through the extrapolation procedure. 

The method proposed here can of course be applied 
to low-energy p waves. In the case of the singlet more 
accurate values of the phase shifts are needed. For the 
triplet (where the pp experimental data can be used) 
we hope that the proposed extrapolation, together with 
a further check of f? could help in selecting between the 
different sets of phase shifts. 


APPENDIX I 


We want to obtain dispersion relations along a 
straight line through the point (4M?,0) in the s, y plane. 


From Eqs. (3) we have 
l= (4M2—s)(1—c 
\ sdasllline (A1.1) 
8= (4M?—s) (1+c) 


Accordingly we write the denominators in the inte- 
grals of Eq. (6) as follows: 
aoa 
2 (4M? —s)(1—0), /2 
1 
nee innmnnnie, 
t'— (4M?—s')(1—c)/2 


'—1)(8’—8) 


1—c 
-|- ~(4M?—s)(1—0)/2._ 8’ — (4M2—s) (140), 
1 
= = a ae aaa “y 
# (1-0) —"(1+0) 


DISPERSION 
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1 1 


(s’—s) (8 ~3) 





(1+o) 1 
§ ¥—(4M2—s)(140)/2 
1 


Pap 
8 '— (4M?—s')( 1+e)/2 


s'—s 2 


Now one can easily see that, defining 


le dt’ ; 
ba(s=-f $+ -bis(s’,t’) 
my?’ — (4M*—s')(1—c)/2 


+f > “ ‘ o12(s’,3’), (Al.3a) 
we (4M2—s')(14+0) 2 


1(1i—c) 7” ds’ 


,(t' c) =—- —— ~$i: 
ee: ue U—(4M2—s'\(1—0)/2 


1 (1—c) ds’ 
~ ‘i —$2;(8',t’), 
oe wr i(1—-d —e( 1+c) 
1 (1+c) iz ds’ 
iM? ry —= (4M? —s’ 


$¢(3',c)= 
1 (1+c) 7% dt’ 
Eps . 
wm 2 Yq, 8'(1—c)—t’(1+¢) 


a(s’,t’) 


(A1.3b) 


$12(3',s’) 
\(1+c) 2 


o3(8’,t’). (A1.3c) 


gr 2 
Eq. (8) follows immediately. 
The integrals with vanishing denominators in the 


definition of zg and ®¢ can be safely defined as principal 
value integrals because 


~f Im ,(¢' ye)dt! 
al’ +(s—4M2)(1—0) 2 
-=(), 


1% — Imo(8',c)d8! 
TY 4y? i+ (s—4M?) (1 +0) /2 


Im® 4 (s’,c) =0. 


(A1.4) 


Furthermore 
(A1.5) 


Therefore 4, ®g, and ®¢ can be taken as real functions 
and we obtain 


®4(s,c)=ImG(s,c). s24M?,-1<¢¢e<K +1 (A1.6) 
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We investigate the effect of the hyperfine splitting of u-mesic atom ground states on the neutron asym- 
metry from muon capture in hydrogen, in deuterium, and in complex nuclei with spin which are treated by 
a one-particle model. It is shown that this can provide more information on the capture interaction than 
the neutron asymmetry from spinless nuclei. Muon polarizations and gyromagnetic ratios in the hyperfine 


states are also discussed. 


I. INTRODUCTION 


S Primakoff has pointed out,' u-mesic atoms of 
nuclei with spin exist in two incoherent hyperfine 
states. This creates a difference in the lifetimes of the 
two states, and an estimate of such an effect has been 
published.? Here we deal with those aspects of the 
hyperfine splitting which concern polarized muons. 
All such effects will be rather small, however, as the 
practically 100% polarized u- mesons from pion decay 
suffer an appreciable loss of polarization while cascading 
down to the lowest Bohr orbit of the mesic atom.** The 
hyperfine interaction in nuclei with spin depolarizes the 
muons further while partly polarizing the nucleons. 
This will be discussed in the following section,* as well 
as the gyromagnetic ratios in the hyperfine states. The 
last section treats the neutron asymmetries from muon 
capture, which differ even after averaging over the 
hyperfine states from those in the capture by spinless 
nuclei, due to the induced nuclear polarization. We 
study muon capture in hydrogen, deuterium, and in 
odd A, odd Z nuclei which are described, as in reference 
2, by the Schmidt model® of a spinless core and 
“outside” proton. These neutron asymmetries depend 
on Fermi and Gamow-Teller interference terms, unlike 
the asymmetries from capture in spinless nuclei.® 


II. POLARIZATIONS AND MAGNETIC MOMENTS 
IN HYPERFINE STATES 


Negative muons are strongly depolarized while 
cascading down to the K-shell of the mesic atom. This 
is caused by the spin-orbit coupling, the interaction of 
the muon spin with the shell electron magnetic moments, 
and—for nuclei with spin—the hyperfine interaction of 


1H. Primakoff (unpublished). 

2 Bernstein, Lee, Yang, and Primakoff, Phys. Rev. 111, 313 
(1958). 

3 Ignatenko, Egorov, Khalupa, and Chultem, Zhur. Eksptl. i 
Teoret. Fiz. USSR 35, 1131 (1958) [Translation: Soviet Phys. 
JETP 8, 792 (1959) ]. 

4M. E. Rose, Proceedings of the Gatlinburg Conference on Weak 
Interactions, 1958 [Bull. Am. Phys. Soc. Ser. II, 4, 80 (1959) ]. 

* Note added in proof.—Professor V. L. Telegdi kindly pointed 
out to us that he has investigated these muon depolarizations 
caused by the hyperfine, interaction: International Conference on 
Mesons and Recently Discovered Particles, Padua-Venice, 1957. 
Communicazioni, Padova-Venezia, 22-28 Settembre 1957. Pa 
dova, 1958. 

5 See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley & Sons, Inc., New York, 1952). 

®H. Uberall, Nuovo cimento 6, 533 (1957). 


muon and nuclear spin. The measurements for spinless 
nuclei indicate a remaining polarization of 14 to 20% 
depending on the target material.’ In nuclei with spin, 
the hyperfine coupling will further depolarize the muon. 
This is certainly the case in the ground state, whose 
width is Ayv~108— 10° sec as determined by the muon 
lifetime ; the hyperfine splitting? 

Avne= Avy (m,/m.)°2?~6X 108Z?, (1) 


(using Avyy= 1.4210 sec, the hyperfine splitting in 
hydrogen*), then assures existence of the mesic atom 
in two incoherent hyperfine states. For excited states, 
the widths are in general too large® to make this happen. 

The hyperfine coupling differs from the other de- 
polarizing mechanisms insofar as a muon spin flip will 
induce a nuclear spin flip; thus what is lost in muon 
polarization may be gained in nuclear polarization. 
This is well known from the Overhauser effect!®; we 
shall illustrate it for the ground state of the mesic 
hydrogen atom as follows. A muon with spin up, a,, 
can combine with an unpolarized proton to form the 
states aya», a8. Of these, the first one is an eigenstate 
of the total angular momentum, both spins remai 
constant in time. The second state is mixed from eigen 
states of zero and one total angular momentum, thus 
muon and proton spins precess around each other and 
the proton depolarizes. The average over both state 
results in 50% proton (and also muon) polarization. 

If the muon arrives in the K-shell with 100% polari 
zation in the z-direction, the populations of the hyper 
fine states characterized by F=J+}, Mr (J=nucleaq 
spin) are 

; +3 J—Mrt+3 
N,(Mp)=———__, N_(Mr) = ———__, 
(2J+1)? (2J+1)? 


normalized in such a way that 
F+1 
N=) Ni (Mr) =—_, 
Mr 2J+1 


J 
N_=)>> N_(Mr)=— 
Mr 2I+1 
7N. F. Ramsey, Nuclear Moments (John Wiley & Sons, Inc 
New York, 1953), p. 10. 
8D. Halliday, Introductory Nuclear Physics (John Wiley & Sons 
Inc., New York, 1955), second edition, p. 379. 
® G. R. Burbidge and A. H. de Borde, Phys. Rev. 89, 189 (1953 
1 A. W. Overhauser, Phys. Rev. 92, 411 (1953). 


’ 


1640 





CAPTURE. OF 
and N,+N_=1. The subscripts + refer to F=J+3. 
The muon polarizations are after averaging over the 
substates using (2): 


— 12S43 
(S:O,)4.=- oe (s-g,) 


32J41 


iZJ~{ 


=-——, (4) 
3 2J+1 


(s is a unit vector in the z-direction) ; finally the muon 
polarization averaged over both hyperfine states is 


1 
S:o,)o= V4(8:o,)4+\N_(s:o,)-= [s+ 
3 


2 
BI | 


his is } for /=}, as mentioned above; it is 3} for J>1, 
4s we can see from a simple classical argument: only 
he component of o, along F, as the time average of o,, 
-an be observed, and all directions of J are possible for 
un unpolarized nucleus. Thus for J-x, (s-e,)o 

(cos? 6)= 4. Only between 3 and 4 of the muon 
solarization is preserved in the ground state due to the 
yperfine coupling, but possibly more if the hyperfine 
states are taken separately. 

In the foregoing, we assumed no appreciable relaxa- 
ion between the two hypertine states (which would 
hpset the distribution of population (3), valid at the 

oment of arrival of the muon in the A-shell). In 
eneral, nuclear relaxation times are indeed long com- 
bared to the muon lifetime. For hydrogen and deu- 
erium however, transitions to the lowest hyperfine 
vels should be induced rapidly by collisions of 
olecules." Our treatment of muon capture by hydro- 
en and deuterium in the following section, using (3), 
as therefore to be accepted cum grano salis, remem- 
ering that in practice all the population may be con- 

ntrated in the lowest hyperfine level (except possibly 

r very rarefied gaseous targets). 

The magnetic moments of the two hyperfine states 


e 
2J—1 J+1 
memmetus, w= -——(n-——ww), (6) 
2J+1 J 


written in terms of gyromagnetic ratios y=u/F: 


1 J+41 
(.- uv), ( 
JI+3 : 


here w,, wv are the magnetic moments of muon and 
cleus. The gyromagnetic ratio of a free muon is 
=2y,. If the mesic atom is exposed to a magnetic 
ld H Ls, as in the experiment of Garwin ef al.,"* the 
o states will precess with different frequencies 
.=74H. This could be checked by observing the 


HLS. S. Gershtein, Zhur. Eksptl. i Teoret. Fiz. U.S.S.R. 34, 463 
1.993 (1958) [translations: Soviet Phys. JETP 7, 318 and 685 


wi , Lederman, and Weinrich, Phys. Rev. 105, 1415 
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emission asymmetries of the mu-decay electrons, which 
also precess with these frequencies. 


III. HYPERFINE EFFECTS IN NEUTRON 
ASYMMETRY FROM MUON CAPTURE 


Due to parity violation, neutrons from capture of 
the muon by a proton in the nucleus may show an 
angular distribution asymmetric around the muon spin 
direction.*'*® As far as capture in hydrogen, deu- 
terium, and other nuclei with spin is concerned, the 
calculations have ignored the presence of the hyperfine 
splitting. In the following, we shall investigate this 
effect. 

Neutron asymmetries can be measured with the 
muon spin kept fixed, which will give a result corre- 
sponding to ah average over both hyperfine states. 
Alternatively, a precession experiment” may be used 
which permits a determination of the asymmetries from 
the two states separately; this will be of interest too, 
as the separate asymmetries are quite different from 
each other and from their average. 

To work out the theoretical values, we use the non- 
relativistic form of the Hermitian conjugate of Lee and 
Yang’s Hamiltonian,'® divided by v2 and with e 
replaced by uw; an effective pseudoscalar coupling!’ is 
included in first nonrelativistic approximation,'® as- 
sumed to be caused by virtual pion effects. A further 
hypothetical effect of virtual pions, which was postu- 
lated by Gell-Mann" to explain the absence of renor- 
malization in vector interactions, will not be considered 
here. 

Further notations to be used are 


Gr=Cst+Cy, Gr’ =Cg'+Cy’, 
Ge=CrtCa, Gol =Cr7’+C4', (8) 
Gp=Cpp /2M, Gp'= Cp'i/ 2M, 


with > the average momentum of the emitted neutrino, 
and M the nucleon mass. 

We shall introduce the density matrix of a muon- 
proton system for the situation that the muon is in 
the ground state of a mesic atom consisting of two 
incoherent hyperfine levels, and the proton having no 
polarization at the moment of arrival of the muon in 
the K-shell. Written down generally for any of the 


18 Shapiro, Dolinsky, and Blokhintsev, Nuclear Phys. 4, 273 
(1957); L. Wolfenstein, Nuovo cimento 7, 706 (1958). 

44 E. I. Dolinsky and L. D. Blokhintsev, Zhur. Eksptl. i Teoret. 
Fiz. U.S.S.R. 34, 759 (1958) [translation: Soviet Phys. JETP 7, 
521 (1958) ]; B. L. Ioffe, Zhur. Eksptl. i Teoret Fiz. U.S.S.R. 33, 
308 (1957) (translation: Soviet Phys. JETP 6, 240 (1958) }. 

15H. Uberall and L. Wolfenstein, Nuovo cimento 10, 136 (1958). 

16 T. D. Lée and C. N. Yang, Phys. Rev. 104, 254 (1956), Eq. 
(A.1). 

17[,, Wolfenstein, Nuovo cimento 8, 882 (1958); M. L. Gold- 
berger and S. B. Treiman, Phys. Rev. 111, 354 (1958). 

‘8 The minus sign given to the pseudoscalar interaction term 
in Eq. (2) of reference 15 should be changed to plus. Furthermore, 
the last two figures in column D of Table I in the same paper 
should read —0.560, — 1.000 (instead of —0.628, —1.124), and 
the last figure in column Do should read —1 (instead of — 4). 

‘9M, Gell-Mann, Phys. Rev. 111, 362 (1958). 
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hyperfine states or their incoherent mixture, we find 


p= 1N[1+e,-0,)e,-0, 
+(s-@,)8- (o,+(e,°op)e,) |, (9) 


where \ is the probability of the state under con- 
sideration, [Eq. (3) ], and (s-e,), [Eqs. (4), (5)], and 
(¢,°@,) are expectation values of polarization and spin 
correlation, respectively. 

Considering the capture in hydrogen, we use 
(Op Oy) s.= i, (Gy°o,)_= 3, (8-0,)4= 3, (S-o,)- =0, 
assuming an initial 100% polarization of the muon. 
The transition probability is then obtained from p by 
the substitution 

1 —> d, =4(arprt+3aga—2 Re agp), 
4o,°0, — b, =4(2 Re arg—2agq@ 

ma 2 Re arp+4 Re agp), 
c=}(—bert+bact2 Re bap), 
d=}3(—2 Re brg—2bagt2 Re brp), 


(10) 
8:0, — 8:dC, 
8:0, — 8-dd, 

where 


Gim=GiGm*+GiGm'*,  bim=GiGn*+GiGn'* ; 


9 is a unit vector in the direction of the neutrino 
momentum. Terms quadratic in Cp have been dropped. 
We introduce a quantity /, for the two hyperfine states, 
which is proportional to the capture probability, and 
so defined that J,+/_ coincides with Jo given by 
Wolfenstein."* The angular distribution is written as 
1—A,s-, or as 1—As-f after averaging over both 
states (p being the momentum of the emitted neutron, 
and f a unit vector in its direction). We then obtain: 


1, =3(arr+2 Re apgt+aga— 4arp— faep), 
I_=}(apr—6 Re apgt+9agGt2 Re arp—6 Re agp), 
Io=3(arr+3acgg—2 Re agp), (11) 


(8/3)1, A,=—- 2 (bprp+2 Re bratbeae 
—2 Re byp—2 Re bgp), 
{_=0, (12) 


219A = —43 (bye +2 Re bratbaa 
—2 Re byp—2 Re bap). 


The singlet state asymmetries A_ are zero because of 
the vanishing muon polarization. Table I gives [4, J 


TABLE I. Capture probabilities and neutron asymmetries from 
the different hyperfine states in hydrogen, for various coupling 
types; A,=asymmetry from triplet state, A_=asymmetry from 
singlet state, A=asymmetry averaged over both hyperfine states, 
Ao=asymmetry without hyperfine interaction. 


Coupling I 1 


Pr 3G? 1G 
G iC (9/4)G? 
F+G 3G G 
F-—G 0 4 
F—(G+P) 0 2(2-x)C 
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and the asymmetries A, (triplet), A_, A (average) and 
Ao (without hyperfine effect) for right-handed two- 
component neutrinos (for left-handed two-component 
neutrinos, all asymmetries reverse sign) and couplings 
pure or mixed with equal weights; we call Gp/Gg=x, 
= +0.475 for Cp=9G."" Owing to the F, G interference 
terms present, we now get a difference in the asym- 
metries for F+G and F—G (in contrast to Ao); but 
for F—G, there is no capture in the triplet state, so 
that A=0, a result which is not changed by the effective 
pseudoscalar interaction (at least if terms quadratic in 
Cp are neglected). This is again in contrast to Ao. 

For capture in deuterium, we neglect again relaxa 
tions of the hyperfine states and initial nuclear polari 
zation. The notation of reference 15 is used throughout 
The density matrices are explicitly : 


p= 8{$(3+0,-0,)+20,: (0,+0,) 


+ (1/18)s-[5(¢,+0,+0,)+0,(0,°¢n) 
+o,,(6,°0,)+0,(0,°¢) }} 


p-= {72 (3+0p-Gn)— GO, (Op +n) 
+(1/18)s-[—(¢,+¢,—436,)+0,(0,- on) 
O,(Fp° Gn) } 


+¢,(o,:¢))— 


and with their help, we find the following captur 
probabilities and asymmetries : 


T= 3{arr+2 Re apgtaga—}% Re arp 
—2 Re aep lu, 
= Marr] a—4 Re arelutage(4lut3lis) 
+4 Re appl .—} Re aar(4lut3le)], (12 
= Apr] ytpage(WutT..)—}% Re aep(Qutlas), 


(5 9)[brr+2 Re bratbac 
—2Re bpp—2 Re bar Mil, 
_A = aL berlin’ —4 Re brolu! 
+ beg(4ly/—97 45’) +4 Re bepl i’ 
—2 Re bep(4T un’ —3] 55’) J, (1: 


[yA = (1/27) [1 berl +16 Re bre] u! 
+beq(141,'—97,,/) +16 Re brpl 11 
+2 Re bep(14T un’ — 3,4’) ]. 


In reference 15, /;; and J;;’ were evaluated as functio 
of the neutron energy, taking into account interactioy 
between the final two neutrons. Their indices 7=s 0 
correspond to singlet or triplet states of the outgoi 
neutrons. Some general features of the results may | 
discussed : 

(1) For pure Fermi couplings (no spin flip), on 
final triplet states occur. The /,, 7~ have the Fer 
shape (Fig. 1, reference 15) with weights 4G°, 3G”. T 
d of Eq. (10), factor of the proton polarization, vanish 
for pure Fermi interactions, thus the asymmetries A 
A_ and A are the Fermi curve (Fig. 2, reference 1 
multiplied by just the muon polarizations (s-o,), whi 
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are 5/9, 1/9, and 11/27, respectively. (Right-handed 
two-component neutrinos will be assumed always.) 

(2) For initial quartet states, F=J+ 4, only final 
triplet states occur. Thus, /, and A, have the Fermi 
shape independently of coupling type (except for 
F—G, F—(G+P), where /,.=0). 

(3) The exclusion principle enhances final singlet 
compared to triplet states. This is the case mostly for 
neutrons of 1 to 3 Mev,!® and if in Eqs. (12) and (13), 

e set J4I,,, we obtain A_=A=}I,,!/I,)'=—} in 
this energy range, for all except pure Fermi couplings, 
in good agreement with the calculated values. For 
energies above ~6 Mev, however, the results are better 
estimated by setting 


Tel =D e8 = — 3X La=L sc). (14) 




















18 
E (Mev) 


Fic. 1. Neutron spectra for both hyperfine states (+) and their 
m (0) for F+G and F—G coupling, normalized by using the 
ermi coupling constant of 8 decay, G=1.41X10~* erg cm’. 


Of most immediate interest will be, however, to 
pint out the new features brought in by the hyperfine 
blitting effect, as compared to the treatment!® where 
e hyperfine interaction was left out. The first result 
again a difference between /+G and /—G couplings, 
ustrated by Figs. 1 and 2. In the former case, J, 
ps the Fermi shape and is smaller than J_; A, is also 
ven by the Fermi curve [factor (5/9) ], and A_, A 
e approximately — 25% for E~2 Mev, and —20%, 
20%, respectively for E 26 Mev. In the F—G case, 
=0 (even if an effective pseudoscalar coupling is 
Hded), and A_=A is ~—25% for Ex 2 Mev, zero for 
26 Mev. The average spectrum /» is the same for 
bth cases and for the situation without hyperfine 
teraction. 

Another striking new result is that an effective pseu- 
bscalar interaction added to F—G does not appreciably 
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Fic. 2. Asymmetry parameter A for both hyperfine states (A ,) 
and its average (A) vs neutron energy E, for F+G and F—G 
coupling using two-component theory with right-handed neutrinos. 


change the asymmetry in Fig. 2, contrary to the old 
results (reference 15, Fig. 3) where the pseudoscalar 
was very important, especially in the 1 to 3 Mev region. 
We note in this connection that A_ and A are still 
~ —25% here, in spite of the small muon polarization 
(§ for the doublet state!). The proton polarization 
(—2/9 for A_) adds on to that of the muon, and the 
relative largeness of the asymmetry is therefore due 
predominantly to the proton polarization. The unim- 
portance of the pseudoscalar in this energy region is 
then clear by observing that the coefficient of the proton 
polarization, d of Eq. (10), has no GP interference term, 
only an FP one which is unimportant here. 

Last, we shall consider muon absorption in odd A, 
odd Z nuclei, using the same model as in reference 2, 
namely a spinless core and an odd outside proton which 
is responsible for all the nuclear spin. Capture by a 
core proton will then result in a neutron asymmetry 
similar to that in a zero-spin nucleus,® and capture by 
the odd proton will resemble more the capture in 
hydrogen discussed above. For an odd A, even Z 
nucleus, this model would give the same asymmetry as 
for a spinless nucleus. To utilize the density matrix (9) 
for the capture by the odd proton, we first calculate 
the muon-proton spin correlation with the proton in a 
state of nonzero orbital angular momentum. If F=J+}3, 
J=nuclear spin= 1+}, L=odd proton orbital angular 
momentum, we find 


J(J+1)—L(L+1)+3 
J+1 


(O° Op).= 


’ 


J(J+1)—L(L+1)+3 
J , 


(o,°Gp)-= — 


This vanishes when averaged over the hyperfine states ; 
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however, the last term in the density matrix averages to 


((s- a, Xu" Fp))o N (8° O,) Ou" Fp); 


+N_(s-o,)(o,° op) 


ASIAN) -LL+N) +4 


~--- (16) 
3 (2J+1)? 


therefore, a certain proton polarization remains even 
after averaging. 

Adding the odd-proton and the core contributions 
together, we find the following expressions for the 
relative capture probabilities (defined such as to coin- 
cide with the hydrogen results for L=0, Z=1): 


J+1 
/ [2+ 


1 ee 
4+ 


| af J+1 
] 1 J(J+1)—L(L+1)+3 
[_= |e - —__—— i} 
2J+1 a J 
Io=a; 
and for the asymmetries: 
2J+1 


IH1 


+Ay 


ae 
> J+1 


=P 


——f esate nmi! 
c : a}, 


"3 2I+1 
2T+1 
oe 
J 


1 J(J+1)—L(L+1)+3 
=P ———— ‘| 


e2J— | 
- ae 
32J+1 ' J 


- € 7 
T.A=P, [i+ 
3 (2J+1)? 


2+ (2J+1)? 


4 J(J+1)—L(L+1)+3 


Here, P, is the muon polarization at the moment of 
arrival -in the K shell, Z’=(Z—1)&+1, and we intro- 
duced two quantities £, ¢, which are functions of the 
energy E of the emitted neutrons: £(/) is the ratio of 
muon capture probability by a core proton to the 
capture probability by the outside proton, the difference 
being caused by a difference in phase space and mainly 
by the exclusion principle. It can be estimated by 
treating the problem with a Fermi gas model,® or from 
Primakoff’s formula for muon capture,”° and is found to 

*” H. Primakoff, Revs. Modern Phys. (to be published) ; quoted, 
e.g., by J. C. Sens, Phys. Rev. 113, 679 (1959), Eq. (5), or by 
Astbury, Kemp, Lipman, Muirhead, Voss, Zangger, and Kirk, 
Proc. Phys. Soc. (London) 72, 494 (1958), Eq. (2). 
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be €~0.20 to 0.25 if the odd proton can be treated as 
free, somewhat larger if the odd proton is also appre- 
ciably influenced by the exclusion principle. The func- 
tion «() is defined for capture in nuclei by 


1+As-i=1—eds-f, 


and represents a “smearing-out” of the neutrino asym- 
metry as reflected by the neutron asymmetry, this 
being caused by the proton motion in the nucleus. It is, 
estimated from the Fermi gas model® as 0.7 <¢e < 1.0, 
going up for the more energetic neutrons which repro-, 
duce the neutrino asymmetry more exactly. 

Formulas (17) express the hyperfine effect on the. 
lifetime as discussed by Bernstein ef al.,? and (18) th 
effect on the neutron asymmetry. They show essentially, 
a mixing of the asymmetries caused by polarized muons 
only (determined by c/a), and by polarized protons 
only (determined by d/b), with ‘‘weights” Z’ and 1. 
The interesting fact is again a distinction between the 
cases F+G and F—G; the asymmetries vanish for the 
latter interaction type, whereas for the former case. 
-=0 (and b=0), so that the asymmetry is essentially 
determined by (d/aZ’), =1/Z' for right-handed two. 
component neutrinos. 


IV. DISCUSSION 


We pointed out the existence of the hyperfine 
splitting effect on the neutron asymmetry, as it hac 
been left out of consideration in all earlier papers ot 
this subject. An obstacle for any experimental veri 
fication is unfortunately presented by the small re 
maining polarization P, of the muon as it reaches th 
K-shell. Our discussion of muon capture in hydroges 
and deuterium wants only to show the intrinsic size 0 
the effect rather than to suggest an experiment, f 
which the small capture rate would at present be pre 
hibitive. The place where measurements could b 
attempted are light nuclei (because of the factor 2’ 
of d), with an aim to see the d-term. This can be do 
in two ways. First, one might compare the asymmetr 
Ao from a spinless nucleus with A from a nucleus whic 
differs from the former one by possessing an additioné 
proton. An example would be O'* and F"’, the latt 
nucleus having J=4 and lying almost exactly on t 
L=J—4 Schmidt line. One should first check t 
reduction of muon polarization in the fluorine (expect¢ 
} of that in oxygen) by measuring the decay electro 
asymmetries, then compare the neutron asymmetrie 
For F+G coupling, e.g., Ao should be zero, b 
A/3P,e~30%. The second way is to compare Ay a 
A_ in the same nucleus, using a precession experime 
If we take, e.g., B' with J=3, L=J—}, the muq 
polarization ratio (3 : 1) in the +, — states could | 
checked using the decay electrons, then the 44, / 
compared. These should show opposite signs if F++ 
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coupling applies, and for the B" case would be of the 
order A,/Pye~22%, A_/Pye~ —12%. 

The actual coupling, even if all weak interactions are 
universal, will be neither F—G nor F+G, but the Fermi 
and Gamow-Teller couplings are expected to be dif- 
ferent owing to pion renormalization effects, similarly 
as in B decay. Moreover, relativistic effects can cause 
appreciable deviations from the nonrelativistic for- 
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mulas, especially in complex nuclei, and of course the 
applicability of the Schmidt model may be questioned. 
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A model of a linear harmonic oscillator in the general theory of relativity is examined. It is based on a 
classical model of a point mass vibrating harmonically about the center of an ideal liquid sphere. The motion 
is no longer harmonic. However, to a first approximation, it is still harmonic, but the period of vibration 
depends both on the amplitude and on the curvature of the space. Both quantities tend to slow down the 
motion. In the limiting case of flat space, the classical frequency is again restored. 


I. INTRODUCTION 

HERE is no unique way to define a harmonic 
oscillator in the general theory of relativity. The 
efinition depends upon the physical properties of the 
assical oscillator we wish to preserve in the general 
eory. One possibility is to define a suitable potential 
ergy which in the limiting case of flat space becomes 
Hentical with the usual harmonic potential. In any 
ase, the equations of motion must become identical 
ith the classical equations in the limiting case. Our 
proach is based upon the following observation. It is 
ell known that, in Newtonian mechanics, a small mass 
brating under gravity about the center of a sphere 
bmposed of an ideal liquid will execute a simple 
hrmonic motion. We are thus led to investigate how a 
ass point will move in the same medium if the curva- 

re of the space is taken into account. 


II. THE EQUATIONS OF MOTION 


In a stationary system of spherical symmetry, the 

prid line-element can be written in the form! 
ds?= godt?— g,dr’—r* (df’+sinYd¢"), (1) 

ere go and g, are functions of r only. We shall put: 


2=y, 


t3= ¢@. 


x=, 
M=7, 
The nonvanishing Christoffel-symbols are 
(3a) 


3 Poo! = £0, (2g), (3b) 


Hans Bauer, Anz. Akad. Wiss. Wien, Math.-naturw. Kl. 
ber, Abt, IIa, 127, 10 (1918). 


Po°= £0, (2g0) ) 


l= gy’ (21), 
Py9'=—r 81, 


I"33!= may sin*y £1, 


I'33"= — siny cosy, 
r13°=1/r, 
I'o3°3= coty. 


(Primes indicate derivative with respect to r.) 
The equations of motion of a point mass are 


d*x' 
ds? 


dr dl 
- Too! (= 
52 


d: ds 


or p 3 ’ Rd dy 
13 y | " 
ds ds 


s. = (). 
ds ds 
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Since we are interested in the linear oscillator only, 
we set Y=constant and g=constant and obtain 
d*t dt dr 


+219," =(), 
ds? ds ds 


d’r dl\? dr\? 
ae +rw(=) + rsi(~) =0. 
ds? ds ds 


Upon substitution of the terms (3a), (3b), and (3c) 
into Eqs. (6a) and (6b), the following expressions result : 


(6a) 


(6b) 


dt gy dtdr 
=(), (7a) 


+ ‘ 
ds* £0 ds ds 


d*r go fdt\* gi’ sdr\? 
+—{ —) + ( -) =0. (7b) 
ds? 2g,\ds 2g, \ds 
We shall apply these equations to the interior of a sphere 
of an ideal liquid with the constant density 6. Von Laue’ 
has shown that in this case 
go= 4c?(3 cosd.—cos6)?=}CF?, 
(F=3 cos@,—cos6), 


(8a) 


and 


gi=1/cos’6, (8b) 


where c= velocity of light in flat space, @= arc sin(r/R), 
6,=arc sin(a/R), y= value of 6 when d0/dt=0, R=c(3 
8mrkd)'= (3/H»)', 6=density, k= Newton’s constant of 
gravitation, a= the maximal value of r, i.e., the value of 
r on the surface of the sphere, and Ho= Riemannian 
curvature scalar at center of sphere. 

For the sun,’ a<R, viz. a=6.95X10" cm, 
X 10" cm, a/R=2XK10~. 

It should be remarked that the “physical radius” of 
the sphere is not equal to a but to R@,, since the radial 


R=3.5 


line element is 
dp= (g:)'dr=dr/cosé= Rdé, (9) 


and the radius is therefore 


_— We livya\? 
f dp=Rf do~ Ro,=a{ 1+ (~) 
b=) 0 O\R 
3 en" 
co 
40/7 \R 


Thus for the sun, we can approximately put 


R0,=a. (11) 


2M. von Laue, die Relalivitiitstheorie (F. Vieweg und Sohn, 
Braunschweig, 1921), first edition, Vol. 2, p. 234, Eq. (239). 
3 See reference 2, p. 232. 
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Since 
dr drdlt 


ds dids 


dr drdt drsdty? 

ds? dtds* d?\ds 
the term d’t/ds* can be eliminated by combining Eqs. 
(6a) and (6b) and we finally obtain the result 


d’r go. dr\? 
{Eu 
d? L go dl 


d’r [* 1“) g0 
dt? Lygy 2gd\atF 2, 


go gi’ = 3 tandLcos8—cos6, | 


and 


£0 22) FR cos 


gv °F sin® cosé 
2g 4R 


Therefore, Eq. (15b) takes on the form 


G73 (=) CF sin cosé 
=——— ——4§ — } ——___——. 


dt? FR cos6 dl 4R 
It is convenient to introduce @ in place of r and 


indicate time derivatives by dots: 


dr drdé 
r=—=— —=R cos, 
dt dédt 
ad’r : 
*=—=R cos0é—R sinéé?. 
dt? 


The equation of motion becomes 


— 2sinde @F 
"anneal" (1 
F 4R? 


This equation is highly nonlinear. If we take t 
limiting case of small velocities, i.e., neglect @ and a 
replace sin@ by @, cos@, and cos@ by 1 (i.e., consider or 
motions near the center of the sphere), the classi 
equation of motion 


6= — (c?/2R°)0 ( 


is recovered. Its solution is a simple harmonic mot 
with the angular velocity wy where 


wy = 6/RV2= (4k /3)?, 


wo is precisely the classical value as given by 
Newtonian theory. 





MODEL OF LINEAR 


The integral of Eq. (19) is 
v2 


HARMONIC OSCILLATOR 


(3 cos@,—cosy)dw 





This integral cannot be evaluated in closed form, 
except for small values of y and 6,. In this case the 
integrand can be expanded in powers of 6, and y. If we 
retain no higher than second order terms, the integral 
reduces to 

. , 
p=hsinay t, 


(23) 


where p= R@ is the “physical distance” and /= Ry is the 
“physical” amplitude and 
wo 
wo! =——_—. (24) 
1+h?/8R? 

This is a simple harmonic motion. The frequency, 
however, depends both on the amplitude and on the 
urvature of the space. (The effect of the latter is a 
‘red-shift.’’) 


III. CONNECTION WITH THE CURVATURE 
OF THE SPACE 


It is interesting to correlate the results with the 
Survature of the space. The Riemann curvature scalar H 


H=¢""G,», (25) 


Was Pal ye" 


0? Iny/ (—g) 0 Inv/(—g) 


uy ’ 


Ox,OX, OXa 


6 
t= f - enterieniecnentiien, (22) 
wo%o (3 cosd,—cosw)[ (cosw—cosy) (6 cosé,—cosy—cosw) }} 


g is the determinant of the g,,. In our case a lengthy but 
straightforward computation shows tha. 


H= gGootg'Giutg"Go2t "G33, (27) 
where ~ 
2" Goo= —3 cos6/ RF, (28) 
and 
"Gi = 2"Goo= g¥G33= (2F —cos0)/ RF. 
Hence 
H=6(F—cos6)/R?F. (30) 
For small valies of 6 and @,, where cos@~cosé,~ 1, 
expression (30) reduces to 


Hy=3/R’. (31) 


The frequency wo’ can therefore also be written in the 
form 
; wo 
a e—_—— P (32) 
1+h°Ho/24 


Thus, both amplitude and curvature tend to slow 
down the vibration. In the limiting case of flat space 
(H=0) we obtain again the classical frequency wy». 
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The related problems of A beta decay and K,» decay (via a A-antiproton loop) are studied. Dispersion 
techniques are used to calculate the vector (axial vector) Fermi interaction coupling constant from the 
known Ky,» lifetime and reasonable values of the strong coupling constant for the scalar (pseudoscalar) 
K case. Each weak coupling constant is then used to place a lower limit on the A beta-decay branching 
ratio with the result that the limit with a pseudoscalar K is more than one order of magnitude smaller than 
that with a scalar K meson. The present meager experimental information is essentially consistent with 
either K parity, for the observed branching ratio is approximately equal to the lower limit predicted for 


the scalar K case. 


E report here on a study of the related problems 
of A-hyperon beta decay and KA,» decay using 
dispersion techniques developed recently by Goldberger 
and Treiman for application to 7 decay.' The model 
adopted is that of a K meson (say of negative charge) 
dissociating into a A-antiproton pair, which then 
annihilates into a muon and antineutrino via Fermi 
interactions. Of course other intermediate states con- 
tribute,” but the A-antiproton state is taken as repre- 
sentative of the baryon pair contributions. We assume 
that the weak-interaction Lagrangian contains only 
direct Fermi couplings of the vector and axial-vector 
type and, in addition, that it is symmetric in muon 
and electron fields. The K decay rate depends on the 
parity of the K meson relative to the A-antiproton pair ; 
moreover, from the structure of the weak vertex inter- 
action, the K decay rate can be related to the A beta- 
decay branching ratio. 
The matrix element characterizing K decay can be 
written 


(u,v| K)=(0) py| K)tuyn A +ys)vb(px—py— pr), (1) 


where 
(0 da K)=F(—mxk’*)(px)a, (2) 


and F(—mx’) is the effective coupling constant for K 
decay. With the weak link thus exhibited, we see that 
only a vector-type current will contribute to scalar A 
decay, while only an axial-vector-type current con- 
tributes to pseudoscalar K decay. 

For A beta decay, the corresponding matrix element is 


(e,v,p| A)=([(p! jx” | A)+1(p| jx4| A) J 
X ten (1 +75)v,5( pa =—)—9),—)P,), 
where 


(p| jx” |A)= a, Leyn,—di(pa— p),—d'i (pat p)r ]uea, 


(p| jr4|A)= ap Laiynys—bys(pr— p)r 
—b'ys(patp)r lea, 


1M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 
(1958). 

2 For a discussion of the complication introduced by considering 
two-baryon pair states for the pseudoscalar case, see the accom- 
panying paper by B. Sakita [Phys. Rev. 114, 1650 (1959) ]. 


and the form factors are functions of momentum 
transfer: =(p,—p)*. It is evident that the stron 

interactions serve to introduce some effective scalar, 
pseudoscalar, and derivative-type couplings into the 

matrix element in addition to the ordinary vector and 
axial-vector couplings found in the Lagrangian.* Wit 

the assumption that the form factors are essentially 
constant over the range of energy-momentum transfe 

found in A— p+e+? decay, the decay rate calculated 
from the above by neglecting the electron mass is te 
a good approximation 


1 
WW, = ——mam'a{ [02+ 2(my+m)cd’+ (my+m)?*d’?] 
167° 


+3[a?+0.67 (ms —m)ab’ +0.25(ms—m)*b'?)}, 
where 
= $4(2x?—5)(x?—1)'+1n| x+ (x2?- 1)3!, 
(my?+m?) /2mam. 


Of course, for A— p+yu+o decay, the muon mas 
cannot be neglected, and terms in b and d (which ar 
proportional to the lepton mass) will also occur. 

As is well known, if one considers only the couplin 
constants c and a and sets them equal to those appearin 
in ordinary beta decay, the A beta-decay branchin 
ratio should be about 1.6%.‘ The latest experiment 
evidence,® however, includes only 2 such events amo 
an estimated 1529 effective A decays obtained by t 
Berkeley, Brookhaven, and Livermore groups. 

We now turn to our model for K decay. Since t 
dispersion calculation for the K decay rate is quit 
similar to that for x decay, we shall omit details and f¢ 
simplicity illustrate the method by means of dispersic 
diagrams. The adopted model can then be represente 
by Fig. 1(a), where, as indicated by the omission of 


3M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 34 
(1958). 

4R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 1 
(1958). 

5 F. S. Crawford ef al., Phys. Rev. Letters 1, 377 (1958); 
Nordin et al., Phys. Rev. Letters 1, 380 (1958). 
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point interaction, we suppose that no subtraction is 
required in the dispersion relation for F(£). For the 
case where the K meson is scalar (pseudoscalar) with 
respect to the A and proton, which by convention are 
taken to be even, the A-antiproton intermediate state 
is a *Po (1So) state. 

The strong vertex is also treated by dispersion 
methods with only the A-antiproton intermediate state 
considered, according to Fig. 1(b). The vertex function 
is, therefore, expressed in terms of the strong-coupling 
constant and the amplitude for elastic A-antiproton 
scattering in the *Po ('So) state for the scalar (pseudo- 
scalar) case. 

Finally we apply dispersion techniques to the weak 
vertex which is related to A— p+y-+? decay. Of the 
possible intermediate states, we consider the single K 
state in addition to the A-antiproton pair state as in 
Fig. 1(c). Subtractions are made in the dispersion 
relations for c(£) and a(£). We assume that no sub- 
tractions are needed for the other form factors, but the 
systems of coupled integral equations are most easily 
solved by combining the form factors in the same 
manner in which they appear in the K decay amplitude; 
in order to do this, subtractions must be made on d’ 
and b’. Note that the form factor for K decay appears 
in the single K intermediate state. From this discrete 
state only b and d receive contributions given by® 


. atin (My 
gsS=m,d(§)= —GSFS(—mx?)- 4 
E+mx°* 


mM, 
gp? =m,b(t) = —G?F?(—mx?)—— 


E+mx? 


We now put all the pieces together and find for the 
decay rate: 


1G. 1. Dispersion diagrams of the models adopted for (a) K decay, 
(b) the strong vertex, and (c) the weak vertex. 
6 We use superscripts S and P to indicate that the choice 
calar K or pseudoscalar K has been made explicitly. 


MESON 


AND A sB-DECAY 


t. fmer* My 
ex=—(— ) me[i-(“ 
1674 \\mx Mk 


G J(—mk’) ; 
iat i en ee ie 
4e  |1+(G*/4r?) J (—mx’)| 


where 
C= (ms—m)(ct+(ma+m)d'], 
= (my+m)[at+ (ma—m)b'], 


and J(—mx’) is an integral involving the appropriate 
elastic A-antiproton scattering phase shifts. As in + 
decay, the hope is that the strong-coupling constant is 
effectively large enough so that the decay rate is 
essentially independent of these phase shifts.' The 
coupling constants d and 6 do not appear since they 
have been expressed in terms of F(— mx’) itself. From 
the experimental Ky,» lifetime and the K-A-nucleon 
coupling constant, which is not yet well known, one 
can then calculate the combination of coupling con- 
stants appearing in K decay. Using w-'=2.1X 10-* sec 
for the partial K,»2 rate and the results of Matthews and 
Salam’: 


(scalar K) 
(9) 
(pseudoscalar K) 


(G?/4r)8=0.7, (G?/4r)? = 2.6, (10) 


which were derived assuming Gavx=Gzwx, we find 


c+(ms+m)d’=0.57g, 
a+ (m,—m)b’=0.093g, 


(scalar K) 
— (€d 
(pseudoscalar K) 


where g is the ordinary beta-decay vector coupling 
constant. Note that we gain information about ¢ and d’ 
(a and 0’) only from the scalar (pseudoscalar) K case as 
we observed earlier from Eq. (2). 

If we now make use of our earlier assumption about 
the symmetry of the weak interaction under interchange 
of muon and electron, we can compare the above com- 
binations of coupling constants ‘with those appearing 
in A beta decay. 

1. We immediately see that the same combination of 
c and d’ occurs in both decays, and so a lower limit can 
be placed on the A beta-decay branching ratio: 


w(A—> p+et+>) 1 
- > 
740 


Q= (scalar K) (12) 


w(A — N+) 


2. The same combination of a and 6’ does not occur 
in the two decays, and so no limit can be placed on Q 
for the pseudoscalar case. If we assume, however, that 
b’ is small, then we find 


Q> 1/9000. (13) 


(pseudoscalar K ) 


3. Finally if we assume both d’ and b’ are small and 


c| is equal to |a|, corresponding to the situation which 


7P. T. Matthews and A. Salam, Phys. Rev. 110, 569 (1958). 
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approximately exists in ordinary beta decay, then 
Q=1/180, (scalar K) 

= 1/6800. 


(14) 


(pseudoscalar K) 


Summarizing, on the basis of our model and the 
assumptions made, we find that a pseudoscalar K 
meson gives a A beta-decay branching ratio which is 
considerably smaller than that for a scalar K meson. 


ALBRIGHT 


the strong-coupling constant Gay« which still remains 
to be determined accurately. Unfortunately, not enough 
experimental information now exists to decide between 
the two cases from the results of this paper alone. 
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K,. Decay and Leptonic Decay of Hyperons 
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The partial lifetime of K — u++r is calculated by dispersion techniques assuming that the K meson is 
pseudoscalar and that the relevant Fermi interactions are of the V-A type. The results are compared with 
experiments and it is concluded that the renormalized axial vector coupling which is responsible for the 
leptonic decay of hyperons is much smaller than the usual universal Fermi interaction. 


HE partial lifetime of K+ — wt+» can be calcu- 
lated by dispersion techniques, as Goldberger and 
Treiman! have done for —> y+ vr. The relevant part 
of the Fermi interaction for K decay and leptonic decay 
of hyperons is 
{Biyuys(1t+-y5)y+eiyvys(1+75s)¥} JA +c.c. 
+ {fy (1t-ys)e+éyu(1+y5)}J,"+c.c., 
where? 
J A=frApivwysAt+fs4 (Div +V2niy y=}, 
eV =fa" Dy At+fe" (py2°+v2iy,2-} 
where fx", fa4, fs” and fs4 are the unrenormalized 
coupling constants. We shall consider here only the case 
of a pseudoscalar K meson, and shall neglect the mass 
difference of baryons.* 
The decay rate of K — w+» is given by 
Wr=(1 4) (m, mrK)>m K* 
<[1—(m,/mx)? PF 2 (mx’), 


where Fx(mx’) is defined by 


iK, 
Fx (mx?) =(0\J,4|K). (2) 
(2Ko)! 


We calculate Fx (mx*) by dispersion techniques, taking 


1M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 
(1958). 

2 We shall assume that the baryonic current in weak Fermi 
interactions behaves as an isotopic spinor. 

3 For a discussion of the scalar K meson see the accompanying 
paper by C. H. Albright [Phys. Rev. 114, 1648 (1959) ]. 


as the intermediate states (A,V) and (2,N) in t=} 
states. This is shown graphically in Fig. 1(a). The black 
boxes represent exact matrix elements between real 
states and the intermediate lines represent real states 
whose energy is integrated over in’ the dispersion 
relation. The K meson-baryon vertex part and lepton- 
baryon vertex part are also treated by dispersion 
techniques as shown by Fig. 1(b) and 1(c), plus those 
diagrams obtained by replacing A by 2 and vice versa. 

In Figs. 1(b) and 1(c), the first term on the right- 
hand side corresponds to the subtraction term of the 
dispersion formula. 

The diagrams represent the coupled singular integral 
equations. In order to solve them we make the three 
different kinds of approximations. 

(1) No exchange scattering. This approximation cor- 
responds to the omission of the last column of Figs. 
1(b) and 1(c) and gives 


M SagrJat+3fegsJ > 
Fx(mx’)= —_—_—______————_-]|, (3 
2n?L1+ (1/42?) (ga?Jat+3es7Js). 
where J, and Jy are given by 


a ke A 
med 
0 (k?+ M?)! 


x 


4(k°+ M*) 
xexp|— ——— of See Sea es ; 
T 0 (k?+M?)(k’?— k?) 


(A=A,=) (4) 





K,; DECAY AND 


and ¢a, gx” are 


Ree'® sind, 


(A=A, = (5) 


, 
1—Ime‘® sind, 


tang, = 


Fx(mx’)= 


2r 


where J, are given by an expression similar to (5), 
obtained by replacing tang by 


Refe® sind+e'*’ } 
tang.= > 
1 -Im{e" sinbske™ y 


LEPTONIC 


1+ (1/4n)[3 (ga t+v3 gy 27,44 (ga— 
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where 64, 6y are the complex scattering phase shifts in 
1S) state of AN, EN scattering, respectively. 

(2) AN elastic scattering is identical to SN elastic 
scattering. This then gives 


dots »)( (Ba tvsge )I+2 (fa—v3 fez :) (ga—V3gx) J - 


aie) 


where e* sind and e’ are the elastic and inek istic scat- 
tering amplitudes, respectively. 

(3) Global symmetry.‘ In the baryon-antibaryon 
scattering, if we neglect the A-meson interaction and 
take the same coupling constant for all pion-baryon 


fa—Jz) (8a 


— 8s )it4 





Fx (mx’)=— 


2r° 


where J; and Jo are given by (4), but now 4,, do in (5) 
are the (Y,N), (Z,N) complex scattering phase shifts 
in ¢=1, /=0 states, respectively. 

All the J’s in these expressions can, in principle, be 
calculated if we know the baryon-antibaryon ‘So com- 
plex scattering phase shift (elastic and exchange). In 
practice, it is impossible to do this, but if the scattering 
is almost absorptive so that all phase shifts are ~i2, 
then we get J~ «. At any rate we may expect the J’s 
to be very large. Unfortunately, we do not know the 
ratio of the J’s and the ratio of g, and gy. However, Fx 
is the order of M(fs/gx«) except for accidental cases 
such as would occur in (7) if em zy and Jo>J).° “ig 
instance, if all the ratios (fs/fa), (gy/ga), and (J... 
are equal to 1, then for each of the foregoing ~ 
approximation, F is approximately given by® 


i K~2M (fa/ ex), (8) 


or, taking (gy/ga)= (J.../J...)=1 but f,x>>/z, then we 
have 


FK=3M(fa/gx). (9) 


From the experimental decay ratio rate of A,, and 
Tyv, We have that (F«/F,)?~1/15. This gives 


Cfa/f) (gx/gx)~1/5.5 for fa=fs, 
(fs/f)(ge/gxK)~1/1.6 for fr>fs, 
where f is the axial vector coupling constant of uw cap- 
ture by nucleons. 
Taking the current guess (g,/g«)?~10 and assuming 
the electrons couple in the weak interactions in the 
4M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 
5 In such an accidental case, we always have Px >M (fa/gx) if 
the J’s are sufficiently large so that the final conclusion is 
strengthened. 


5 This gives the same result when only the AN intermediate 
state is considered. 


= fat 3fz)( ee (fa— fz) (8 
1+(1 /4n2)0 (gat3gy)?+3 (gx—gz)*Wi th (ga— 


interactions, we have 
~ 8 x). Jo 
. (7) 


gs)? Jo] 


same way as uw mesons, these results would imply that 


the 6 decay of A through the axial vector coupling 
should be slower than expected from a universal Fermi 
interaction. If the vector coupling constant is the same 
as the axial vector coupling constant, then the decay 
ratio of 8 decay of A to normal decay is 1X10~ for 


fa=fz and 16X10~ for f,>>fs. From this analysis we 


may conclude that (f,*)? is at least one order of magni- 


v 


(a) K meson- 


Fic. 1. Dispersion diagrams taken into account: 
(c) lepton- 


lepton vertex part; (b) K meson-baryon vertex part; 
baryon vertex part. 


tude weaker than the square of the usual Fermi coup- 
ling constant, if the K meson is pseudoscalar.’ 
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7 The same conclusion for the vector part of this interaction was 
given by Professor S. Oneda by comparing the K,; and Ky» decay 
rates. S. Oneda, Nuclear Phys. 9, 476 (1958). 
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Photodetachment of O,.-, D. S. Burcu, S. J. Smitn, 
AND L. M. Branscoms [Phys. Rev. 112, 171 (1958) }. 
On page 173, column two, under “B. Results”: in the 
fourth line, replace (2.38 ev) with (2.30 ev); at the end 
of the seventh line, replace (1.27+0.18) with (1.59 
+0.18). On page 174, column one, under “B. Results’’: 
instead of the values given for Ayand A, read : Ap=0.370 
10-8 cm? ev~*/2, 4,;= —0.071K10-* cm? ev~7”. On 
page 175, column two: in the second and third column 
headings of Table I, replace (10~? cm*) with (1078 cm’). 


Surface Transport Theory, JAY N. ZeEMEL [Phys. 
Rev. 112, 762 (1958) ]. The coefficient of E, in Eq. (16), 
By in Eq. (21), and R in Eq. (22) should all be negative. 


Two New Promethium Isotopes; Cross Sections of 
Some Samarium Isotopes for 14.8-Mev Neutrons, 
R. G. WILLE AND R. W. Fink [Phys. Rev. 112, 1950 
(1958) ]. Equation (3) on page 1953 should read: 


E.—S; —E, +S, 
v(m dn) = oo 1 (14 ) ef I 
6 6 


Conductivity of Plasma to Microwaves, P. H. FANG 
[Phys. Rev. 113, 13 (1959) ]. Equation (6b) should 


read: 


I, .5( x). 
Vo 


(6b) 


The numerical calculations are. however. correct. 
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Decay of Nb*”, Harry I. West, Jr., Litoyp G. 
MANN, AND GLEN M. Ipprncs [Phys. Rev. 113, 881 
(1959) ]. It was erroneously stated that the measure- 
ments of Kraushaar and Goldhaber! determined the 
first transition in the 2+, 2+, 0 decay of Ir™ to be 
M1=98%. Actually they obtained M1= 2%. 


1J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 
(1953). 


Decay of Hyperons and Mesons from the Universal 
Fermi Interaction, AKIHIKO} Fu jill AND MASAAKI 
Kawacucut [Phys. Rev. 113, 1156 (1959) ]. Equation 
(2.4) should read 

fe 1 
w(¥ > N+) =(fMo?)? — — 

4a (27)! 

[(M—M»)?—m,?}! ((M+M_)*—m,?}} 


M M 


[(M?— M.?)*—m,?(M?+M,’) ] 
a. — - ee 


x 


XM|C,(¥ > N+)? 
Equation (2.5) is obtained from this revised formula by 
the replacement M — M’ and M,— M, except for the 
My in the first factor and the denominator of the sixth 


factor. Equations (2.3) and (2.6) remain valid. Conse- 
quently the numerical values given in (2.7) become 
ICx(A° > pt+a-)| =0.31, 1C,(2*— n+2+) | =0.25, 
and the ratio quoted at the end of subsection 2.A reads 
1:0.28X 10?: 1.14 10?:0.54X 10. 


However, our qualitative conclusions do not change at 
all by these alterations. 
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